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PREFACE TO. THE FIRST EDITION. 


THE following work is designed for the use of the 
higher classes of Schools and the junior students in the 
Universities. Although the book is complete in itself, in 
the sense that it begins at the beginning, it is expected 
that students who use it will have previously read some 
more elementary work on Algebra: the simpler parts of 
the subject are therefore treated somewhat briefly. 

I have ventured to make one important change from 
the usual order adopted in English text-books on Algebra, 
namely by considering some of the tests of the conver- 
gency of infinite series before making any use of such 
series: this change will, I feel sure, be generally approved. 
The order in which the different chapters of the book may 
be read is, however, to a great extent optional. 

A knowledge of the elementary properties of Deter- 
minants is of great and increasing practical utility ; and 
I have therefore introduced a short discussion of their 
fundamental properties, founded on the Treatises of Dostor 
and Muir. 

No pains have been spared to ensure variety and inte- 
rest in the examples, With this end in view, hundreds 
of examination papers have been consulted ; including, with 
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very few exceptions, every paper which has been set in 
Cambridge for many years past. Amongst the examples 
will also be found many interesting theorems which have 
been taken from the different Mathematical Journals. 

I am indebted to many friends for their kindness in 
looking over the proof-sheets, for help in the verification 
of the examples, and for valuable suggestions. My especial 
thanks are due to the following members of Sidney Sussex 
College: Mr S. R. Wilson, M.A, Mr J. Edwards, M.A, 
Mr S. L. Loney, M.A., and Mr J. Owen, B.A. 


CHARLES SMITH. 


CAMBRIDGE, 
December 12th, 1887. 


PREFACE TO THE THIRD EDITION. 


A Chapter on Theory of Equations has been added, 
which it is hoped will increase the value of the book. 
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CHAPTER L 


DEFINITIONS. 


1. ALGEBRA, like Arithmetic, is a science which treats 
of numbers. 

In Arithmetic numbers are represented by figures 
which have determinate values. In Algebra the letters of 
the alphabet are used to represent numbers, and each 
letter can stand for any number whatever, except that in 
any connected series of operations each letter must through- 
out be supposed to represent the same number. 

Since the letters employed in Algebra represent any 
numbers whatever, the results arrived at must be equally 
true of all numbers. 


2. The numbers treated of may be either whole 
numbers or fractions. 

All concrete quantities such as values, lengths, areas, 
periods of time, &c., with which we have to do in Algebra, 
must be measured by the number of times each contains 
some unit of its own kind. Thus we have lengths of 4, 3, 
51, the unit being an inch, a yard, a mile, or any other 
fixed length. It is only these nwmbers with which we are 
concerned, and our symbols of quantity, whether figures or 
letters, always represent numbers. On this account the 
word quantity is often used instead of nwmber. 


3. The sign +, which is read ‘plus,’ is placed before a 
number to indicate that it is to be added to what has gone 
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before. Thus 6+38 means that 3 is to be added to 6; 
6+3+42 means that 3 is to be added to 6 and then 2 
added to the result. So also a+b means that the number 
which is represented by b is to be added to the number 
which is represented by a; or, expressed more briefly, it 
means that b is to be added to a; again a+b+c means 
that b is to be added to @ and then ¢ added to the 
result. 


4, The sign—, which is read ‘minus, is placed before 
a number to indicate that it is to be subtracted from what 
has gone before. Thus a—b means that b is to be subtracted 
from a; a—b—c means that b is to be subtracted from a, 
and then c subtracted from the result; and a—b +c means 
that b is to be subtracted from a, and then c added to the 
result. 

Thus in additions and subtractions the order of the 
operations is from left to right. 


5. The sign x, which is read ‘into,’ is placed between 
two numbers to indicate that the first number is to be 
multiplied by the second. Thus ax 6 means that a is to 
be multiplied by b; also ax b xc means that a is to be 
multiplied by b, and the result multiplied by c. 

The sign x is however generally omitted between two 
letters, or between a figure and a letter, and the letters 
are placed consecutively. Thus ab means the same as 
a xb, and 5ab the same as 5 x a %b. 

The sign of multiplication cannot be omitted between 
figures: 63 for example does not stand for 6 x 3 but for 
staty-three, as in Arithmetic. 

Sometimes the x is replaced by a point, which is 
placed on the line, to distinguish it from the decimal 
point which is placed above the line. Thus axbxe, 
a.b.c and abc-all mean the same, namely that a is to 
be multiplied by } and the result multiplied by c. 


_ 6. The sign +, which is read ‘divided by’ or ‘by, 
is placed between two numbers to indicate that the first 
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number, called the dividend, is to be divided by the 
second number, called the divisor. Thus a+b means 
that a is to be divided by b; also a+b+c means that 
a is to be divided by b, and the result divided by c; 
and a+b x c means that a is to be divided by 6 and the 
result multiplied by c. 

Thus in multiplications and divisions the order of the 
operations is from left to right. 


7, When two or more numbers are multiplied together 
the result is called the continued product, or simply the 
product; and each number is called a factor of the 
product. 

When the factors are considered as divided into two 
sets, each is called the co-efficient, that is the co-factor 
of the other. Thus in 3abz, 3 is the coefficient of aba, 
3a is the coefficient of bz, and 3ab is the coefficient of za. 

When one of the factors of a product is a number 
expressed in figures, it is called the numerical coefficient 
of the product of the other factors. 


8. When a product consists of the same factor 
repeated any number of times it is called a power-of that 
factor. Thus aa is called the second power of a, aaa is 
called the third power of a, aaaa is called the fourth 
power of a, and so on. Sometimes a is called the first 
power of a. 

Special names are also given to aa and to aaa; they 
are called respectively the square and the cube of a. 


9. Instead of writing aa, aaa, &c., a more convenient 
notation is adopted as follows: a’ is used instead of aa, 
a® is used instead of aaa, and a” is used instead of 
AAGH...... , the factor a being taken nm times; the small 
figure placed above and to the right of a shewing the 
number of times the factor a is to be taken. So also 
a’°b’ is written instead of aaabb, and similarly in other 
cases. 

The small figure, or letter, placed above a symbol to 
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indicate the number of times that symbol is to be taken 
as a factor is called the index or the exponent. Thus a” 
means that the factor a is to be taken n times, or that 
the nth power of a is to be taken, and n is called the 
index. 

When the factor a is only to be taken once, we do 
not write it a‘, but simply a. 


10, A number which when squared is equal to any 
number a is called a square root of a, and is represented 
by the symbol Ya, or more often by va: thus 2 is 4/4, 
since 2’ = 4. 

A number which when cubed is equal to any number 
a is called a cube root of a, and is represented by the 
symbol {/a: thus 3 is 3/27, since 3° = 27. 

In general, a number which when raised to the nth 
power, where n is any whole number, is equal to a, 1s 
called an nth root of a, and is represented by the 
symbol ,/a. 

The sign was originally the initial letter of the 
word radi, It is often called the radical sign. 


11. A root which cannot be obtained exactly is 
called a surd, or an trrational quantity: thus /7 and 
4/4 are surds. 

The approximate value of a surd, for example of V7, 
can be found, to any degree of accuracy which may be. 
desired, by the ordinary arithmetical process; but we 
are not required to find these approximate values in 
Algebra: for us 7 is simply that quantity which when 
squared will become 7. 


12. A collection of algebraical symbols, that is of letters, 
figures, and signs, is called an algebraical eapression. 

The parts of an algebraical expression which are con- 
nected by the signs + or — are called the terms. 

‘Thus 2a— be + dcy’ is an algebraical expression con- 
taining the three terms 2a, — 3ba, and + 5cy”. 
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13.. When two terms only differ in their numerical 
coefficients they are called Ake terms. Thus a and 3a are 
like terms; also 5a°b’c and 3a°‘b’c are like terms. 


14. An expression which contains only one term is 
called a monomial expression, and. expressions which 
contain two or more terms are called multinomial expres- 
sions; expressions which contain two terms, and those 
which contain three terms are, however, generally called 
binomial and trinomial expressions respectively. Thus 
3ab*c is a monomial, a’+ 3b? is a binomial, and az + br +e 
is a trinomial expression. 


15. The sign =, which is read ‘equals,’ or ‘is equal 
to,’ is placed between two algebraical expressions to denote 
that they are equal to one another. 

The sign > indicates that the number which precedes 
the sign is greater than that which follows it. Thusa>b 
means that a is greater than 0. 

The sign < indicates that the number which precedes 
the sign is less than that which follows it. Thus a<b 
means that a is less than b. 

The signs +, + and < are used respectively for is not 
equal to, is not greater tnan, and is not less than. 

The sign *.* is written for the word because or since. 

The sign .*. is written for the word therefore or hence. 


16. ‘To denote that an algebraical expression is to be 
treated as a whole, it is put between brackets. Thus 
(a+ b)c means that b is to be added to a@ and that the 
result is to be multiplied by c; again (a — 6) (c+d) means 
that b is to be subtracted from a, and that d is to be added 
to c, and that then the first result is to be multiplied by 
the second ; so also (a+ b)’ (c+d)’ means that the cube of 
the sum of a and 6 is to be multiplied by the square of the 
sum of ¢ and d. 

Brackets are of various shapes: thus, (), {}, [ ]. 
Instead of a pair of brackets a line, called a vinculum, is 
often drawn over the expression which is to be treated as 
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a whole: thus a—6—c is equivalent to a — (b—c), and 
Ja+b is equivalent to ¥(a+b). It should be noticed 
that where no vinculum or bracket is used, a radical sign 
refers only to the number or letter which immediately 
follows it: thus ./2a means that the square root of 2 is to 
be multiplied by a, whereas ./2a means the square root of 
2a; also ./a+ a means that # is to be added to the square 
root of a, whereas ./a + means that # is to be added toa 
and that the square root of the whole is to be taken. 

The line between the numerator and denominator of 


: : a+b. 
a fraction acts as a vinculum, for 3 1s the. same as 


4 (a+b). 


Note. It is important for the student to notice that 
every term of an algebraical expression must be added or 
subtracted as a whole, as if it were enclosed in brackets. 
Thus, in the expression a+bec—d+e+/f, 6 must be 
multiplied by c before addition, and d must be divided by 
e before subtraction, just as if the expression were written 


at(bc)—(d+e)+f. 


EXAMPLES. 


1, Find the numerical values of the following expressions in each of 
which a=1, b=2, c=3, and d=4. 


(i) 5a+8c -3b~2d, (ii) 26a-3dc+4, 
(iii) ab+3be - 5d, (iv) bc—ca—ab, 
(v) a+bc+d and (vi) bed+cda+dab+ abe. 


Ans. 0, 12, 0, 1, 11, 50. 
2. Ifa=3, b=1 and c=2, find the numerical values of 
(i), 2a% — 3b? — 4c3, (ii) 2a?b — 3d8c?, 
area! 1 : ‘ 
(iii) iz cB 5 b8, (iv) a@?+3ac?- 3a%c ~c3, 
and (vy) 2a4b?c —3b4c?a — 2c4a2d. 
Ans. 19, 6, 0,1, 0. 
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3. Find the values of the following expressions in each of which a=3- 
b=2, c=1 and d=0. 


(i) (3a+4d)(2b-3c), 
(ii) 2a*—- (b?-3c*) d, 
(ii) a®- 08 -2(a—b+c)8, 
(iv) a(b?—c?)+b(c?-d?)+d(a?-c’), 
(v) 8(a+b)*(c+d)=2(b+e)2(a+d), 
2a? 2b? 2c? 2d? 


aig i ae 27 faire Tia ees 


Ans. 9, 18, 3, 11, 21, 3. 
4. Find the values of 
JAB, /5ab +0, /(b!e24 bet) and 8/a 44074403, 
when a=), b=4, c=2, 
Ans. 3, 13, 60, 5. 


5. Shew that a?-b2 and (a+b)(a—6) are equal to one another (i) 
when a=2, b=1; (ii) when a=5, b=3; and (iii) when a=12, b=5. 
6. Shew that the expressions 
a8—b8, (a—b)(a?+ab +b*), (a—b)®+3ab(a—d), 
and (a+b)? — 8ab (a +b) — 208 


are all equal to,one another (i) when a=3, b=2; (ii) when a=5, b=1; 
and (ii) when a=6, b=3. 


CHAPTER II. 


FUNDAMENTAL LAWS. 


17. WE have said that all concrete quantities must 
be measured by the number of times each contains some 
unit of its own kind. Now asum of money may be either 
a receipt or a payment, it may be either a gain or a loss ; 
motion along a given straight line may be in either of two 
opposite directions ; time may be either before or after some 
particular epoch ; and so in very many other cases. Thus 
many concrete magnitudes are capable of existing in two 
diametrically opposite states: the question then arises 
whether these magnitudes can be conveniently distin- 
guished from one another by special signs. 


18. Now whatever kind of quantity we are consider- 
ing +4 will stand for what «creases that quantity by 
4 units, and —4 will stand for whatever decreases the 
quantity by 4 units. 

If we are calculating the amount of a man’s property 
(estimated in pounds), + 4 will stand for whatever increases 
his property by £4, that is +4 stands for £4 that he 
possesses, or that is owing to him; so also —4 will stand 
for whatever decreases his property by £4, that is, — 4 will 
stand for £4 that he owes. 

If, on the other hand, we are calculating the amount 
of a man’s debts, + 4 will stand for whatever increases his 
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debts, that is, + 4 will now stand for a debt of £4; so also 

— 4 will now stand for whatever decreases his debts, that 

e —4 will stand for £4 that he has, or that is owing to 
im. 

If we are considering the amount of a man’s gains, + 4 
will stand for what increases his total gain, that is, + 4 
will stand for a gain of 4; so also — 4 will stand for what 
decreases his total gain, that i is, — 4 will stand for a loss of 
4. If however we are calculating the amount of a man’s 
losses, + 4 will stand for a loss of 4, and — 4 will stand for 
a gain of 4. 

Again, if the magnitude to be increased or diminished 
is the distance from any particular place, measured in 
any particular direction, + 4 will stand for a distance of 
4 units in that direction, and — 4 will stand Le a distance 
of 4 units in the opposite direction. 


19. From the last article it will be seen that it is not 
necessary to invent any new signs to distinguish between 
quantities of directly opposite kinds, for this can be done 

by means of the old signs + and -. 
. The signs + and — are therefore used in Algebra with 
two entirely different meanings. In addition to their 
original meaning as signs of the operations of addition and 
subtraction respectively, they are also used as marks of 
distinction between magnitudes of diametrically opposite 
kinds. 

The signs + and — are sometimes called signs of 
affection when they are thus used to indicate a quality of 
the quantities before whose symbols they are placed. 

The sign +, as a sign of affection, is frequently omitted ; 
and when neither the + nor the — sign is prefixed to a 
term the + sign is to be understood. 


20. A quantity to which the sign + is prefixed is 
called a positive quantity,-and a quantity to which the 
sign — is prefixed is called a negative quantity. 

The signs + and — are called respectively the non 
and negative signs. 
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Note. Although there are many signs used in algebra, 
the name sign is often used to denote the two signs + and 
— exclusively. Thus, when the sign of a quantity is 
spoken of, it means the + or — sign which is prefixed to 
it; and when we are directed to change the signs of an 
expression, it means that we are to change the + or — 
before every term into — or + respectively. 


21. The magnitude of a quantity considered inde- — 
pendently of its quality, or of its sign, is called its absolute 
magnitude. Thus a rise of 4 feet and a fall of 4 feet are 
equal in absolute magnitude; so also + 4 and —4 are 
equal in absolute magnitude, whatever the unit may be. 


Addition. 


22. The process of finding the result when two or more 
quantities are taken together is called addition, and the 
result is called the swm. 

Since a positive quantity produces an increase, and a 
negative quantity produces a decrease, to add a positive 
quantity we must add its absolute value, and to add a 
negative quantity we must subtract its absolute value. 
Thus, when we add + 4 to + 6, we get +6+4; and when 
we add — 4 to +10, we get + 10 — 4. 


Hence + 6444 =+ 64+4, 
and +10+(—4)=+10-4. 

So also, when we add + 6 to +a, we get +a+4+); and 
when we add —b to+a, we get +a— 6. Hence 

+a+(+b)=+a+4, 
and +a+(—b)=+a—-b. 

We therefore have the following rule for the addition 
of any term: to add any term, affix it to the expression to 
which it is to be added, with its sign unchanged. 

When numerical values are given to a and to b, the 
numerical values of a+b and a— 6 can be found; but 
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until it is known what numbers:a and 6 stand for, no 
further step can be taken, and the process is considered 
to be algebraically complete. 


23. When 6 is greater than a, the arithmetical 
operation denoted by a — 6 is impossible. For example, if 
a=8 and b=5, a—b will be 3—5, and we cannot take 
5 from 3. But to subtract 5 is the same as to subtract 3 
and 2 in succession, so that 

3—5=3-—3-2=0-2=~-2. 


We then consider that —2 is 2 which is to be sub- 
tracted from some other algebraical expression, or that 
— 2 is two units of the kind opposite to that represented 
by 2; and if —2 is a final result, the latter is the only 
view that can be taken. 

In some particular cases the quantities under con- 
sideration may be such that a negative result is without 
meaning ; for instance, if we have to find the population 
of a town from certain given conditions; in this case the 
occurrence of a negative result would shew that the given 
conditions could not be satisfied, and so also in this case 
would the occurrence of a fractional result. 


Subtraction. 


24, Since subtraction is the inverse operation to that 
of addition, to subtract a positive quantity produces a 
decrease, and to subtract a negative quantity produces an 
increase. Hence to subtract a positive quantity we must 
subtract its absolute value, and to subtract a negative 
quantity we must add its absolute value. Thus, to 
subtract +4 from +10, we must decrease the amount by 
4; we then get + 10—4. 

Also to subtract — 4 from +6, we must increase the 
amount by 4; we then get + 6+ 4. 


Hence +10—(4+4)=+10—4=+ 6, 
and + 6—-(—4)=+ 64+4=+410. 
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So also, in all cases 
a—(+b)=a—b, 
and — a-—(—b)=a4b. 


We therefore have the following rule for the subtraction 
of any term :—to subtract any term affix it to the expression 
from which it is to be subtracted but with tts sign changed. 


25. We have hitherto supposed that the letters used 
to represent quantities were restricted to positive values ; 
it would however be very inconvenient to retain this 
restriction. In what follows therefore it must always be 
understood, unless the contrary is expressly stated, that 
each letter may have any positive or negative value. 

Since any letter may stand for either a positive or for 
a negative quantity, a term preceded by the sign + is not 
necessarily a positive quantity in reality; such terms are 
however still called positive terms, because they are so in 
appearance; and the terms preceded by the sign — are 
similarly called negative terms. 


26. On the supposition that b was a positive quantity, 
it was proved in Articles 22 and 24, that 


at(+b)=atb......... (i) 

a+(—b)=a—b......... (ii) 

a—(+b)=a—b.....04. (aa) | eee 
and a—(—b)=atb......... (iv) 


We have now to prove that the above laws being true 
for all positive values of 6 must be true also for negative 
values. 


Let b be negative and equal to —c, where c is any 
positive quantity; then 


+b=4(-c)=-¢ from (ii), 
and —b=-—(-c)=+¢ from (iv). 
Hence, putting —c for +6, and +e for —b in (i), (i), 


SUBTRACTION OF TERMS. 13 


(iii), (iv), it follows that these relations are true for all 
negative values of b, provided 
a+(—c)=a—-¢, 
a+(+c)=a+te, 
a—(—c)=a+e, 
and a—(+c)=a-¢, 
are true for all positive values of ¢; and this we know to 
be the case. 
Hence the laws expressed in (A) are true for all values 


of 0. 


27. Def. The difference between any two quantities 
a and b is the result obtained by subtracting the second 
from the first. 

The algebraical difference may therefore not be the 
same as the arithmetical difference, which is the result 
obtained by subtracting the less from the greater. The 
symbol a ~ b is sometimes used to denote the arithmetical 
difference of a and b. 

Def. One quantity a is said to be greater than another 
quantity b when the algebraical difference a — b is positive. 

From the definition it is easy to see that in the series 
1, 2, 3, 4, &c., each number is greater than the one before 
it; and that, in the series —1, —2, —3, —4, &c., each 
number is less than the one before it. 

Thus 7, 5, 0, —5, —7 are in descending order of 
magnitude. 


EXAMPLES. 
Ex. 1, Find the sum of (i) 5 and —4, (ii) — 5 and 4, (iii) 5, -3 and 
—6 and (iv) —3, 4, —6 and 5. Ans. 1, —1, —4, 0. 


Ex. 2. Subtract (i) 3 from —4, (ii) —4 from 3, and (ili) —a@ from 
-b. Ans. —7,7, —b+a.. 
Ex. 3. A barometer fell ‘01 inches one day, it rose ‘015 inches on 
the next day, and fell again ‘01 inches on the third day. How 
much higher was it at the end than at the beginning? 
Ans. — ‘005 inches. 
Ex. 4. A thermometer which stood at 10 degrees centigrade, fell 
20 degrees when it was put into a freezing mixture: what was 
the final reading? Ans. —10, 
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Ex. 5. Find the value of a—b+e and of -—a+b-—c, when a=1, 
b=- 2 and c=3. Ans. 6, - 6, 


Ex. 6. Find the value of -a+b-—c when 
a=1, b= -—2,c=-1; also when 


a= —2, b=-1, c=-3. Ans. —2, 4. 
Ex. 7. Find the value of a—(-—6)+(-—c) when 

a= -3, b=-2, c=—1. Ans. —4. 

Ex. 8. Find the value of -a+(-—b)—(-c) when 
a= —2, b= -3, c= —-5. Ans. 0. 

Ex. 9. Find the value of —(—a)+b-—(-—c) when 
a= -l, b= -2, c= -3. Ans. —6. 

Multiplication. 


28. In Arithmetic, multiplication is first defined to be 
the taking one number as many times as there are units in 
another. Thus, to multiply 5 by 4 is to take as many 
fives as there are units in four. As soon, however, as 
fractional numbers are considered, it is found necessary to 
modify somewhat the meaning of multiplication, for by the 
original definition we can only multiply by whole numbers. 
The following is therefore taken as the definition of 
multiplication: “Zo multiply one number by a second is to 
do to the first what is done to wnity to obtain the second.” 


Thus 4isl1+1+1+4+1; 
.5x4is54+54+5+4+5.- 


Again, to fulepie sg by $, we must do to § what is 


done to unity to obtain 2; that is, we must divide $ into 
four equal parts and take three of those parts, Rs of 


the pare into which $ is to be divided will be —_ 4? and 
by taking three of these parts we get = e = Thus : x 


_5 x3 
xa: 
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So also, (—5)x4=(—5)+(—5)+(—5)4+(—5) 
=—5-—5-5-—5 
= — 20. 


With the above definition, multiplication by a negative 
quantity presents no difficulty. 

For example, to multiply 4 by—5. Since to subtract 
5 by one subtraction’ is the same as to subtract 5 units 
successively, 


ee ey ee 
4x (—5)=—4—4-4-4-4 
=— 20, 


Again, to multiply —5 by —4. Since 
ee 
ee) eh et) a) (= b= CB) 
=+545+5+5 -* [Art, 26] 
=-+ 20. 

We can proceed in a similar manner for any other 
numbers, whether integral or fractional, positive or nega- 
tive. 

Hence we have the following rule: 

To find the product of any two quantities, multiply their 
absolute values, and prefix the sign + if both factors be 
positive or both negative, and the sign — vf one factor be 
positive and the other negative. 

Thus we have 


(4.0) x( 48) = ad. 22.0.3 (i) 
(—a) x (+b) =—ab......... (11) (B) 
(+a) x (—b) =—ab......46. Cale ee ot 
(—a) x (—b)=+ab......... (iv) 


The rule by which the sign of the product is determined 
is called the Law of Signs. This law is sometimes 
enunciated briefly as follows: Like signs give +, and unlike 
signs give —. 
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29. ‘The factors of a product may be taken in 
any order, It is proved in Arithmetic that when one 
number, whether integral or fractional, is multiplied by a 
second, the result is the same as when the second is multi- 
plied by the first. 

The proof is as follows: when the numbers are integers, 
a and 6b suppose, write down a series of rows of dots, 
putting a dots in each row; and také b rows, writing the 
dots under one another as in the following scheme: 


sereccose 


Seer eetemoeceoeeeseerere® 


a 


Then the whole number of the dots is a repeated b 
times, that is ax b. Now consider the columns instead 
of the rows: there are clearly b dots in each column, and 
there are a columns; thus the whole number of dots is b 
repeated a times, that is bxa. Hence, when a and b are 
integers, ab = ba. 


When the numbers are fractions, for example # and 3, 


we prove as in Art. 28 that : x o= ae And, by the 
bBo ys 


5x3 3x5. 3 
Tee SL eee ae 
Hence we have ab = ba, for all positive values of a and 
b; and the proposition being true for any positive values of 
a and 8, it must be true for all values, whether positive or 
negative; for from the preceding Article the absolute value 
of the product is independent of the signs, and the sign 
of the product is independent of the order of the factors. 
Hence for all values of a and b we have 


above proof for integers 


If in the above scheme we put c in place of each of the 
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dots; the whole number of the ¢’s will be ab; also the 
number of c’s in the first row will be a, and this is repeated 
b times. Hence, when a and b are integers, c repeated ab 
times gives the same result as ¢ repeated a times and this 
repeated 6 times. So that to multiply by any two whole 
numbers in succession gives the same result as to multiply 
at once by their product; and the proposition can, as 
before, be then proved to be true without restriction to 
whole numbers or to positive values. Thus, for all values 
of a, b and ¢, we have 
&X bX cC=a x (Bc).......00008 fenay Bl)s 

By continued application of (i) and (ii) it is easy to 
shew that the factors of a product may be taken in any 
order, however many factors there may be. Thus 


abe = cab = cha, &C. sececssceesenee (C). 


30. Since the factors of a product may be taken in 
any order, we are able to simplify many products, For 
example: 

8a x 4a=3x4xaxa=12a% 
(— 8a) x (— 4b) =+ 3a x 46=3 x 4x ax b=12ab, 
(ab)’=ab x ab=axaxbxb=a’b? 
(/2a)’ = 1/20 x /2a = 1/2 x f2 x aa = 2a*. 

Although the order of the factors in a product is 
indifferent, a factor expressed in figures is always put first, 
and the letters are usually arranged in alphabetical order, 


31, Since a’= aa, and a* = aaa; we have 
a’ x v= aa x aaa = a? = a4, 
So also 
a’ x a* = aaa x aaaa = a" = a", 
“ and a*xa=aaaa xa=a' =a", 


In the above examples we see that the index of the 
product of two powers of the same letter is equal to the sum 
of the indices of the factors. We can prove in the following 


8. A. 2 
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manner that this is true whenever the indices are positive 
integers: 
since by definition 


a” = aaaa... to m factors, 
and a” =aaaa ... to » factors; 
-. a" Xa" = (aaa... tom factors) x (aaa ... to n factors) 
=aaa... to (m+n) factors, 
=a", by definition; 
hence: ai KO = On wa caccencceascost ennroerese™ enn 2t=man (D). 


The law expressed in (D) is called the Index Law. 


32, Since (a) x (-a)=+0'= (+a) (+a) [Art. 28], 
+t follows conversely that the square root of a? is either 
+a or —a: this is written Ja’?= +a, the double sign beig 
read ‘plus or minus.’ 

Thus there are two square roots of any algebraical 
quantity, which are equal in absolute magnitude but 
opposite in sign. 

EXAMPLES. 


1. Multiply 2a by -40, a by —a3 and —2a%b by —3ab . 
Ans. —8ab, —a°, 6atb+. 


2. Multiply 
—Qay? by — 8y%z, 3ax°y by —5a%xy?, and 3abc8a by 12ab?cx%. 
Ans. 6ay42, —15a%xy*, 36a%d%c8a%. 
3. Multiply 


Ya4b8c? by —8a3b'c7, and — 2ab%a>y? by —4a3b2r4y®. 
Ans. —21a7b8c9, 8atbady’. 
4. Find the values of (—a)*, (-a)*, (-)* and (-a)’, 

Ans. a2, —a8, a4, —a®. 

5. Find the values of (—ab)*, (a?b)* and (—3ab?c5)8. 
Ans. a?b?, a8b4, — 2703089, 
6. Shew that the successive powers of a negative quantity are 

alternately positive and negative. 

7. Find the cubes of 2a7b, — Zab2c3, and —2a?ba%y?. 

; Ans. 8ab3, —27a%b%9 and — 8a°b®a*y®. 
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8. Find the value of (—a)?x(-b)3, of (— 2ab?)? x ( —- 3a°b)8, and 
of (—3abe)? x (2a3)8, 

Ans. —a*b, 216a°b®, 72a8b5c?2, 

9. Find the value of 3abe ~2a%bc?+4c4, when a=2, b=-1, and 


c= —2, 
Ans, 12. 


10. Find the value of 2a%bc—3b%cd+ 4c%da — 5d’ab, when a= -1, 
b= -2, c=-3 and d= -—4, 
Ans, —148, 


Division, 


33. Division is the inverse operation to that of multi- 
plication; so that to divide a by 6 is to find a quantity c 
such that c x b =a. 

Since division is the inverse of multiplication and 
multiplications can be performed in any order [Art. 29], it 
follows that successive divisions can be performed in any 
order. Thusa+b+c=a+c+b, 

Tt also follows from Art. 29 that to divide by two 
quantities in succession gives the same result as to divide 
at once by their product. Thus a+b+c=a-+(bc), which 
is usually written a + be. 

Not only may a succession of divisions be performed 
in any order, but divisions and multiplications together 
may be performed in any order. For example 


axb+c=a+cxb, 


For @=A4+CXC; 
“ @xb=a+cxcxdb 
=a+cxbxe; [by Art. 29] 


therefore, dividing each by c, we have 
axb+c=a+cxb. 
Hence we get the same result whether we divide the 
product of a and 6 by ¢, or divide a by c and then multiply 
by 6, or divide 6 by ¢c and then multiply by a. 


34, The operation of division is often indicated by 
placing the dividend over the divisor with a line between 


z2—2 
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them: thus ; means a+b. Sometimes a/b is written for 
-< When a+ b is written in the fractional form ; , ais 
called the numerator, and 6 the denominator. 

Since 2 = 1+¢, 


Le eee sek 
Cc 


Also axixo=ax(;x0)=ax1=a 
Therefore, dividing by ¢, 
i 
ax-=a+e, 
c 
so that to divide by any quantity ¢ is the same as to 
multiply by the quantity .. 
Hence axb+c=a+cxb, 
can be written, 
1 a 
axbx-=ax-xb, 
C c 
in which form it is seen to be included in Art. 29 (C). 


35. Since a® x a? =a’, and a’ x a? =a"; we have con- 
versely a® + a’ =a’, and a® + a=a. 
And, in general, when m and n are any positive integers 
and m >, we have 
a” 2S a” = Goon, 
for by Art. 31 
a™™ xa*=a". 
Hence if one power of any quantity be divided by 
a lower power of the same quantity, the index of the 
quotient is equal to the difference of the indices of the 
dividend and the divisor. 


and 
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Hence ab’ + a'b=a' x 0 + a? +b =a +a? xB? +b =a, 


a’'b’ct + a*bict = ab’. 


36. We have proved in Art. 28 that 


a x (— b) =—ab; 
*. (—ab)+ (—b) =a, and (-ab)+a=—-); 


we have also proved that 


(—@) (— 6) =+ ab = (4 a) (+); 


“ (4b) +(—a)=—b, and (+ ab) + (4a) =+5. 


Hence if the signs of the dividend and divisor are 


alike, the sign of the quotient is +; and if the signs of 
the dividend and divisor are unlike, the sign of the quo- 
tient is — ; we therefore have the same Law of Signs in 
division as in multiplication. 


and 


Thus — ab’ + ab? = — a’, 


2 
— 2a°be’ + — 8a‘be? = 3 ee, 
EXAMPLES. 
Divide 10a by — 2a, 3a7b? by — 2ab8, and — 7a*b8c4 by —3a7b%c3, 


Ans. —5, - =a, : a%bc?, 


Divide -2a*bic® by 4a%be’, —6x'y4 by 825y, and — 5a*b4x7y8 by 
— 2absx2y5, 


Ans. — : a7b8c, —2x%y3, : axby?, 


2 
Multiply —2a%be> by —3ab7c? and divide the result by 8a?b%°S, 
3 
—ab2 
_ Ans. qu C. 


37. The fundamental laws of Algebra, so far as 


monomial expressions are concerned, are those which were 
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marked A, B, O, D in the preceding articles, and which are 
collected below : 


+(4a)=+4 
+(-a)=—a 
(ca) oovaan eee (A), 
—(-a)=+4 
(+ a) (+6) =+ ab 
(+a) (— 6) =— ab 
Gar Sane ee (B), 
(—a) (—b) =+ ab 
abc = cha = cab = KC. .seeeeeeereeees (C), 
ta? = a ccs cccsecesseerenses (D) 


It should be remarked that the laws expressed in (A), 
(B), (C) have been proved to be true for all values of a and 
b; but both m and n are supposed in (D) to be positive 
integers. 


Multinomial Expressions. 


38. We now proceed to the consideration of multi- 
nomial expressions. 

We first observe that any multinomial expression can 
be put in the form 


at+b+c+&c, 


where a, b, c, &c. may be any quantities, positive or nega- 
tive. 

For example, the expression 3a*y — $ay’ —Tayz, which 
by (A) is the same as 32°y + (— Say’) + (—Tayz), takes 
the required form if we put a for 3a°y, b for — Sey", and ¢ 
for (— T7xyz). 

It therefore follows that in order to prove any theorem 
to be true for any algebraical expression, it is only necessary 
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to prove it for the expressiona +b+¢ + &c., where a,b,c, &e. 
are supposed to have any values, positive or negative. 


39. It follows at once from the meaning of addition 
that the sum of two or more algebraical quantities is the 
same in whatever order they are added. For example, to 
find how much a man is worth, we can take the different 
items of property, considering debts as negative, in any 
order. 

Thus a+b6+c=c+a+b=bic+a=é&c....... (EB). 


The laws [C] and [E] are together called the Com- 
mutative Law, which may be enunciated in the following 
form: Additions or Multiplications may be made in any 
order. 


40. Since additions may be made in any order, we have 


a+(6+c+d+...)=(b+ce+d+...)+a (from E) 
=b+ct+d+...+a@ 
=a+b+c+d+... (from E). 

Hence, to add any algebraical expression as a whole is 
the same as to add its terms in succession. 

Since the expression + a —b+c—d may be written in 
the form + a+ (—b)+c+ (—d), we have 
+{+a—b+c—d}=+ {+a+(—b)+e+(—d)} 

=+a+(—b)+c+(—d). 

When we say that we can add the terms of an expres- 
gion in succession, it must be borne in mind that the 
terms include the prefixed signs. 


41, Since subtraction and addition are inverse opera- 
tions, it follows from the preceding that to subtract an 
expression as a whole is the same as to subtract the terms 


in succession. Thus 
a—(b+c+d+...)=a—b—c-d-... 
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42. If ¢ be any positive integer, a and 6 having any 
values whatever, then 
(a+b)c=(a+b)+(a+b)+(a+d)+ ... repeated c times 

=a+b+a+b+atb+... [Art. 40] 
=a+a+a+... repeated c times 
+b+b+06+4... repeated c times 
=ac + be. 
Hence, when ¢ is a positive integer, we have 
(@ +b) = AC + BC... ...seeseeenees (F). 


Since division is the inverse of multiplication, it follows 
that when d is any positive integer 


(a+b)+d=a+d+b+d. 
And hence 
(a+b)xe+d={(a+b)xcl}+d 
=(ac+ bc) +d=ac+d+be+d, 


: c c c 
that is (a+b)xG=axGgtbxa. 


Thus the law expressed in (F) is true for all positive 
values of c; and being true for any positive value of ¢, it 
must also be true for any negative value. For, if 


(a+ b)c=ac+be, 


then (a + b)(—c)=—(a+b)c=—ac— be 
=a(—c)+b(-c). 
Hence for all values of a, b and c we have 
(ab) 6 = a0 + DGS i ccsewase< (F). 


Thus the product of the sum of any two algebraical 
quantities by a third is the sum of the products obtained 
by multiplying the quantities separately by the third. 

The above is generally called the Distributive Law, 
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43. Since (a+b) +0=(a+8) x= 


ae oA ies eget er, 
c c 


we see that the quotient obtained by dividing the sum of 
any two algebraical quantities by a third is the sum of the 
quotients obtained by dividing the quantities separately by 
the third. 


44, From Art. 40 it follows that 
a+b+c+d+er+...=(a+b)+ce+(d+e)+... 


=at+(b+c+d)+e+...=&e, 


so that the terms of an expression may be grouped in any 
manner, 
Again, from Art. 29, it follows that 


abcde ... =a (bc) (de) ... =a (bcd) ¢... = &e.,, 


so that the factors of a product may be grouped in any 
manner. 
These two results are called the Associative Law. 


45. We have now considered all the fundamental laws 
of Algebra, and in the succeeding chapters we have only to 
develope the consequences of these laws, 


CHAPTER III, 
ADDITION. SUBTRACTION. BRACKETS. 


Addition. 


46. WE have already seen that any term is added by 
writing it down, with its sign unchanged, after the expres- 
sion to which it is to be added; and we have also seen 
that to add any expression as a whole gives the same 
result as to add all its terms in succession. We therefore 
have the following rule :—to add two or more algebraical 
expressions, write down all the terms in succession with 
their signs unchanged. 


Thus the sum of a —2b + 3c and — 4d —5e + 6f is 
a — 2b+ 3c —4d — 5e + 6f. 


47. If some of the terms which are to be added are 
‘like’ terms, the result can, and must, be simplified before 
the process is considered to be complete. 

Now two ‘like’ terms which have the same sign are 
added by taking the arithmetical sum of their numerical 
coefficients with the common sign, and affixing the com- 
mon letters. 


For example, to add 2a and 5a in succession gives the same result, 
whatever a may be, as to add 7a; that is, +2a+5a=+7a. Also, to 
subtract 2a and 5a in succession gives the same result as to subtract 
Ya; thatis, -2a—5a= —Ta. 
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Also two ‘like’ terms whose signs are different are 
added by taking the arithmetical difference of their 
numerical coefficients with the sign of the greater, and 
affixing the common letters. 

For example, +5a-3a=+2a+3a-3a=+2a, 

also +8a-5a=+3a-3a-2a= — 2a. 

Thus, when there are several ‘like’ terms some of 
which are positive and some negative, they can all be 
reduced to one term. 


Ex. 1, Add 2a+5b to a— 6b. 
The sum is a—6b+2a+5b 
=a+2a-—6b+5b 
=3a-b, 
Ex. 2. Add 8a?—5ab+7b?, —4a—- 2ab+ 303, 
and 2a? + 5ab — 8b?. 


The sum is 3a?— 5ab + 7b? — 4a? — 2ab + 3b? + 2a? + 5ab — 8b, 


The terms 3a?, — 4a?,and +2a? can be combined mentally; and we 
Ihave a2. Similarly we have —2ab and +207. 


Thus the required sum is a?—2ab + 267. 


- The beginner will find it desirable to put like terms 
under one another. 


Subtraction. 


48. We have already seen that any term may be sub- 
tracted by writing it down, with its sign changed, after the 
expression from which it is to be subtracted ; and we have 
also seen that to subtract any expression as a whole gives 
the same result as to subtract its terms in succession. We 
therefore have the following rule: To subtract any alge- 
braical ewpression, write down its terms in succession with 
all the signs changed. 

Thus, if a— 2b+3¢ be subtracted from 2a—3b —4e, 
the result will be 2a — 3b — 4c -a + 2b—3c=a—b—Te. 


49, The expression which is to be subtracted is some- 
times placed under that from which it is to be taken, ‘like’ 
terms being for convenience placed under one another ; 
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and the signs of the lower line are changed mentally before 
combining the ‘like’ terms. 


Thus the previous example would be written down as under: 
2a —3b—4e 
a—2b+3¢ 
a-— b-Te 
As another example, if we have to subtract 3ab-5ac+c? from 
a? — 5ab+2ac — 2b, the process is written 
a* — Bab + 2ac — 2b? 
3ab — 5ac +c? 
a? — 8ab+ Tac — 2b? — c?* 


Brackets. 


50. ‘To indicate that an expression is to be added as a 
whole, it is put in a bracket with the + sign prefixed. 
But, as we have seen in Art. 46, to add any algebraical 
expression we have only to write down the terms in suc- 
cession with their signs unchanged. 

Hence, when a bracket is preceded by a + sign, the 
bracket may be omitted. 


Thus +(2a—5b+7c)=+ 2a—5b+7e. 


Hence also, any number of terms of an expression may 
be enclosed in brackets with the sign + placed before each 
bracket. Thus 


3a — 2b + 40 -d+e—f=38a—2b+ (4c -—d+e-/S) 
= 3a + (—2b + 4c)-—d+(e—-f). 


When the sign of the first term in a bracket is + it 


is generally omitted for shortness, as in the preceding 
example. 


51. To indicate that an expression is to be subtracted 
as a whole, it is put in a bracket with the — sign prefixed. 
But, as we have seen in Art. 48, to subtract any alge- 
braical expression we have only to write down the terms 
in succession with all their signs changed. 
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Hence, when a bracket is preceded by a — sign, the 
bracket may be omitted, provided that the signs of all the 
terms within the bracket are changed. Thus 

a—(2b—c+d)=a—2b+c-d. 


Hence also, any number of terms of an expression may 
be enclosed in a bracket with the sign — prefixed, provided 
that the signs of all the terms which are placed in the 
bracket are changed. Thus 


a—2b+38c—d=a—(2b —3c+d) =a— 2b —(— 3c +d). 


52. Sometimes brackets are put within brackets: in 
this case the different brackets must be of different shapes 
to prevent confusion. 

Thus a —[26 — {8c —(2d —e)}]; which means that we 
are to subtract from 2b the whole quantity within the 
bracket marked {}, and then subtract the result from a; 
and, to find the quantity within the bracket marked {}, 
we must subtract e from 2d, and then subtract the result 


from 3c. 
When there are several pairs of brackets they may be 
removed one at a time by the rules of Arts. 50 and 51, 


Thus a—[b+ {e—(d—e)}] 
=a—[b+{c—d+e}] 
=a—[b+c—d+e] 
=a—b—c+d-e 


EXAMPLES L 


Add 3x-5y, 5u—2y and Ty — 4a. 

_ Add 3a — 5y + 22, 5a— Ty —5z and 6y—2—10z. 
Add 4a—46+4c, $-3c+4a and pc—fat 7b, 
Add a?- a? +a, a? —a+1 and a*—a*-1, 

Add a? — 5ay—Ty* and 3y* + day — 2, 


Say a ek ee 
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6. Add m? —3mn + 2n', 3n* —m? and 5mn— 3n? + 2m’. 
7, Add 3a*—2ac — 2ab, 26° + 3bc + 3ab and c? — 2ac — 2be. 
8. Add 2a°b— 5ab’+ 76°, 2a° — 40° + 5ab’ and 38° — 2a°. 
9. Subtract 3a— 46 + 2c from a + b — 2c. 
10. Subtract “435 ~2e from e-pa—sb. 
11. Subtract 32° -—4a+2 from 4a°-5x—7. 
12. Subtract 5a*t— 3a°d + 4a%* from 5b‘ — 3ab° + 40°’. 
13. What is the difference between — 3x°—5ay+4y’ and 
— 5a* + Qay — 3y74 
14. What must be added to 2b¢ —3ca—4ab in order that 
the sum may be be + ca? 
15. “What must be added to 3a?—2b?+3c? in order that 
the sum may be bc+ca+ab! 
16. Simplify 3a —{2y+ (5a —3a+y)}. 
17. Simplify « — [3y + {32 — a” — 2y} + 2x]. 
18. Simplify y —2e-{z-«%-—y—x +z}. 
19. Simplify a—[a-b—{a-b+c—a—b+c—d}}. 
20. Simplify 2x —[3a—9y—{2x—3y— («+ 5y)}}. 
21. Simplify a—- [8a +¢— {4a — (3b —c) + 3b} — 2a}. 
22. Subtract a — (3y—2) from y — {2x —2—y}. 
23. Subtract 2m — (3m —-2n—m) from 2n—- (3n— 2m —n). 
24, Find the value of 
{a—(b-c)}° + {b-(c-a) + {c-(a- by} when 
a=-1,b=-2,c=-3. 
25. Find the value of 


{a’ — (b —c)*} — {b? — (c—a)"}— {c? —(a— b)’} seek 
a=1, b=2,¢=~3, 


CHAPTER IV, 


MULTIPLICATION. 


53. Product of monomial expressions. The 
multiplication of monomial expressions was considered in 
Chapter II., and the results arrived at were: 

(i) The factors of a product may be taken in any 
order. 

(ii) The sign of the product of two quantities is + 
when both the factors are positive or both negative; and 
the sign of the product is — when one factor is positive 
and the other negative. 

(iii) The index of the product of any two powers of 
the same quantity is the sum of the indices.of the factors. 


From (i), (ii) and (iii) we can find the continued 
product of any number of monomial expressions. 
Thus (—2a?bc*) x (— 3a%b?c) = + 2a*bc8 x 3a*b*c, from (ii), 
=2x3xa?.a®.b.b?.c3.¢, from (i), 
=6ab?c4, from (iii). 
Again, (— 32%) (~ 5ab8) (— Zab?) = { + 8a% . 5ad® | ( - Tab?) 
=—3.5.7.a%.a.a4.b.b3. b2=- 1050708. 


54. Product of a multinomial expression and a 
monomial. It was proved in Art. 42 that the product 
of the sum of any two algebraical quantities by a third is 
equal to the sum of the products obtained by multiplying 
the two quantities separately by the third. 
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Thus (© AY) Z = LEA YZ. rcececeee siremenclihs 
Since (i) is true for all values of «, y and z, it will be 
true when we put (a+ b) in place of z; hence 
(a+b)+y}e=(atb)e+ye 
=az+bz+ yz. 
“ (at+b+y)2=az+b2+ yz. 
And similarly 
(a+b+c+d+t...)z=az+bz+ce2+dz+..., 
however many terms there may be in the expression 
a+b+c+d+... 


Thus the product of any multinomial expression by a 
monomial is the swm of the products obtained by multiplying 
the separate terms of the multinomial expression by the 
monomual. 


55. Product of two multinomial expressions. 
We now consider the most general case of multiplication, 
namely the multiplication of any two multinomial ex- 
pressions. 


We have to find 
(a+b+cet+...)x(@+ytzZzt+...); 
and, from Art. 38, this includes all possible cases. 
Put M for «+y+z2+...; then, by the last article, 
we have 
(a+b+ct+...)M=aM+bM+cM +... 
= Ma+Mb+ Mc+... 
=(etyt2+...Jat(@tytz2z+...)b 
+(a@t+ty+2+...)e+... 
=an+ay+az+...+be+by+ be+...4cu+cytez+... 
Hence (a+b+c+...)(e+ty+2+...) 
=acn+aytaz+...+ba+ by+bze+...+cu+cyt+oz+... 
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Thus, the product of any two algebraical expressions is 
equal to the swm of the products obtained by multiplying 
every term of the one by every term of the other. 

For example 


(a+6)(c+d)=actad+be+bd; 
also : 


(3a + 5b) (2a + 3b) 
= (8a) (2a) + (3a) (3b) + (5) (2a) + (5b) (3b) 
= 6a' + 9ab + 10ab + 158’ = 6a? + 19ab + 158%. 
Again, to find (a —b) (¢—d), we first write this in the 
form {a +(— b)}{c+(—d)}, and we then have for the product 
ac +a (—d) + (—b)¢ + (—b) (—d) 
=ac — ad — be + bd. 
In the rule given above for the multiplication of two 
algebraical expressions it must be borne in mind that the 
terms include the prefixed signs. 


56. The following are important examples :— 
I (@+b)'=(a4+6)(a+b)=aa+ab+ba+bb; 
“ (a+b)? =a? + 2ab4 b 
Thus, the square of the swm of any two quantities is 
equal to the sum of their squares plus twice their product. 
Il, (a—b)'=(@—6) (a—b) =aa+a(—b)+(-db)a 
+ (— b) (—b) =a’ — ab— ab +8’; 
“ (@— 6 =a —2ab+B* : 
Thus, the square of the difference of any two quantities ‘is 
equal to the sum of their squares minus twice their product, 
Til, (a+6)(@-b)=aa+a(—b)+ba+b(—d) 
=a’—ab+ab—.*; 
”. (a+b) (a— 6b) =a? — 8° 
Thus, the product of the sum and difference of any two 
quantities 1s equal to the difference of their squares. 
S.A. a 
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57. It is usual to exhibit the process of multiplication 
in the following convenient form: 
a? +2ab — b 
a? —2ab +0" 
a‘ + 2a°b — a*b* 
— 2a°b — 4a°b*+ 2ab" 
a’b? + 2ab* — b* 
a* — 4a°b? + 4ab > — b*. ; 

The multiplier is placed under the multiplicand and a 
line is drawn. The successive terms of the multiplicand, 
namely a?, + 2ab, and — b?, are multiplied by a’, the first 
term on the left of the multiplier, and the products a’, 
42a°> and —a’b* which are thus obtained are put in a 
horizontal row. The terms of the multiplicand are then 
multiplied by —2ab, the second term of the multiplier, 
and the products thus obtained are put in apother hori- 
zontal row, the terms being so placed that ‘like’ terms 
are under one another. And similarly for all the other 
terms of the multiplier. The final result is then obtained 
by adding the rows of partial products; and this final 
sum can be readily written down, since the different sets 
of ‘like’ terms are in vertical columns. 


The following are examples of multiplication arranged 
us above described : 


a+b a+b a?+ab+v? 
a+b a-b a—b 
a*+ab a?+ab a+ab+ab2 
+ab +b? —ab—b? —a*b — ab? - 68 
a? + 2ab+b? a 6 -P eo vb 
a+b+c 8a? — wy + 2y? 
a+b+c 322+ xy. — 2y? 
w@+ab+ac art — Ba8y + 6x7y? 
+ab +634 be +8a3y — xy? + Qry3 
+ac + be+e? — 6x2y? + Qarys — dy! 
a?+ 2ab + 2ac + b? + 2be +c? 9x4 Ss ay? + days — 4y4 


58, If in an expression consisting of several terms 
which contain different powers of the same letter, the 
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term which contains the highest power of that letter be put 
first on the left, the term which contains the next highest 
power be put next, and so on; the terms, if any, which 
do not contain the letter being put last; then the whole 
-expression is said to be arranged according to descending 
powers of that letter. Thus the expression 
a*+a*b + ab’+b° 

is arranged according to descending powers of a. In like 
manner we say that the expression is arranged according 
to ascending powers of b. 


59. Although it is not necessary to arrange the terms 
either of the multiplicand or of the multiplier in any 
particular order, it will be found convenient to arrange 
both expressions according to descending or both according 
to ascending powers of the same letter: some trouble in 
the arrangement of the different sets of ‘like’ terms in 
vertical columns will thus be avoided. 


60. Definitions. A term which is the product of n 
letters is said to be of n dimensions, or of the nth degree. 
Thus 3abc is of three dimensions, or of the third degree ; 
and 5a°b’c, that is 5aaabbc, is of six dimensions, or of the 
sixth degree. Thus the degree of a term is found by taking 
the sum of the indices of its factors. 

The degree of an expression is the degree of that term 
of it which is of highest dimensions. 

In estimating the degree of a term, or of an expression, 
we sometimes take into account only a particular letter, or 
particular letters: thus az’+bx+c is of the second degree 
an x, and is often called a quadratic expression in «; also 
ax*y + bey + ca’ is of the third degree in « and y, and is 
often called a cubic expression in « and y. An expression, 
or a term, which does not contain @ is said to be of no 
degree in x, or to be independent of «. 

When all the terms of an expression are of the same 
dimensions, the expression is said to be homogeneous. 
Thus a’ + 3a’) — 50° is a homogeneous expression, every 

3—2 
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term being of the third degree; also aa*+ bay +.cy* is a 
homogeneous expression of the second degree in # and y. 


61. Product of homogeneous expressions. The 
product of any two homogeneous expressions must be 
homogeneous; for the different terms of the product are 
obtained by multiplying any term of the multiplicand by 
any term of the multiplier, and the number of dimensions 
in the product of any two monomials is clearly the sum 
of the number of dimensions in the separate quantities ; 
hence if all the terms of the multiplicand are of the 
same degree, as also all the terms of the multiplier, it 
follows that all the terms of the product are of the same 
degree; and it also follows that the degree of the product 
is the swm of the degrees of the factors. 


The fact that two expressions which are to be multi- 
plied are homogeneous should in all cases be noticed; and 
if the product obtained is not homogeneous, it is clear 
that there is an error. 


62. It is of importance to notice that, in the product 
of two algebraical expressions, the term which is of highest 
degree in a particular letter is the product of the terms 
in the factors which are of highest degree in that letter, 
and the term of lowest degree is the product of the terms 
which are of lowest degree in the factors: thus there is only 
one term of highest degree and one term of lowest degree. 


63. Detached Coefficients. When two expressions 
are both arranged according to descending, or to ascending, 
powers of some letter; much of the labour of multiplication 
can be saved by writing down the coefficients only. 

Thus, to multiply 3x°—-2+2 by 3° + 2x — 2, we write 


3-142 
3+2-—2 
9-3+6 
6—-2+4 
—6+2-—4 


Sf 3 SHELA 
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The highest power of # in the product is clearly a‘, 
and the rest follow in order. Hence the required product 


is 9a* + 32° — 20° + 6a — 4. 


When some of the powers are absent their places must 
be supplied by 0's. 


Thus, to multiply 2* —2a°+a—3 by a*+a°—a@—-3, 
we write 
1+0-—-241-8 


ine Se ul Lac 
140=24+1-3 
14+0-2+4+1-3 


—1-04+2-1+48 
—3-—0+6—-—3+4+9 
14+1—-2-—2-—5-145+0+9 
Hence the product is 
a’ +a’ —Qa° —Qa° — Sat — 9° + 5a’? +9. 
This is generally called the method of detached 
coefficients. 


64. We now return to the three important cases of 
multiplication considered in Art. 56, namely, 


(a + b)* = a* + 2ab + B?.....c0caccereres (i), 
(a — 6)? = a? —.2ab + DP oo eeeeseeeee es (ii), 
(a+b) @—b) HW =O wrrcreccseeeees (iii). 


A general result expressed by means of symbols is 
called a formula. 


Since the laws from which the above formulae were 
deduced were proved to be true for all algebraical 
quantities whatever, we may substitute for a and for b 
any other algebraical quantities, or algebraical expressions, 
and the results will still hold good. 
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We give some examples of results obtained by substi- 
tution. : 

Put —b in the place of 6 in (i); we then have 

{a + (—b)}? =a? + 2a (— b) + (—)’, 

that is (a — b)? =a? — 2ab +B’. : 

Thus (ii) is seen to be really included in (i). 

Put ./2 in the place of b in (iii); we then have 

(a +2) (a— V2) =a? = (72)? = a? — 2, 
[We here, howevei, asswme that all the fundamental 


laws are true for surds: this will be considered in a 
subsequent chapter. ] 


Put 6 +¢ in the place of 6 in (i); we then have 
(a+ (b+) =a7+ 2a (b+c)+(b+0e); 
(a +b+c6)? =a? + 2ab + 2ac +b? + 2be + c*...... (iv). 
Now put —c for c in (iv), and we have 
fa +b +(—c)}* = a? + 2ab + 2a (—c) + b° + 2b (— c) + (—¢)’ 
”. (a +b—c)*' =a? + 2ab — 2ac +b’ — 2be +c’. 
Put b +c in the place of 6 in (iii); we then have 
{a+ (b +c)} {a—(b+¢)} =a* —-(b +c)’ =a’ — (0+ 2be+c’); 
“ (a+b+c) (a—b—c) =a — Bb — 2be — Cc. 
The following are additional-examples of products 
which can be written down at once. 
(a? + 2b) (a2 — 2b) = (a)? — (262)? = a4 — 404. 
© (a2 +4/3d%) (a9 — 4/302) = (a)? — (4/3%)2 a4 — B04, 
(a—b+c)(a+b—c)= {a—(b—c)} {a+(b—c)} =a? -(b-c)*. 
(a? + ab +b?) (a? — ab + 6) = {(a? + b*) + ab} { (a? + 6%) — ab} 
= (a? +9)? — (ab)? a4 + 062+ BA, 
(a? +024 041) (e—a2 +0 —-1)= {(05 +a) + (27+1)} {(2? +2) - (2? +1)} 
= (a3 + a)? — (a? + 1)? a8 + Dart + 09 — (a4 + 2074 1) = 98 + a4 — 92-1, 
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65. Square of a multinomial expression. We 
have found in the preceding Article, and also by direct 
multiplication in Art. 57, the square of the sum of three 
algebraical quantities; and the square of the sum of 
more than three quantities can be obtained by the same 
methods. The square of any multinomial expression can 
however best be found in the following manner. 


We have to find — 
(atb+c+d+...)(atb+e+d+ ...). 


Now we know that the product of any two algebraical 
expressions is equal to the sum of the partial products 
obtained by multiplying every term of one expression by 
every term of the other. If we multiply the term a of 
the multiplicand by the term a of the multiplier, we 
obtain the term a* of the product: we similarly obtain 
the terms 6°, c, &c. We can multiply any term, say 6, 
of the multiplicand by any different term, say d, of the 
multiplier; and we thus obtain the term bd of the 
product. But we also obtain the term bd by multiplying 
the term d of the multiplicand by the term 6 of the 
multiplier, and the term bd can be obtained in no other 
way, so that every such term as bd, in which the letters 
are different, occurs twice in the product. The required 
product is therefore the sum of the squares of all the 
quantities a, b, co, &e. together with twice the product 
of every pair. 


Thus, the square of the sum of any number of algebran- 
cal quantities is equal to the swm of their squares together 
with twice the product of every parr. 

For example, to find (a+b+c)’. 

The squares of the separate terms are a?, b?, c, 

The products of the different pairs of terms are ab, ac and be. 
Hence (a+b+c)?=a? +b? +07 +42ab+ 2ac + 2be. 
Similarly, 

(a-+2b—8c)?= a+ (2b)?-+ (—8e)?-+ 2a (2b) + 2a( - Bc) +2 (20) ( - 3c) 

=a?+4b? + 9c?+ 4ab— 6ac — 12be. 
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And 

(a-b+c-d)?=a?+ (- b)? +02 + (- d)?+2a(-b)+2ac + 2a(- d) 
+2(—b)c+2(-—b)(-d)+2c(-d)=a?+b? +c? +d? —2ab + 2ae 
—2Qad — 2be + 2bd — 2d. 


After a little practice the intermediate steps should be omitted 

- and the final result written down at once. ‘To ensure taking twice 

the product of every pair it is best to take twice the product of each 
term and of every term which follows it. 


66. Continued Products. The continued product 
of several algebraical expressions is obtained by finding 
the product of any two of the expressions, and then 
multiplying this product by a third expression, and so on. 


For example, to find (+a) (« +) («+¢), we have 


“+a 
x2+b 


2+ ax 
_ tbatab 
a? + (a+b)x+ab 
w+e 
a+ (a+b) a? +absx 
+cx? +(a+b)ex+abe 
x®+(a+b+c)2?+(abtac—be)atabe A 
In the above all the terms which contain the same powers of # are 
collected together: it is frequently necessary to arrange expressions 
in this way. 
Again, to find (#4 .a?)?(a+a)?(#—a)*. 
The factors can be taken in any order; hence the required product 
= [(” — a) (x +a) (x? + a”) P= [(a? — a?) (a? + a?) P= (x4 — a4)? = 8 — Datars + a8, 


67. We have proved in Art. 55 that the product of 
any two multinomial expressions is the sum of all the 
partial products obtained by multiplying any term of one 
expression by any term of the other. 

To find the continued product of three expressions we 
must therefore multiply each of the terms in the product 
of the first two expressions by each of the terms in the 
third; hence the continued product is the sum of all the 
partial products which can be obtained by multiplying 
together any term of the first, any term of the second, and 
any term of the third. 
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And similarly, the continued product of any number of 
expressions is the sum of all the partial products which 
can be obtained by multiplying together any term of the 
first, any term of the second, any term of the third, &c. 

For example, if we take a letter from each of the three 
factors of 

(a+b) (a+b) (a+), 
and multiply the three together, we shall obtain a term 
of the continued product; and if we do this in every 
possible way we shall obtain all the terms of the continued 
product. 

Now we can take a every time, and we can do this in 
only one way; hence a® is a term of the continued 
product. 

We can take a twice and b once, and this can be done 
in three ways, for the b can be taken from either of the 
three binomial factors; hence we have 3a’b. 

We can take a once and 6 twice, and we can do this 
also in three ways; hence we have 3ab’, 


Finally, we can take b every time, and this can be done 
in only one way; hence we have 0’. 


Thus the continued product is 
. a’ + 8a’°b + 3ab? + BF, 
that is (a+ b) =a’ + 3a’b + 8ab? +L’. 
The continued product (# + a) (a + 6) (# +) can simi- 
larly be written down at once. 
For we can take w every time: we thus get 2”. 


We can take two 2’s and either a or 6 or c: we thus 
have w’a, 2°b and 2’c. 

We can take one # and any two of a, b, c: we thus 
have xab, xac, and xbe. 


Finally, if we take no 2's, we have the term abe. 
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Thus, arranging the result according to powers of x, we 
have 
(a +a) (a+) (@+c) =a +07 (at+b+c) +2 (ab + ac + be) 
+ abe. 


68. Powers of a binomial. We have already found 
the square and the cube of a binomial expression; and 
higher powers can be obtained in succession by actual 
multiplication. The method of detached coefficients should 
be used to shorten the work. 


The following should be remembered: 
(a + b)? =a? + 2ab + 0, 
(a + b)®? = a° + 8a’b + 3ab’ + BD, 
and (a + b)* = a* + 40° + 6a°b* + 4ab* + Bf. 


To find any power, higher than the fourth, of a binomial 
expression a formula called the Binomial Theorem should 
be employed: this theorem will be considered in a subse- 
quent chapter. 
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Multiply 2x-—a by x — 2a. 

Multiply 32-4 by $x-3. 

Multiply «°+a2+1 by «-1, 

Multiply 2*-ay+y* by «+y. 

Multiply l+a+a°+a* by «-1. 

Multiply a*+a°y+a°y? +ay*?+y* by y—a 
Multiply a?-2+2 by 2° +x—-2. 

Multiply 1+an+a%x* by 1-ax+a’x*, 
Moltpljetarntaul by «tiated, 


ep Oornaoaoronr 


10. 


pauls 
12. 
13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 


al. 


22. 
23. 
24. 
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Multiply 3a*- ay + 2y*° by 3y*- ay + 2x", 
Multiply x*—52*+1 by 2a°+ 5a+1. 
Multiply 22° - 5a*y+y* by y+ Say? + 2x. 
Multiply 3a*— 20%) + 3ab? — 30° by 2a°+ 5a*—4ab* +b". 
Multiply 2a°x* — 3a°x*y* + By" by a’a? + daxy*— 2y’. 
Multiply 2a — 3a*+5a*°-7a° by 1—2a’+ 6a* 
Multiply a*—ab-—ac+b*—be+c? by a+b+e. 
Multiply 2° +y°+2- yz—2a—ay by w+y+% 
Multiply 4a*+ 96° + c* + 3be + 2ca — 6ab by 2a+3b-c. 
Multiply together 2*+1, a?+1 and x*—1. 
Multiply together a*+16y*, + 4y’, w+ 2y and «— 2y. 
Multiply together (x—y)*, (w+ y)* and (a* + y*)?. 
Multiply together (a*+1)*, («+ 1)’ and (#- 1)’. 
Multiply together 2*-2+1, #*+#4+1 and t— a? +1. 
Multiply together a?—2ab+ 4b", a*+ 2ab + 4b? and 


a’ — 4a*b* + 160%. 


25. 


Find the squares of (i) a +2b—3c, (ii) a’ —ab+ 0’, 


(iii) be + ca + ab, (iv) 1- 20+ 3a%, and (v) a +a°+a+1. 


26. Find the cubes of (i) a+b+¢, (2) 2a—30—2c and 
(iii) L+a+ a". 
27. Simplify 


(a+y+2z)—(—“%t+yt 2) +(a—y+2)—(e+y—2) 


28. 


Shew that 


(a + y) (+2) —2° = (y+2)(y+a)—y = (2+) (z+) — 2. 


29. 


Shew that 


(y +24 ota) + (ety) —at— ya = (wry +2) 
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30. Simplify {a (a +a)-a(x—a)}{a(e—a)-—a(a+a)}. 
81. Shew that 
(y—2)'+ (@—-2)? + (w— y)’ =3 (y—2) (z—2) (wy). 
32. Shew that a°+°=(a+b)’— 3ab (a+6), and that 
a‘ + bt = (a+ b)*— 4ab (a +b)? + 20%", 
33. Shew that (a? + ay + ’)* — dary (a? + y’) = (a - ay + y*)?. 
34, Shew that ; 
(y+2)'+ (eta) t+(e@+y)?+2(e+y) (w+ z)+ 2 (y +2) (y+a) 
+2(z+a)(@+y)=4(etytay. 
35. Shew that (a? + b*) (c? +d’) = (ac + bd)’ + (ad — be)’. 
36. Shew that, if e=-a+d, y=b+d, and z=c+d; then 
will a? + y%+2° — yz — 2a —ay =a" +b? +¢°—be—ca—ab, 
87. Shew that, if e=b+c, y=c+a, and z=a+5; then 
will a? + y? + 2° — yx —zu— ay = a? + b° +c — be —ca—ab. 
88. Shew that 2(a—b)(a—c)+2(b—c)(b—a)+2(c—a) (c—b) 
=(b—c)?+(c—a)'+(a—-b). 
39. Shew that (a+ y? + 2’) (a? +0? +¢°) — (au + by + cz)? 
= (bz —cy)* + (ca —az)* + (ay — ba)’. 
40. Shew that, if «=a*— be, y=b?-ca, x=c’—ab; then 
will ax + by+cz=(xt+y+z) (a+b +e), 
and be (a? — yz) = ca (y" — za) = ab (2’ — wy). 
41. Find the value of : 
(a — a)* + (w—b)° + (a —c)® — 3 (@ — a) (a — 6) (a —c) 
when 3a=a+b+e., 
42. Shew that (a? + 0° +c’)? 
= (b° + 0°)? + (ab +. ac)’ + (ab — ac)’ + a* 
= (be + ca + ab) + (a? — bc)® + (6? — ca)? + (c? — ab)*. 
43. Shew that (a + xy +'y*) (a* + ab + 6°) 
= (ax — by)* + (ax — by) (ay + ba + by) + (ay + ba + by)”. 
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44. Shew that 1+a*+06?+0°+ b’c? + c’a? +.a7b? + a’b%c? 
: = (1 — bc — ca — ab)’ + (a+b+c- abe)’. 
45. Shew that 
(a? + 6? +0°+d*)? = (a? + b’- c?— d*)’+ 4(ac + bd)? + 4(ad — be)’. 
46. Shew that. 
(i) (a+2)*—4(a+1)’+ 6a?- 4(a— 1)? + (a@—2)? = 0. 
(ii) (a+ 2) (6+ 2)-4(a+1) (+1) + 6ab 
—4(a—1)(b—1) + (a—2) (b-2)=0. 
47. Shew that 
(i) (a+ 2)?—4 (w+ 1)? + 6a? — 4 (a — 1)? + (a — 2)? = 0. 
(ii) (7 + 2)(b+2)(c+2)—4 (a+ 1)(6+1)(¢ +1) + Babe 
—4(a—1) (6-1) (¢-1)+(@- 2) (b— 2) (e— 2) =0. 
48, Shew that 
(a+b+c)?+(b+c-—a)(c+a—b) (a+b-o) 
= 4a? (b+) + 4b? (¢ +a) + 4c? (a + 0) + 4abe. 
49, Shew that 
a (a—yt+2)(e@t+y—%)+y(wty—z2)(—x2+yt2) 
4+2(—x+y+z)(w—y+2)+(-e+y+2)(w—yt+2) (e+y—2) 
= 4nyz. 
50. Multiply 
a? +0?+¢'+d’—be-ca—ab—ad—bd—cd by a+b+e+d. 
61. Shew that 
(cc? +a0+ 1) (a! —a+ 1) (uta? +1) (2-2 +1)...(@" —2” 
ae ea +1, 


+1) 


CHAPTER V. 
DIVISION. 


69. Division by a monomial expression. We 
have already considered the division of one monomial 
expression by another. We have also seen (Art. 43) that 
the quotient obtained by dividing the sum of two alge- 
braical quantities by a third is the sum of the quotients 
obtained by dividing the quantities separately by the 
third; and we can shew by the method of Art. 54 that 
when any multinomial expression is divided by a monomial 
the quotient is the sum of the quotients obtained by 
dividing the separate terms of the multinomial expression 
by that monomial. 


Thus (a? — Bax) + an = @a+ ax —8a0 + a0 =a—8. 


And (12a°— 5aa* — 2a%x) + 8a = 12a° + 38a — Sax’ + 8a 
—Qa?x -- 8a = 40° — Saw — 3a". ahs 


70. Division by a multinomial expression. We 
have now to consider the most general case of division, 
namely the division of one multinomial expression by 
another. 

Since division is the inverse of multiplication, what 
we have to do is to find the algebraical expression which, 
when multiplied by the divisor, will produce the dividend. 

Both dividend and divisor are first arranged according 
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to descending powers of some common letter, a suppose ; 
and the quotient also is considered to be so arranged. 
Then (Art. 62) the first term of the dividend will be the 
product of the first term of the divisor and the first term 
of the quotient; and therefore the first term of the 
quotient will be found by dividing the first term of the 
dividend by the first term of the divisor, If we now 
multiply the whole divisor by the first term of the 
quotient so obtained, and subtract the product from the 
dividend, the remainder must be the product of the 
divisor by the sum of all the other terms of the quotient; 
and, this remainder being also arranged according to 
descending powers of a, the second term of the quotient 
will be found as before by dividing the first term of the 
remainder by the first term of the divisor. If we now 
multiply the whole divisor by the second term of the 
quotient and subtract the product from the remainder, it 
*s clear that the third and other terms of the quotient can 
be found in succession in a similar manner. 


For example, to divide 8a° + 8a’b — 4ab* + b° by 2a +. 
The arrangement is the same as in Arithmetic. 


2a+b) 8a? + 8a%b + 4ab® + DP (4a? + 2ab + BD 
8a® + 4a7b 
4a’b + 4ab® + 0° 
4a°b + 2ab* 
Qab* + b* 
Qab? + b° 


The first term of the quotient is 8a° + 2a = 4a’, 
Multiply the divisor by 4a* and subtract the product from 
the dividend: we then have the remainder 4a’) + 4ab°+ b’. 
The second term of the quotient is 40’b + 2a = 2ab. 
Multiply the divisor by 2a6, and subtract the product 
from the remainder: we thus get the second remainder 
dab? +B. The third term of the quotieat is 2ab*+ 2a= b. 
Multiply the divisor by 0’, and subtract the product from 
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2a6*+ 0°, and there is no remainder. Since there is no 
remainder after the last subtraction, the dividend must be 
equal to the sum of the different quantities which have 
been subtracted from it; but we have subtracted in suc- 
cession the divisor multiplied by 4a’, by +2ab, and by 
+b’; we have therefore subtracted altogether the divisor 
multiplied. by 4a7+2ab+ 6%, And, since the divisor mul- 
tiplied by 4a? + 2ab + 6 is equal to the dividend, the 
required quotient is 4a? + 2ad + 6’. 


The dividend and divisor may be arranged according 
to ascending instead of according to descending powers of 
the common letter, as in the last example considered with 
reference to the letter 6; but the dividend and the divisor 
must both be arranged in the same way. 


71. The following are additional examples: 
Ex. 1, Divide a4—a% + 20%? ab84b¢ by a?+02. 


a? +b? ) a4 — a3b + 2a2b? — ab? + b4 (a —ab+2 


a4 +a*b? 
— ab + a2? — abs +4 
— ab —ab® 
+a*b? +b4 


Ex. 2, Divide a4+ ab2+b4 by a?-ab+b2. 


a?—ab+b*) at +a*b3 +b! (a?+ab+02 
at — a°b + ab? 
+ ab +04 
+48 — a7b9 + ab 
+a%b? — ab? + bt 
+0704 — ab? + ds 


In this example the terms of the dividend were placed apart, in 
order that ‘like’ terms might be placed under one another without 
altering the order of the terms in descending powers of a. The 
subtractions can be easily performed without placing ‘like’ terms 
under one another; but the arrangement of the terms according to 
descending (or ascending) powers of the chosen letter should never 
be departed from. 


Ex. 8, Divide a°+b3+¢3—B8abe by a+bt+e, 
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a+b+c)a>—3abe+b3 +08 a?~ ab—ac+b?—be+e2 
a? + a2b + ac 
— a*b — a®e — 8abe+ 68 + c3 
- ab — ab? —abe 
—a’c + ab? -— 2abe +b? + c3 
-a’c -abe —ac? 
+ ab? — abe + ac? + b3 + ¢3 
+ab? + 08+ b%e 
— abe +ac? — bc + c3 
—abe — b?e — bc? 
+ ac? + bc? +3 
+ac*+ be? + 3 


Where, as in the above example, more than two letters are 
involved, it is not sufficient to arrange the terms according to 
descending powers of a; but b also is given the precedence over c. 


By using brackets, the above process may be shortened. Thus” 
atb+e )a®— abet 848 ( a?—a (b+¢) + (b*- be +c2) 
a? +a?(b+c) 
—a?(b+c) —3abe+63+c3 
—a?(b+c)—a(b+e)? 
a(b? — be +c?) +b +¢8 
a (b? — be +c?) +b? +8 


72. The method of detached coefficients may often be 
employed in Division with great advantage. For example, 
to divide 

2a° — Ta’ + 5a* + 82° — 30° + 40—4 by 22°— 382° +a—2, 
we write— 
2—3+1-—2)2-745438-344-—4(1-2-14+2 


‘ 2-—34+1-2 
Se pee hes $44 
—446-244 
i 9 ena 4 
—-2+3-—-1+2 
4—64+2—4 
4—6+2-—4 


The first term of the quotient is 2 and the other 
powers follow in order: thus the quotient is ; 


a — Qo? — 742, 
8, A 4 
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73. Extended definition of Division. In the 
process of division as described in Art. 70, it is clear that 
the remainder after the first subtraction must be of lower 
degree in a than the dividend; and also that every re- 
mainder must be of lower degree than the preceding 
remainder. Hence by proceeding far enough we must 
come to a stage where there is no remainder, or else 
where there is a remainder such that the highest power 
of a in it is less than the highest power of a in the divisor, 
and in this latter case the division cannot be exactly per- 
formed. 

It is convenient to extend the definition of division to 
the following: To divide A by B is to find an algebraical 
expression O such that B x C 1s either equal to A, or differs 
from A by an expression which is of lower degree, in some 
particular letter, than the disor B, 


For example, if we divide a’ + 3ab + 4b” by a+b), we 
have 


a+b) a? + 3ab + 40° (a+ 2b 
a’+ ab 
2ab + 20? 
| + 267 
Thus (a? + 3ab + 40°) + (a+b) =a+ 2b, with remainder 
2b; that is a® + 3ab + 4b°=(a+ 6) (a+ 2b) + 26%, We have 
also, by arranging the dividend and divisor differently, 
b+a) 4b?+3ab+a?(4b-—a 
4b* + dab 
= ab +a 
—- ab-—a@ 
+ 2a? 


Hence a change in the order of the dividend and 
divisor leads to a result of a different form. This is, how- 
ever, what might be expected considering that in the first 
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case we find what the divisor must be multiplied by in 
order to agree with the dividend so far as certain terms 
which contain a are concerned, and in the second we find 
what the divisor must be multiplied by in order to agree 
with the dividend so far as certain terms which contain b 
are concerned. 

When therefore we have to divide one expression by 
another, both expressions being arranged in the same 
way, it must be understood that this arrangement is to 
be adhered to. 


74. Def. A relation of equality which is true for all 
values of the letters it contains, is called an identity. 

The following identities can easily be verified, and 
should be remembered : 


(2? + 2ax +a?) +(a+a)=a2+4. 
(a* — 2ax + a?) + (a@—a)=a2—-a. 
(a? —a*)+(x+a)=a2F a. 
(a | a’) +(@Fa)=e2 tar+a%. 
(a —a*) + (@Fa)=ae tae+axrta® 
(a* + a*a? + a*) + (2? F ae + a*) =e +a0+0°. 
(a+ y? + 2 — 8xyz)+(a@+y +2) =a+ y+ 2 —y2—20—wy, 


EXAMPLES IIL 


Divide 2 9y’ by w+ 3y. 
Divide x*— 16 by a* — 4y/*. 
Divide 27a°+ 64y* by 4y+ 3a. 
Divide 32°-4ay—4y* by 2y-2. 
Divide 1 - 5a*+4a° by 1-2, 
Divide a°— day+4y° by. a-y, 


re SS Bo te 
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7. Divide 1—6a°+5a* by 1-20+0% 
8. Divide m®—6mn>+5n® by m?—2mn+n’. 
9. Divide 1—7a*+6x" by (1—2)’. 
10. Divide 1-2 by 1-2’. 
ll. Divide 1+2-80?+19”°-15a4 by 1+ 32-52% 
12. Divide 4-9x°+12a°— 4a* by 2+ 3a— 2a". 
13. Divide 4a*—9x*y’+6ay*—y* by 2a* + 3axy—y’. 
14. Divide a? —3a°+3a+y°-1 by e+y-l. 
15. Divide xtatytaot'y tary tayt+y by a t+ayty’. 
16. Divide 
a — Baty + Ta®y* — aty® — day* + Qy® by a? — 3a*y + day? — y. 
17. Divide a?— 2b*-6c?+ab—ac+7be by a—b + 2c. 
18, Divide a’ +20°-3c?+be+2ac+3ab by a+b-c. 
19. Divide . 
6a‘ + 4b* — a®b + 13ab" + 2a%D* by 2a*+ 46° — 3ab. 
20. Divide at+y*—2* + 2a°y?+ 2e°-1 by a ty?—2+1. 
21. Divide a*—3a%+ 3ab?-b?-c? by a-b-c. 
22. Divide a®+8b°—c’+6abe by a+ 2b-c. 
23. Divide 
a? + 86° + 27c?— 18abe by a* + 46° + 9c* — bbe — 3ca — ab. 
94. Divide 27a°— 8b°— 27c—54abe by 3a— 2b — 3c. 
25. Divide aca*+ (ad —bc)a*—(act+bd)a+be by ax—b. 
26. Divide 
Qa*a* —2(b—c) (3b — 4c) y2 + abuy by a+ 2(b-c)y. 
27. Divide 
9a*d® — 12a4d + 30° + 20°? + 4a® — 1labs by 36° + 4a* — 2ab*. 


28. Divide a*+y°* by a+; and from the result write down 
the quotient of (a+y)*+2° by x+y+z. 


29. Divide «*—y* by x—y; and hence write down the 
quotient of (a +y)*—82* by w+y—2z. 


CHAPTER VL 
FAcTORS. 


75. Definitions. An algebraical expression which 
does hot contain any letter in the denominator of any’ 
term is said to be an integral expression: thus 4a°b — 30° 
is an integral expression. 

An expression is said to be integral with respect to any 
particular letter, when that letter does not occur in the 


2 
denominator of any term: thus + ae is integral with 


respect to x. 
An expression is said to be rational when none of its 
terms contain square or other roots. 


76. In the present chapter we shall shew how factors 
of algebraical expressions can be found in certain simple 
cases. 

We shall only consider rational and integral expres- 
sions; and by the factors of an expression will be meant 
the rational and integral expressions, or the expressions 
which are rational and integral in some particular letter, 
which exactly divide it. 


77. Mionomiai Factors. When some letter is 
common to all the terms of an expression, each term, and 
therefore the whole expression, is divisible by that letter. 


Thus 2an+ 22=a2 (2a+2), 
az+a*z?=ax (1+az), 
end 2a3b%x + 3a*b?y = a*b? (2ax + 3by). 


Such monomial factors, if there be any, are obvious on 
inspection. 
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78. Factors found by comparing with known 
identities. Sometimes an algebraical expression is of 
the same form as some known result of multiplication: 
in this case factors can be written down at once. 


Thus, from the known identity : 
a? — b?= (a+b) (a—b), 
we have 
a? — 4b? =a? — (2b)= (a+ 2b) (a — 20), 
a — 2=a?— (/2)?=(a+0/2) (a- V2); 
a* — 1604= (a2)? — (4b2)?= (a? + 40?) (a? — 4b?) 
=(a?+ 4b?) (a+ 2b) (a — 2b), 
and a3 — 9ab?= a (a2 — 9b?) =a (a+ 8b) (a— 30). 
Again, from the identity 
a3 +03 = (a+b) (u?- ab+b*), 
we have 
a3 +803 =a? + (2b)3= (a +20) {a? — a (20) + (20)?} 
= (a+ 2b) (a? — 2ab + 40°), 
8a3 +2708 = (2a) + (3b2)® = (2a+ 8d%) { (2a)? — (2a) (3b?) + (302)"} 
= (2a+ 3b?) (4a? — 6ab? + 904), 
and a® + 9 = (a8)? + (73)8= (a8 + a3) (a8 — aSa3 + x8) 
= (a+ x) (a?— ax +2?) (a®— a8a3 + 2), 
And, from the identity 
a8 —b3= (a — b)(a?+ab+0), 
we have 


1 
ap  — gr y= (a - stv) (a + ; aboy +72°y" ) . 


_ The following are additional examples of the same 
principle: 


(i) (a+b)? -(c+d)?={(a+b) +(c+4)} {(a+ b) —(c+4)} 
=(a+b+c+d)(a+b—c-d). 
(ii) 4a2b? - (a? + b? — c2)?= {2ab + (a? +b? — c*)} {2ab — (a? +b? — c%)}; 
and, since ‘ 
Qab + a2+b? - c?=(a+b)?-c?=(at+b+c)(at+b-o), 
and Qab ~ a2 — b?+c2=c? — (a— b)?=(c+a—b)(c—a+b), 
we have finally 
4a°b? — (a? + b? — c?)?=(a+b+c)(b+e—a)(c+a—b)(a+b—c). 
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(iii) (a+ 2b)8 - (2a + b)8 
= {(a+2b) — (2a+0)} {(a + 2b)? +(a+ 2b) (2a +b) + (2a + b)?} 
=(b—a) (7a? +13ab +7b?). 


79. Factors of «?+px#+gq found by inspection. 
From the identity 


(2+ a) (a +b) =a + (a+ b) x + ab, 
it follows conversely that expressions of the form 
“a + pe +q 


can sometimes, if not always, be expressed as the product 
of two factors of the form «+a, 2+. 

We shall presently give a method by which two factors 
of a +px+q of the form #+a and «+6 can always be 
found; but whenever a and 6 are rational, the factors can 
be more easily found by inspection. For, if (w+ a) (w+ b), 
that is a+ (a+b) + ab, is the same as a+ pa+q, we 
must have a+b=p and ab=q. Hence a and b are such 
that their sum is p, and their product ts q. 


For example, to find the factors of z?+72+12. The factors will 
bex+aand «+b, where a+b=7 and ab=12. Hence we must find 
two numbers whose product is 12 and whose sum is 7: pairs of 
numbers whose product is 12 are 12 and 1, 6 and 2, and 4 and 3; 
and the sum of the last pair is 7. Hence #?+72+12=(«+4) (a+3). 

Again, to find the factors of x*—72+10. We have to find two 
numbers whose product is 10, and whose sum is —7. Since the 
product is +10, the two numbers are both positive or both negative; 
and since the sum is —7, they must both be negative. The pairs of 
negative numbers whose product is 10 are —10 and -1, and -5 
and —2; and the sum of the last pair is -7. Hence a? —Te+10= 
(a — 5) (z— 2). 

Again, to find the factors of 2? +382~-18. We have to find two 
numbers whose product is -18 and whose sum is 3, The pairs of 
numbers whose product is -18 are —18 and 1, -9 and 2, —6 and 3, 
—3and6, -2and 9 and —1 and 18; and the sum of 6and —3 is3. 


Hence a?+ 3x -—18=(#+6) (x —3). 


It should be noticed that if the factors of a*+ px+q be 
a+aand «+b, the factors of a+ pay + qy* will be # + ay 
and «+by; also the factors of (w1+y)*+p(@t+ y)@+qz 
will be a+ y+azand «+ y+ bz. 
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Hence from the above we have 
x? 4+ Tay + 12y2=(2+4y) (w+ 3y), 
x? + 3ay? — 18y4= (x + 6y*) (x — 3y*), 


(a+6)?- 


7(a+b)¢+100?=(a+b—5z)(a+b— 22), 
at —5a2+4+4=(27)?-5224+4=(c?— 4) (2?-1) 


=(# +2) (ae —- 2) (x+1)(x-1). 


EXAMPLES IV. 


Find the factors of the following expressions : 


10. 
ir 
13. 
15. 
17. 
19. 
20. 
al. 
23. 
25. 
27. 
28. 


1 
3 
5. 
7 
9 


a* — 160%. 2. 16a*—8la*‘d* 

— (3a — 2b)’, 4, 4y?- (22-2). 
20a%x* — 45axy’. 6. 36a°x* — 4a°ax*y"*. 
(3a? — 6°)? — (a? — 30°)*. 8. (5a® — 36°)? — (3a? — 56°)”. 
(5a* + 2a — 3)? — (a* — 2a — 3)*. 

(30° — 4ar— 2)* — (3a* + 4a — 2)" 

320°b* — 40°, 12. (a? — 2bc)* — 8b%e". 
a? — 2a- 8. 14 #+12-2’. 

1 - 182 — 6327. 16. 8a-4a*— 4. 

a*b — 40°" + 3ab*. 18. ath +5a°b? + 4a°b*. 
(6 +c)’ — 6a (b +c) + 5a’. . 

9 (a +b) — 6 (a+ 6) (c+ d)+(c+d)*. 

x* — 29a + 100. 22. 100a*— 29a%y* + y'*. 
a* — 8a*x?2* + 16y*2* 24. Ya*— 10a*d? + a*d*. 
a* — 2aa — 6? + 2ab. 26. 2° + 2ay — a? — 2ay. 
4 (ab + cd)* — (a? +b? — c? — d?)*, 

4 (ay — ab)’ — («’ + y* - a? — 6°), 
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80. Factors of general quadratic expression. 
We proceed to shew how to find the factors of any ex- 
pression of the second degree in a particular letter, « 
suppose. : 

The most general quadratic expression [Art. 60] in a 
is ax’ +bx+c, where a, b and ¢ do not contain a, 

The problem before us is to find two factors which are 
-rational and integral with respect to #, and are therefore 
each of the first degree in x, but which are not necessarily, 
and not generally, rational and integral with respect, to 
arithmetical numbers or to any other letters which may 
be involved in the expression. 

The method of finding the factors of am’+ba+c¢ con- - 
sists in changing it into an equivalent expression which 
is the difference of two squares. 

We first note that since a+ 2ax+a’ is a perfect 
square, in order to complete the trinomial square of which 
zw’ and 2ax are the first two terms, we must add the 
square of a, that is, we must add the square of half the 
coefficient of x. 


5\2 
For example, z?+5z is made a perfect square, namely (= + 3) / 
2 
by the addition of : ; also 2?—pzx is made a perfect square, namely 


(= ie sy by the addition of (-2) m z= ‘ 
81. To find the factors of az’ + ba+e. 


ast +bo+o=a(a+ ae Fs *) : 
a a 
mee b\? 
Now a*+ q7s made a perfect square, namely (« + x) ‘ 
Pe bid. aad : 
by the addition of 6 esi And, by adding and sub- 
2 


tracting 2“ to the expression within brackets, we have 
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b bP «26 
ain iets) 


35 (( i ai -(5-%) 
walle si) (ee) 


Hence as the difference of any two squares is equal to 
the product of their sum and difference, we have 


a(at+ jet 
a 


az’? +ba+c 


we fos hal Pad le naa 


Thus the required factors have been found*, 


Ex. 1, To find the factors of 23+4”+3, 
w4474+3=994+474+4-443=("+42)?-1=(e+2+41) (¢+2-1) 

=(%+3)(%+1). 

Ex. 2. To find the factors of #?—5x +3. 


5\2 5\3 5138 
= =m? — 5g —— = | —— = _-= -— 
w-—52+3=a be + ( 3) ( 3} +3 (« 5) rc 
Tks 13 5 18 
= Pata (e-3= eu L 
Ex. 3. To find the factors of 827-42+1. ; 
4 1 4 Q\2 DN SaAL 
= ea eae Snel es mene es Wipes tee 
322 te+1=8(« eae 32+(5) G) = } 
2\3 Ss _2 1 ene | : if 


Ex. 4, To find the factors of ?+2aa%-—-b?-2ab, _ 
x+ 2az — b?~2ab=a7 + 2aaz + a3— a? — b?- 2ab=(%+a)*— (a+b)? 
={x+a+(a+b)} {e+a—(a+b)}=(e+2a+b) (e—-b). 


wo! 


* It will be proved later on [see Art. 91] that an expression containing 
g can be resolved into only one set of factors of the first degree in 2, 
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82. Instead of working out every example from the 
beginning we may use the formula 


azv’+bze+c 


=ale ot eta aa tes & a -/"% at, 


and we should then only have to substitute for a, b and ¢ 
their values in the particular case under manaidonation 
Thus to find the factors of 327—4a+1. Here a=3, b=-—4, c=1. 
b? — fac _ 


16-12 _ 1 oe: 
Hence Far Nie = Jj =5) the expression is 


therefore equivalent to 3 (e-5 9% Ne 2-2 3) a3 (=- 3) (a—1). 
88. We have from Art. 81 


az’? +bx+e 
ma (ory NY Oe — SV (at (9+ 5 es, fee _ oy 
: a " ¥ — 4ac 
Now, for particular values of a, 8, c, ae MAY be 


positive, zero, or negative. 
b* — 4ac 
L. Let da 
azt+ba+c will be rational or irrational according as 
b? — 4ac 
4a? 


II. Let 


be positive. Then the two factors of 


is or is not a perfect square. 
b? — 4 
4a? 
ax® + ba + =a(0+5") (2+ 3) 
Le ae 2a 2a) 

Hence az? +ba+c is a perfect square in x, if b*—4ac=0. 
2 — 

I. Let ? 


negative quantity can be found whose square will be equal 
t 6’ — 4ac 
oie har 

tive quantities, are positive. 


ac 
be zero. Then 


ae be negative. Then no positive or 


; for all squares, whether of positive or nega- 
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Expressions of the form V—a, where a is positive, are 
called imaginary, and positive or negative quantities are 
distinguished from them by being called real. ; 

We shall consider imaginary quantities at length in a 
subsequent chapter: for our present purpose it is sufficient 
to observe that they obey all the fundamental laws of 
Algebra; and this being the case, the formula of Art. 81 
will hold good when b’ — 4ac is negative. 


Note. for some purposes for which the factors of 
expressions are required, the only useful factors are those 
which are altogether rational: on this account irrational 
and imaginary factors are often not shewn. Thus, for 
example, the factorisation of 2*°—8 is for many purposes 
complete in the form (#— 2) (a+ 2”+ 4)*, the imaginary 
factors of 2+ 2a+ 4, namely 

a+14+V—3 and #+1-¥V-3, 
not being shewn, 


84, We have in Art. 81 shewn how to resolve any 
expression of the second degree in a particular letter into 
two factors (real or imaginary) of the first degree in that 
letter. 

It should be noted that the factors of the most general 
expression of the third degree, or of the fourth degree, 
can be found, although the methods are beyond the range 
of this book; expressions of higher degree than the fourth 


cannot however, except in a few special cases, be resolved 
into factors, 


85. Factors found by re-arrangement and 
grouping of terms. The factors of many expressions 
can be found by a suitable re-arrangement and grouping 
of the terms. 

For example 
1+az - 2?— ax'=1+ ax-2?(1+ax)=(1+az) (1-2?) 
: =(1+aa)(1+2)(1-2); 
* The reason of this will appear from Art. 179 and Art. 193. 


FACTORS. 61 


or we may write the expression in the form 
L-e+ar-—ax8=1-277?+ax(1-2), 
“and the factors 1—2?, 1+aa are now obvious. 


For the best arrangement or grouping no general rule 
can be given: the following cases are however of frequent 
occurrence and of great importance. 


I. When one of the letters occurs only in the first 
power, the factors often become obvious when the expres- 
sion is arranged according to powers of that letter. 


Ex. 1. To find the factors of ab-+be+cd+da. 

Arranged according to powers of a we have a(b+d)+be+ced, 
which is at once seen to be a(b+d)+¢(b+d)=(a+c) (b+d). 
Ex. 2. To find the factors of 22+(a+b+c)x+ab+ac. 

The expression=a (x+b+c)+a7+be+cr=(a+2)(c+b+e). 


Ex. 3. To find the factors of az?+a2+a+1, 
axt+a+at+1=a(x8+1)+2+1=(2+1) {a(2?-2+1) +1}. 


Ex. 4. To find the factors of a?+ 2ab — 2ac — 3b*+ 2be. 


The given expression is of the first degree in c; we therefore write 
it in the form a?+ 2ab — 3b? — 2c (a —b) 


= (a -b) (a+ 3b) - 2c (a— b) = (a — b) (a+ 3d — 2c). 


II. When the expression is of the second degree with 
respect to any one of the letters; factors, which are rational 
and integral in that letter, can be found as in Art. 81. 


Ex. 1. Find the factors of a?+3b?—c? + 2be — 4ab. 
Arranging according to powers of a, we have 


a? — 4ab + 3b? —c2+ 2bc=a?— 4ab + 4b? — 4b? + 3b? — c? + 2be 
= (a- 28)? — (bc) = {(a- 20) + (b-¢)} {(a- 28) - (@=0)} 
=(a-b-c)(a-3b+¢). 


Ex, 2. Find the factors of a?-— 0?—c?+d7—2(ad— be). 
The expression 
=a? —2ad —b? —c? +d? + 2be 
=a?—2ad +d? — b?—c2+4+2be=(a—-d)*- (b-c)* 
=(a~d+b-c)(a—d—b+c). 
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Ex. 3. Find the factors of a?+ 2ab — ac — 3b?+ bbe — 2c?. 
The expression 
=a? +a (2b —c) — 3b? + 5be — 2c? 


—e\? 2b —c\3, 
=a?+a(2b-c)+ ‘ee *) -( 5) *) — 3b? + 5be — 2c3 


2b-c\? 1 A . 
=(a+ ~ 5 {409 dbo + 8 + 1262 — 2000 + 802} 


2 
Al BRENT ; 
=( + ) — 7 (4b — 8c) 
2b-c 1 2b-c 1 
= {a+ 5} + 3 (#0 — Be) fare = 3 (10 -80)} 


=(a+38b— 2c) (a—b+¢c). 


Ex. 4. Find the factors of #4+a?~2ax+1-a%, 
Arranging according to powers of a, we have 
— {a? + 2ax - 1-29-24} = — {a2 + 2a7+297-1-222- 2A} 
= - {(a+2)*= (14+2%)}= —(at+e+1+2%)(a+2-1 — £%), 


III. When the expression contains only two powers 
of a particular letter and one of those powers is the square 
of the other, the method of Art. 81 is applicable. 


Ex. 1, To find the factors of x4—1022+9, 
aA — 102° + 9=a4 — 1027+ 25 -25+4+9=(a?—5)?-16 
= (a? — 5+ 4) (x? - 5 — 4) = (a? — 9) (a2 — 1) = (a +8) (a — 3) (a+1) (x-1), 
or thus :— x4 — 10x? +9 = (x24 3)9= 1622 
= (2? +34 4x) (02+ 3 - 4x) = (x +8) (a+1)(e- 3) (xe -1). 
Ex. 2. To find the factors of «*4+22+1, 
Two real quadratic factors can be found as follows: 
aA 084 I= (024 1)9 — o2= (2? 4-142) (2241 —2). 
Ex. 3. To find the factors of x — 28¢% 4.27. 
28 2823 +27 = x8 — 2893 +142 1494.97= (a3 — 14)2— 132 
= (2° — 1) (28 ~ 27) =(@-1) (% - 3) (x? +2+1)(2*+32+49), 


In this case, and also in Ex. 1, two factors can be seen by 
inspection, as in Art. 79, 
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Ex. 4. To find the factors of a44b4+c4— 26?c? — 2c?a? — 2a7b?. 
Arranging according to powers of a, we have 
a’ — 2a? (b? +c?) + b4 +. c4 — 267c? 
= a4 — 2a2(b? +02) + (b?-+ 02)? — (b+ 2)? 4 b4 + ct — 20%? 
= {a? — (6? +-¢2)}? — 4b2c? = (a? — b? — ¢? — 2bc) (a? — b? — c? + 2c) 
= {a?— (b+¢)?} {a— (b-¢)} 
=(a+b+c)(a—b-c)(a—b+c)(a+b—c). 


IV. Two factors of aP?+bP+c, where P is any 
expression which contains 2, can always be found by the 
‘ method of Art. 81; for we have 


aP’?+bP+e¢ 
b b? — 4ac b Ni b’ — 4ac 
=a(P+5-+ Se") (P+ 5.- ee). 
Ex.1. To find the factors of (a?+2)?+4(2?+2) -12. 
Since P2+4P—12=(P -2)(P+6), 
the given expression = (a? + 2-2) (22+ 2+ 6) 


=(e+2)(a-1)(a?+2+6), 
the factors of 22+2+6 being imaginary [see Art. 83, Note]. 


Ex. 2. To find the factors of (e?+”+4)?+8a (2?+2+4)+ 1523. 
The given expression ={(x?+2+4)+ 32} { (22+ 2+ 4) + 5x} 
= (x? + 4a + 4) (a? + 6x + 4) 
= (x + 2)2(x? + 62 +4). 


Ex. 8. To find the factors of 
2 (22+ 6x-+1)?+5 (a + 6a +1) (27+ 1) + 2 (a? +- 1), 
Since QP? 4 5PQ + 2Q?=(P + 2Q)(2P+ Q), 
the given expression 
= { (x2 + 6a-+1) +2 (x? +1)} {2 (2? + bat 1)+27?+1} 
= (3a? + 6a + 8) (327+ 12” +3) 
= 9 (0 +1)? (a?+4041). 
Bx. 4, To find the factors of (a?+a”+1)(2?+2+ 2) -12. 
The given expression =(x?+2)?+3 (x? +2) -10 
= (02 +0 — 2) (a? +2 +5) 
= (a+2)(e-1) (a? +2 +5). 
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EXAMPLES V. 


Find the factors of the following expressions: 


FS 


COIS Ho PR wb 


bY 2 we eB ew eS eS eS eS ee 
BSBEFESSeaNSaBRaSNHE S 


e+ ac*—-x—a. 

ac — bd —ad + be. 

ac’ + bd’ — ad’ — bc?.- 

aca?’ + (be + ad) wy + bdy’. 

aca? + bea® + ada + bd. 

(a +b)’ + (a+0)?-(c+d)?-(b+d)*% 
a* + ab — ab’ — b+, 

a‘ — ab — ab? + BY. 

ab? — a? — 6° +1, - 

aPy* — a°2? — y82? + 24, 

aya? — ae — y*z + 1, % 

a + ay + oz + y2*, 

x (2+2)—y (y+) 

a — Ta? 18, 

a — Wert Lv 

at — 14aty? + yA 

w+ att 1. 1% 
a’ — 2 (a? + b*) o* + (a* — oye f 

a — dara? +. daytet, s 

a — 2 (a + 6) & — ab (a — 2) (b + 2),! 
a+ ba +an+ab, V 

(1+y)?— 2a? (1+ y*)+ a4 (1—y\* © 
wo? — y* — 32° Qazt dye, 


24. 
25. 
26. 
27. 
28. 
29. 
30. 
31. 
82. 
33. 
34. 


35. 


36. 
37. 


38. 


39. 


40. 


86. 


Now if «—a 
a” (a —a)+a(a"" 

Hence, if 
a" —a". 
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2y* — Say + Qa ep pa 
a? — 3° — 3c*+ 10bc — 2ca —2ab. * 
2a? — Tab — 220° — 5a + 350 — 3. 
1+ (6—a*) 2? — aba*. \ 

1 — 2ax —(c—a*) a? + aca. we 
a’(b—c)+ O° (c—a)+e°(a—b). * 


b%c + bc? + c’a + ca? + ab + ab* + 2ade. & 


ath — ab? + ake — ac? — 2abe + Be + bc*. 


x(a +1) —xy(x—y) (a—b)+y°(6+1). * 


aa (y? + b°) + by (bau? + a*y). 

2a — haty — ax + Qay* + Qnyz — y"2. 4 
ayn (a +o +2) — ye — Pat — ay, 
(a? + «)* — 14 (a? + w) + 24. 

(ac? + dar + 8)? + Sar (a? + 4a +8) + 2a", © 
(x +1) (w+ 2) (a+ 3) (w+ 4) — 24. 

(a + 1) (w+ 3) (w+ 5) (w@+7) + 15. 

A (a + 5) (a + 6) (x + 10) (aw + 12) ~ 3a. 
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Theorem. The expression x” —a” is divisible by 
a—a, for all positive integral values of n. 
It is known that w—a, x*—a* and «®—a’ are all 
divisible by 2 —-a. 
We have a” — a" =a" —ax"* +aa"* —a" 


=o" (a — a) +4 (a"*—a""). 
divides 2”?—a™? it will also ede 
— a), that is, it will divide a” — a”, 


_q divides 2**—a™" it will also divide 


S.A. 


5 
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But we know that # — a divides a* — a’; it will therefore 
also divide a* —a*. And, since #—a divides x* — a‘ it will 
also divide 2*—a*. And so on indefinitely. 

Hence 2*—a” is divisible by «—a, when n is any 


positive integer. 


87. Since 2*+a"=a"—a"+2a" it follows from the 
last Article that when 2"+ a” is divided by z—a the 
remainder is 2a”, so that 2”+ a” is never divisible by x —a. 


If we change a into — a, x—a becomes « —(—a)=a+a4; 
also a*— a” becomes “"—(—a)", and 2*—(—a)" is 2*+a" 
or 2"— a" according as n is odd or even. 

Hence, when n is odd 

x" +a” is divisible by «+a, 
and when n is even 
x" —a" is divisible by «+a. 
Thus, n being any positive integer, 
x — a, divides 2" — a” always, 
2—-a »  & +a” never, 
+a , «#—a" when n is even, 
and w@+a, #+a”when n is odd, 

The above results may be written so as to shew the 

quotients: thus 
a—a" 
x—a 


=O + oat oat i. +0", 


Conte = a z, 
es =a"? —a"*q4+a*%a?—3..... $a, 


the upper or lower signs being taken on each side of the 
second formula according as n is odd or even. 


_ 88. Theorem. If any rational and integral expres- 
sion which contains « vanish when a vs put for m, then will 
a—«a be a factor of the expression. 
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Let the expression, arranged according to powers of a, 
e - 
a” + ba + CH"? + ccececoes 


Then, by supposition, 


aa" + bat? + ca 7+ ..sceeeee =0. 
Hence a” + ba" + 00"? +. .ccceee 
= ax" + ba” + ca"? +0... — (aa + ba" + ca"? +...) 
=a (a" — a") +b (a®* — a) + 6a? — a) + wrens 


n-2 


But, by the last Article, 2” — a", PRK ee, aa, 
&c. are all divisible by # — a. 

Hence also az” + ba" + ca? + .receeres is divisible by 
La, 

The proposition may also be proved in the following 
manner. 

- Divide the expression ax"+ba"” + ca" + ...... by #—4@, 
continuing the process until the remainder, if there be any 
remainder, does not contain #; and let Q be the quotient 
and R the remainder. 

Then, by the nature of division, 

ase” + ba + 00" + eee =((a—a)+ Rh, 
and this relation is true for all values of a. 

Now since. & does not contain #, no change will be 
made in R by changing the value of «: put then # =a, and 
we have 

aa" + ba! + ca” + .ceee =Q(a—a)+R=R. 

Hence, if any expression rational and integral in « 
be divided by x—4, the remainder is equal to the result 
obtained by putting a in the place of x on the expression. 

It therefore follows that the necessary and sufficient 
condition that an expression rational and integral in « 
may be exactly divisible by #—« is that the expression 
should vanish when a is substituted for a. 

5—2 
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Ex. 1. Find the remainder when 23 — 427+ 2 is divided by x-2. 
The remainder =23-—4.2?42=- 6. 


Ex.2. Find the remainder when 2° - 2a%x+a8 is divided by s—a. 
The remainder is a — 2a?+a?=0, so that 2° — 2a° +a? is divisible 
by x— a. 


Ex. 3. Shew by substitution that -1, s-5, +2 and +4 are 
factors of #*— 23a2-— 182+ 40. 


Ex. 4, Shew by substitution that a—b is a factor of 
a8 (b—c) +3 (c—a)+c8 (a—5). 
Put a=b and the expression becomes a3(a—c)+a°(c—a), which 
is clearly zero: this proves that a—b is a factor. 


Ex. 5. Shew that a is a factor of 
(a+b+c)8—(—a+b+c)?—(a—b+c)§-(a+b—c). 


89. We have proved that a—a is a factor of the 
expression aa” + ba"? +ca"*+..... . provided that the 
expression vanishes when a is put for a. 


If the division were actually performed it is clear that 
the first term of the quotient, which is the term of the 
highest degree in 2, would be aa"*. Hence the given ex- 
pression is equivalent to . 


(a = a) (an" + &e.......). 


Now suppose that the given expression also vanishes 
when x=; then the product of «—a@ and aa"*+...... 
will vanish when #=f; and since x—a does not vanish 
when w=8, it follows that a#**+...... must vanish 
when a=. Hence «—8 is a factor of aa” *+&c.; and, 
if the division were performed, it is clear that the first 
term of the quotient would be az””. 


Hence the original expression is equivalent to 
(a — a) (aw — 8) (aa"? + &e.......)- 


Similarly, if the original expression vanishes also for 
the values y, 6, &c. of #, it must be equivalent to 


(a — a) (a — B)(@ —) (a@—8)......(aa"™ + &e.....+4), 
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where 7 is equal to the number of the factors #—a, 


-g—B, &e. 


%, 


If therefore the given expression vanishes for n values 
a, 8, y, &c. there will be n factors such as #— 4, and the 
remaining factor, ax" --&c. will reduce to a; and hence 
the given expression is equivalent to 


a (a — a) (@— B) (& — 7) -+000 


Cor. If any of the factors # — a, #—, -.. occur more 


‘than once in aa" +be"?+..., it can similarly be proved 


that the expression is equivalent to a(#— a)? (a —B)*...5 
the factors z — a, « — B, ... occurring respectively p, q, --. 
times, and p+qt+...=7” 


90. Theorem. An expression of the nth degree in & 
cannot vanish for more than n values of &. 
For if the expression 
ast” + ba) + ca? + voce 
vanishes for the n values a, 8,7... , it must be equivalent 


to 
a (@— 4) («@ —B)(@— py Ries 


If now we substitute any value, & suppose, different 
from each of the values 4, P, 7; &c.; then, since no one of 
the factors k—a, k—£, &c. is zero, their continued product 


‘cannot be zero, and therefore the given expression cannot 


vanish for the value «=k, except a itself 1s zero. 

But, if a is zero, the original expression reduces to 
bat + ca? + ones. , and is of the (n—1)™ degree; and 
hence as before it can only vanish for n—1 values of a, 
except b is zero, And so on. 

Thus an expression of the nth degree in & cannot 


vanish for more than n values.of «, except the coefficients of 
all the powers of # are zero; and when all these coefficients 
are zero, the expression will clearly vanish for all values 


of a. 
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91. Theorem. If two expressions of the nth degree 
in « be equal to one another for more than n values of =, 
they will be equal for all values of «x. 


If the two expressions of the nth degree in w 
as” + ba" + ca" + 0.0.4. 
and pa" + qa" + re + oo, ; 


be equal to one another for more than n values of a, it 
follows that their difference, namely the expression 


(a — p) a+ (b—q) a *4+(c—1) a t+ o..... : 
will vanish for more than n values of a. 
Hence, by Art. 90, the coefficients of all the different 
powers of « must be zero. 
Thus a—p=0, b—q=0, c—r=0, & 
that is, a=, b=q,,c=r7, &. 


Hence, if two expressions of the nth degree in x are 
equal to one another for more than n values of x, the 
coefficient of any power of # in one expression is equal to the 
coefficient of the same power of x in the other eapression. 

When any two expressions, which have a limited 
number of terms, are equal to one another for all values 
of the letters involved, the above condition is clearly 
satisfied, for the number of values must be greater than the 
index of the highest power of any contained letter. 

Hence when any two expressions, which have a 
limited number of terms, are equal to one another for all 
values of the letters involved in them, we may equate the 
coefficients of the different powers of any letter. 


92. Theorem. A rational integral expression con- 
taining x can be resolved into only one set of factors of the 
Jirst degree tn x. 


For, if it be possible, let the expression ax" + ba" +... 
be equivalent to 


a (%— a)? (w— 8)'..., and also to a (w — €)' (w— 9)... 
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Put # =a in both expressions; then a (a — &)'(a—m)”... 
must vanish, and therefore one at least of the quantities 
£,n, ... must be equal to a Let =a; remove one 
factor «—a from both expressions, and proceed as before. 
We thus prove that every factor of one expression occurs 
to as high a power in the other expression; the two ex- 
pressions must therefore be identical. 


93. Cyclical order. It is of importance for the 
student to attend to the way in which expressions are 
usually arranged. Consider, for example, the arrange- 
ment of the expression be-+ca+ab. The term which does 
not contain the letter a is put first, and the other terms 
can be obtained in succession by a cyclical change of the 
letters, that is by changing a_into }, b into c and ¢ into a. 
In the expression a?(b —c) + 0 (e—a) +e (a— b) the same 
arrangement is observed; for by making a cyclical change 
in the letters of a? (b —c) we obtain 6’ (c— a), and another 
cyclical change will give ¢’ (a — b). So also the second and 
third factors of (b—c) (e— a) (a—6) are obtained from the 
first by cyclical changes. 


94. Symmetrical expressions. An expression which 
is unaltered by interchanging any pair of the letters which 
it contains is said to be a symmetrical expression. Thus 
atb+c, be+ca+ab, a+b + c—3abe are symmetrical 
expressions. 

Expressions which are unaltered by a cyclical change 
of the letters involved in them are called cyclically sym- 
metrical expressions. For example, the expression 

(b—0) (0-4) (a—) 
is a cyclically symmetrical expression since it is unaltered 
by changing a into 8, b into ¢, and ¢ into a. 

It is clear that the product, or the quotient, of two 
symmetrical expressions is symmetrical, for if neither of 
two expressions is altered by an interchange of two letters 
their product, or their quotient, cannot be altered by such 
interchange. 
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It is also clear that the product, or the quotient, of 
two cyclically symmetrical expressions is cyclically sym- 
metrical. 


Ex. 1, Find the factors of a?(b —c)+b?(c—a)+c?(a—b). 
If we put b=c in the expression 
a2(b —c) +.b2(c — a) +.62(A—B) o......soeeeeeeseeeeee(1) 
it is easy to see that the result is zero. 


Hence b-—c is a factor of (i), and we can prove in a similar 
manner that c—a and a— Dd are factors. 


Now (i) i8 an expression of the third degree; it can therefore only 
have three factors. 


Hence (i) is equal to 


L (b—c) (c— a) (a—D).......00-0008 a ecesesiecweds (ii), 
where L is some number, which is always the same for all values of 


a, b, ¢. 
By comparing the coefficients [See Art. 91] of a? in (i) and (ii) we 
see that L=-1. 


We can also find Z by giving particular values to a, b and c. 
Thus, let a=0, b=1, c=2; then (i) is equal to —2, and (ii) is equal 
to 2L, and hence as before L= —1. 

Ex, 2. Find the factors of a(b—c) +03 (¢c—a)+c3(a—D). 

As in the preceding example, (b—c), (c—a) and (a—5) are all 

factors of 
a (b —c) +08 (c —a) +68 (A—D) sccseccecevensennne (i). 

Now the given expression is of the fourth degree; hence, besides 

the three factors already found, there must be one other factor of 


the first degree, and this factor must be symmetrical in a, b, c, it 
must therefore be a+b+c. 


Hence the given expression must be equal to 


L (bc) (¢— a) (€@—b) (G+ 040). ..ccsserseesesseeese(ii), 
where L is a number. 


By comparing the coefficients of a® in (i) and in (ii) we see that 
=-1; hence 


a®(b — c) +03 (c — a) +.c8 (a — b) = — (b-c) (c—a) (a—b) (a+b+C0), 
We can also find L by giving particular values to a, b, and c. 


Thus, let a=0, b=1, c=2; then (i),is equal to —6 and (ii) is 
equal to 6Z, so that L= —-1. 


We may also proceed as follows: 


Arrange the expression according to powers of a; thus 
a? (b —c) — a (b8 —c3) + be (b? —c?), 
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It is now obvious that b—c is a factor, and we have 
(b-—c) {a8 -—a(b?+bc+4c*%) +bce(b+c)} 
=(b-—c) {b? (c—a) +b (c? — ac) +a — ac?} 
=(b—c) (c — a) {b? + be — a? —ac} = — (b—c) (c—a) (a—8) (a+ b+¢). 


Ex. 3. Find the factors of 6°c?4b — c) + c?a? (c — a) +.a*b? (a — b). 
By putting b=c in the expression 
bc? (b —c) + ca? (c — a) + a*b? (a—D)........ Kes ciesaesos’ (i), 
it is easy to see that the result is zero; hence b-—c is a factor of (i). 
So also c—a and a—b are factors, 


The given expression being of the fifth degree, there must be, _ 
besides the three factors b—c, c—a, a—b, another factor of the 
second degree; also, since this factor must be symmetrical in a, b,c, 
it must be of the form L (a?+6?+c?) + M (be +ca+ab). 

Thus (i) is equal to 
(b—c) (c—a) (a—b) {La? + Lb? + Le? + Mbe + Mca + Mad} ...(ii). 

Equating coefficients of a* in (i) and in (ii) we see that L=0; 
and then equating coefficients of b%c? we see that M=-1. Hence 
(i) is equal to 

—(b—c) (c—a) (a—5) (be +ca+ab). 

We may also proceed as follows. 


Arranging according to powers of a, the factor b—c which does 
not contain a becomes obvious; then, arranging according to powers 
of b, the factor c — a which does not contain b becomes obvious; and 
soon, Thus 

b2¢?(b — ¢) — a2 (b8 — c4) +08 (b? — c?) 
= (b —c) {b%c? — a? (b? + be +c) +a? (b+-c)} 
= (b—c) {09 (c? — a?) +a (a—c) +a% (a~c)} 
=(b—c) (c—a) {0?(c +a) —a*b—a*c} 
=(b—c) (¢—a) {(0?- a”) c+ b7a — a*b} 
= —(b-—c)(c — a) (a—4) (be +ca+ab). 


EXAMPLES VI. 


Find the factors of the following expressions: 
Ll (y—2)°' + @— a) + (ey) 

2. (y—x)*+(z—a)°+(e-y)” 

3, at (b?—c*) + O* (c?— a’) +c (a* — 0’). 

4, a(b—c)*+b(c—a)+e(a—b). 
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EXAMPLES. 
a(b—c)' +b (c—a)*+c(a—5)’. 
be (b —c) + ca(c—a) + ab(a—b). © 
B'c® (b — c) + c*a* (c — a) + a°b* (a —). 


‘at (b—c) +t (c—a)+ cL (a—8). 


a’ (b—c)+6° (c—a) +c (a—6). 
(a+b+c)’—-(b+c—a)—(c+a—b)’—-(a+b-c)’*. 
(a+b +c)’—(b+c—a)’ — (c+a—6)’— (a+b-c)’. 
a(b+e—a)+b(c+a—b)?+c(a+b—c)? 

+ (b+c—a)(c+a—b)(a@+b-c). 
a’ (b+c—a)+0* (c+a—b)+e' (a+b—c) 

—(6+c—a)(c+a-6)(a+b-c). 
(6+c—a)(ct+a-—b)(at+b-c)+a(a—b+c)(a+b-c) 

+b(a+b—c)(—a+b+e)+e(-a+b+c)(a-b+0). 


. (b-c)(a—b+c)(a+b—c)+(c—a)(a+b-—c)(-a+b+e) 


+(a—b) (-a+b+0c)(a—b+o). 


. (e+y+2)P—e-yr— 2. 


(at+y+2)°—2—y— 2°. 

(b—c) (b+¢)’ + (c—a) (c+ a)’ + (a—b) (a +8). 
(b-—c) (b+¢)° + (c—a) (c +a) + (a—b) (a+ 0). 
(6 —c) (b+ c)*+ (c—a) (c+.a)*+ (a—b) (a+ 6)*. 


. a +b? +c°+ 5abe — a (a—b) (a—c) — b(b—c) (6— a) 


—c(c—a)(c—b). 


. a (a+b) (atc) (b—c) +0? (b +c) (b +a) (c—a) 


+0? (c +a) (c +6) (a—b). 
(y+2) (2+x) (w+ y) + wyz. 
a’ (b +c)? +b" (c+ a)? +07 (a+b) + abc (a+b +0) 
+ (a? + 8° +0°) (be + ca + ab). 


. (wt yt+2zy—(yt+z)—(2+a)— (ety) tatryt+ 2 
. a(b+c-2a)+ ? (c+ a— 2b) +0? (a+ b—2c) 


+ 2 (c?—a*)(c—b) +2 (a?— 6") (a—c) +2 (be) (b- a). 
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- 27. (6+ce—a-d)‘(b—c)(a—d)+(e+a—b-—d)*(c—a) (b—d) 
lr iia ah + (a+b—c—d)*(a—b) (c—ad). 
12 {(w@+y+z2)™"—(yt+2z)"—(z+a)"—(at+y)™ tart y™+2"} 
is divisible by 
(c+ y+2)*—(y+2)*—(z+a)*—(e+y)+ att ytt 2%, 
29. Shew that 
a’ (b+c— a)? +b? (c+a—b)’? +0 (a+b—c)?+ abe (a? + b’ +c’) 
+ (a? + 6? +c =be—ca— ab) (b+e—a) (c+ a—6) (a+b-c) 
= 2abe (be + ca + ab). 
30. Shew that 
(b—c)* + (¢—a)° + (a—b)*— 9 (b-c)* (c—a)* (a— 5)? 
= 2 (a—6)* (a—c)® + 2 (b—c)’ (b—a)?+ 2 (c—a)*(c—8)*. 
31. Shew that 
(b+)? + (c+a)°+(a+b)?+(a+d)?+(b+d)*> + (c+d)° 
=3(a+b+ce+d) (a +0?+0' +d"). 
32. Reduce to its simplest form 
4 (a? + ab + b*)® — (a—b)* (a+ 2b)* (2a +b)’. 
33. Shew that 
a (+a) +b (8+ a?—- bP +c (a? +0? -e)? 
is divisible by 
at +b + ct — 26%c? — 20a? — 2a°b’. 
34. Resolve into quadratic factors 
4 {ed (a? — b*) + ab (c? = d’)} + {(a? — 0°) (c? — d*) — Aabed }*. 
35. Shew that 
(y°—2°)(1 + ay) (1 + az) + (2°— a”) (1+ yz)(1 + ya) 
+(a*—y?) (1+20)(1+zy) = (y—2) (z—«) (wy) (ayz +at+yt2), 
86. Find the factors of 
a’ (b—c) (cd) (d—b) — 8° (c-d) (d —a) (a-c) 
+¢°?(d—a) (a—b) (6—d) —d’(a—b) (b-¢) (c— a). 
87. Find the factors of 
b?c*d? (b —c) (c—d) (d—b) — eda" (c — d) (d — a) (a-c) 
+ d?a*b? (d — a) (a — b) (6 — d) — a°b*c* (a — 6) (b—c) (c—a). 


CHAPTER VII. 


HicHrest Common Factors. Lowrst ComMMON 
MULTIPLES. 


95. A Common Factor of two or more integral alge- 
braical expressions is an integral expression which will 
exactly divide each of them. 

The Highest Common Factor of two or more integral 
expressions is the integral expression of highest dimensions 
which will exactly divide each of them. 

It is usual to write H.C.F. instead of Highest Common 
Factor. 


96. The highest common factor of monomial 
expressions. The highest common factor of two or more 
monomial expressions can be found by inspection. 


Thus, to find the highest common factor of a?b?c and a*b4c?. 


The highest power of a which will divide both expressions is 
a’; the highest power of b is b?; and the highest power of c is c; 
and no other letters are common. Hence the u.0.Fr. is abc. 


Again, to find the highest common factor of a°b4c4, a2b? and abbc?, 


The highest power of a which will divide all three expressions 
is a®; the highest power of b which will divide them all is 6; and ¢ 
will not divide all the expressions. Hence the H.0.r. is ab. 


From the above examples it will be seen that the 
H.C.F. of two or more monomial expressions is the product 


of each letter which is common to all the expressions taken 
to the lowest power in which it occurs. 
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97. Highest common factor of multinomial 
expressions whose factors are known. When the 
factors of two or more multinomial expressions are known, 
their H.c.F. can be at once written down, as in the pre- 
ceding case. The H.c.F. will be the product of each factor 
which is common to all the expressions taken to the lowest 
power in which wt occurs. 

Thus, to find the u.o.¥. of 
(x —2)8(a-1)? (w@-3) and (x-2)? (e- 1) (w- 3)8. 
It is clear that both expressions are divisible by (x — 2)?, but by no 

higher power of 2-2. Also both expressions are divisible by 2-1, 

but by no higher power of «-1; and both expressions are divisible 

by z—3, but by no higher power of x-3. Hence the H.¢.¥F. is 

(x — 2)? (a —1) (w—3). 

Again, the u.0.¥. of 703 (a—b)?(a+0)* and a*b?(a—) (a+b)? is 
a°b? (a — b) (a+4)?. 


In the following examples the factors can be seen by 
inspection, and hence the H.c.F. can be written down. 


Ex, 1, Find the u.c.r. of a*b?-a?b4 and atb? + a%b4. 
Ans. a*b?(a+b). 


Ex. 2. Find the u.c.r. of a%?—4atb4 and a‘b?— 16a7b°. 
Ans. ab? (a? —- 4b?). 


Ex. 3. Find the u.0.¥. of a’+3a%b+2ab? and a‘+6a%b+ 8a?b?. 
Ans. a(a+2b). 


98. Although we cannot, in general, find the factors 
of a multinomial expression of higher degree than the 
second [Art. 84], there is no difficulty in finding the 
highest common factor of any two multinomial expressions. 
The process is analogous to that used in arithmetic to find 
the greatest common measure of two numbers, 


If the expressions have monomial factors, they can be 
seen by inspection; and the highest common factors of 
these monomial factors can also be seen by inspection: 
we have therefore only to find the multinomial expression 
of highest dimensions which is common to the two given 


expressions. 


78 HIGHEST COMMON: FACTORS. 


Let A and B stand for the two expressions, which are 
supposed to be arranged according to descending powers 
of some common letter, and let A be of not higher degree 
than B in that letter. Divide B by A, and let the quotient 
be Q and the remainder &; then 


B=AQ+R; 
R=B-—AQ. 


Now an expression is exactly divisible by any other if 
each of its terms is so divisible; and therefore B is divisible 
by every common factor of A and R, and R is divisible 
by every common factor of A and B. Hence the common 
factors of A and B are exactly the same as the common 
factors of A and R; and therefore the H.c.F. of A and R 
1s the H.C.F. required. 

Now divide A by R, and let the remainder be S; then 
the u.c.F. of R and S will similarly be the same as the 
H.C.F. of A and R, and will therefore be the H.C.F. re- 

uired. 

And, if this process be continued to any extent, the 
H.C.F. of any divisor and the corresponding dividend will 
always be the H.0.F. required. 

If at any stage there is no remainder, the divisor must 
be a factor of the corresponding dividend, and that divisor 
is clearly the H.C.¥. of itself and the corresponding divi- 
dend. It must therefore be the H.C.F. required. 

It should be remarked that by the nature of division 
the remainders are successively of lower and lower dimen- 
sions; and hence, unless the division leaves no remainder 
at some stage, we must at last come to a remainder which 
does not contain the common letter, in which case the 
given expressions have no H.0.F. containing that letter. 

Since the process we are considering is only to be used 
to find the highest common multinomial factor, it is clear 
that any of the expressions which occur may be divided or 
multiplied by any monomial expression without destroying 
the validity of the process; for the multinomial factors 
will not be affected by such multiplication or division. 
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Thus the H.c.F. of two expressions can be found by 
the following 


Rule :—Arrange the two expressions according to 
descending powers of some common letter, and divide the 
expression which is of the highest degree in the common 
letter by the other (if both expressions are of the same 
degree tt is immaterial which ts used as the divisor). Take 
the remainder, if any, after the first division for a new 
divisor, and the former divisor as dividend ; and continue 
the process until there is no remainder. The last divisor 
wil be the H.0.F. required. The process is not used for 
finding common monomial factors, these can be seen by 
inspection ; and any divisor, dividend, or remainder which 
occurs may be multiplied or divided by any monomial ex- 
pression. 

Ex.1. Find the u.0.¥, of 234+2?-2 and a?+2x7-3, 

OES Getta 


a+ a? 
a*—1 cee (2d 
23 — 2 
v+a—2 
ies eal 
w-1\2?-1/2+1 
x? —2 

xz—1 
a—1 


Thus the u.0.¥. is —1. 

The work would be shortened by noticing that the factors of 
the first remainder, namely 22-1, are «-1 and «+1. And by 
means of Art. 88 it is at once seen that «—1 is, and that +1 is 
not, a factor of 23+ 22-2. p 


Ex. 2. Find the u.c.¥. of 
23 +40%y — 8ry?+24y? and «5 — aty + 827y — 8xry4, 

The second expression is divisible by 2, which is clearly not a 
common factor: we have therefore to find the u.0,¥. of the first 
expression and x4— xy + 8xry® — 8y4. F 

~ 8x72 3 a Bay? — Byt (x 
a3 + 4ay — Bay? + 24y ei oa er y 
— Farry + 8a%? — 16xy% — 8y4 
— Say — 20x7y? + 402y3 — 12044 
28a?y? — 56ay? + 112y4 
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The remainder =28y?(x — 2ay +4y?): the factor 28y? is rejected 
and 2?—2zy+4y? is used as the new divisor. 
a? —Qaey+4y? eae = Bay? + 24y? (2 +6y 
a3 — Qa*y + dary? 
6x4 — 12xy? + 24y8 
Gay — 12ay? + 24y° 
Hence x? — 2ay+4y? is the n.0.F. required. 


Ex. 3. Find the H.0.¥. of ; 
2x44 9a8+4+1404+3 and 3244 1523+ 527+102+2. 

To avoid the inconvenience of fractions, the second expression 
ig multiplied by 2: this cannot introduce any additional common 
factors. The process is generally written down in the following 
form : 


Qoh+ 923414243 ) 830441523 +5224+102+2 
2 


Gai + 3028 + 102° + 200 +4 (8 
624 + 2723 +42%+9 
323 + 10x? — 224-5 an Oat Re 
3 


6a'+ 2723 + 42249 te 
6a* + 2003 — 4422-102 


7a3+ 4407452249 
3 


21a + 132274 1560+ 27 (7 
QMa%+ 70x? — 1540-35 


62 (622? + 310” + 62 
w+ 52+ 1 
#94 Ba) Bat 10m 3a — 
303 + 1509+ 3a ; 
— 5a2?—25"—5 
— 5a27-25”—-5 


Thus 22+52+1 is the u.0.¥. required. 


Detached coefficients should generally be used [Art. 63]. 


99, The labour of finding the H.C.F. of two expres- 
sions is frequently lessened by a modification of the pro- 
cess, the principle of which depends on the following 


Theorem :—The common factor of highest degree in 
a particular letter, x suppose, of any two expressions A 
and B is the same as the H.0.F. of pA+qB and rA +sB, 
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where p, 4, Tr, $ are any quantities positive or negative which 
do not contain x. 

To prove this, it is in the first place clear that any 
common factor of A and B is also a factor of pA +qB and 
of rA +sB. 

So also, any common factor of pA +qB and rAd +sB 
is also a factor of s(p4+qB)—q(rA+sB), that is, of 
(sp —qr).A. Hence, as (sp—gr) does not contain a, any 
common factor of pA +qB andrA+sB must be a factor 
of A, provided only that p, g, 7, s are not so related that 
sp—gqr=0. Similarly any common factor of pA +qB 
and rA +sB is also a factor of r(pA +qB)—p (rd +s), 
that is of (rg—ys) B, and therefore of B. 

Since every common factor of A and B is a factor of 
pA+qB and of rA+sB, and every common factor of 
pA+qB and rd4+sB is a factor of A and of B, it follows 
that the H.c.F. of A and B is the same as the H.C.F, of 
pA+qB and rA+sB. 


Ex. To find the w.0.¥. of 2a4 +23 — 6x?—224+3 and 2204-30342” -3. 
We have, by subtraction, 


Ag? — 622 — 42 4-6 oo. .ccccscccvsovsessanecverees (I); 
and, by addition, 
Age! — 2a8 — 6x2 243 (202-4 — 3B) ....00ccsesverevees (II). 
The required u.0,F. is the u.0.¥. of (I) and (II), and therefore 
of (I) and 
Dy Bmw Ne isaysrecnsnnceds deee tees seaeqs (I). 
Multiply (III) by 2 and add (1), and we have another expression, 
namely 
Ag — Qa? — Gar = Qa (QU? — © — 3B). ...ssevevereevenees (IV), 


such that the u.¢.F. of (III) and ee is the u.0.F. required. But the 

H.0.¥. of (III) and (IV) is obviously 22- # -3, 

LOOK Be S.20.5% be the successive remainders in the 
process of finding the u.¢.F. of the two expressions A and 
B by the method of Art. 98; then, as we have seen, every 
common factor of A and B is a factor of R, and therefore a 
common factor of A and R. Similarly every common factor 
of A and RB is a common factor of R and S. And so on; so 


SA. 6 
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that every common factor of A and B isa factor of every 
remainder, and therefore must be a factor of the H.C.F. 

Hence every common multinomial factor of two ex- 
pressions is a factor of their highest common multinomial 
factor; and this is obviously true also of monomial factors. 
Therefore every common factor of two expressions is a 
factor of their H.C.F. 

It can be shewn that every remainder, in the process 
of finding the u.c.F. of two expressions A and B by the 
method of Art. 98, is expressible in the form FA +GB 
where F and G are rational and integral in #. 

For, if Q,, Qa, Qs, «-- Qn be the successive quotients, 
and R,, R,, Bs, ....Rn be the successive remainders, the 
last of which, R,, is the H.c.F. of A and B if A and B 
have any common factor, but is independent of # if A and 
B have no common factor containing a; then we have 


R, = Br Al Q; 
R, =A Tai R, . Q:, ; 
R,=Rk, —f,.Q;; : 
Ry = Ry+a— Ry. Qn: 
Now R, is clearly of the required form (F being — Q, and 
G being 1), and substituting for R, in the second equation 
it will be at once seen that R, is of the required form. 
Also R;, is of the required form provided that both Ry, 
and R,, are of that form; for, if Ry.=L2A+MB and 
Ry» = L'A + M’B; then 

Re = Rea — BraQ, = (L' -— QL) A + (M'— QO. M) B, 
and the: expressions L'— Q,. Z and M’— Q; . M are both 
integral, since by supposition Z, M, L', M’' and Q, are all 
integral expressions. 

Hence R,=FA+GB, where F and G are integral 
expressions, 

If now A and B have no common factor in a, then R, 
does not contain # And, dividing throughout by R,, 
since F/R, and G/R, are integral in a, we have 

1=P.A+Q.B, 
where P and Q are integral in a, 
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_ Thus, if A and B be any two integral expressions con- 
tarming a, but which have no common factor containing a, 
two other expressions, P and Q, can be found both integral 
in x, and such that PA+QB=1. 

Ez. Find P and Q when 4=23- 37?+1 and B=2?+2r+2, 


cas 1 i 2 
Ans. P= ~75(82+5), Q= 75 (82-352 +39), 


101. The u.c.¥, of three or more multinomial expres- 
sions can be found as follows. 

Let the expressions be A, B, C, D,.... 

Find G the H.c.F. of A and B. 

Then, since the required H.c.F. will be a common 
factor of A and B, it will be a factor of @: we have there- 
fore to find the H.c.F. of G, C, D.... 

Hence we first find the H.0.F. of two of the given ex- 
pressions, and then find the u.c.F. of this result and of 
the third expression ; and so on, 


Note. The highest common factor of algebraical ex- 
pressions is sometimes, but very inappropriately, called 
their greatest common measure (G.C.M.). 

If one expression is of higher dimensions than another, 
in a particular letter, we have no reason to suppose that it 
is numerically greater: for example, a’ is not necessarily 
greater than a; in fact, if a is positive and less than 
unity, a* is less than a. 

It should also be noticed that if we give particular 
numerical values to the letters involved in any two ex- 
pressions and in their H.C.F., the numerical value of the 
H.C.F. is by no means necessarily the @.c.M. of the values 
of the expressions. This is not the case even when the 
given expressions are integral for the particular values 
chosen. For example, the H.c.F. of 14%°+152+1 and 
22a? + 232+1 will be found to be «+1; but if we 
suppose # to be 4, the numerical values of the expressions 
will be 12 and 18, which have 6 for G.c.M., whereas the 
numerical value of the H.¢.F. will be %. 


. 6—2 
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EXAMPLES VIL 


Find the u.0.F. of 
a?— bab +40" and a? — 5a’ + 40°. 
Qe*—Ba+2 and 12a°— 8x°— 3x+ 2. 
Qat — Bary? +y* and 2a° — 3aty? + y*. 
Qa? + Bay —y? and 4a°+ay?—y’. 


1 
2 
3 
4 
5. a — 4y%+ 12yz—92" and 2° + 2az—4y* + Byz — Bz 
6. 20a — 3a° + 6 and 64a* — 3ab* + 5d*. 
7. a®—a’b + ab' + 140° and 4a*+3a%b — 9ab* + 20°. 
8. 2at+a°-92"+8a—2 and Jat — Ta? + Lla*®— 82+ 2. 
9. 1le*—9ax*—atx*—at and 13a*—10ax*— Qa%a* — a'. 
10. a'+2°—9x"—3c+18 and x + 6a* — 49m + 42. 
ll. of—22°+5a°—4e+3 and 2a*— 2° + 6a? + 2a+ 3. 


12. «f+ 3a°+6x2+35 and a*+ Qe? ~ Fa? + 26a + 21. 


Lowest ComMMON MULTIPLE. 


102. Definitions. A Common Multiple of two or 
more integral expressions, is an expression which is exactly 
divisible by each of them. 


The Lowest Common Multiple of two or more integral 
expressions, is the expression of lowest dimensions which 
is exactly divisible by each of them. 


Instead of Lowest Common Multiple it is usual to 
write L.C.M. 
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103. When the factors of expressions are known, 
their L.C.M. can be at once written down. 


Consider, for example, the expressions 
a’b? (a — a)? (a—b)* and ab‘ (a—a)* (w—D). 


It is clear that any common multiple must contain a” as 
a factor; it must also contain b*, (w— a)‘ and (w@—b)*. An 
common multiple must therefore have a*b‘(#—a)*(#—b) 
as a factor; and the common multiple which has no un- 
necessary factors, that is to say the lowest common multiple, 
must therefore be a°b*‘ (x — a)* (w— b)”. 


From the above example it will be seen that the L.c.M. 
of two or more expressions which are expressed as the 
product of factors of the first degree, is obtained by taking 
every different factor which occurs in the expressions to the 
highest power which it has in any one of them. 


Ex. 1. Find the t.0.m. of 8a2yz, 27ay?z? and 62y7Z. 
Ans. 54a%y?24, 
Ex. 2. Find the t.o.m. of Gab?(a+b)? and 4a*b(a?— 6’). 
Ans. 12a%b?(a+b)?(a—b), 
Ex. 8. Find the u.o.m. of 2ary (x—y)*, 3ax7 (2? — y?) and 4y?(a+y)?. 
Ans. 12aa%y? (x? — y?)3, 


Ex. 4. Find the u.o.m. of 2?- 3242, 2?-50+6 and 2?-47+8. 
Ans. (x—1)(%-2)(%—-3). 


104. When the factors of the expressions whose L,C. M. 
is required cannot be seen by inspection, their H.¢.F. must 
be found by the method of Art. 98. 


Thus, to find the t.o.m. of 2°+27-2 and x?+227-3, 
The u.0.¥. will be found to be x-1; 
and 23+ 42 -—2=("—1)(x?+ 2042), 
a8+202-8=(e-1) (4?+32+3). 


Then, since 2?+2c+2 and 2*+32+3 have no common factor, the 
required L.0.M. is (x — 1) (x? + 2%+ 2) (a? +3243), 
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105. Let A and B stand for any two integral ex- 
pressions, and let H stand for their H.c.¥F., and L for their 
L.C.M. 


Let a and b be the quotients when A and B respec- 
tively are divided by H; so that 


A.=\ff .@: and. B= s.b; 
Since H is the highest common factor of A and B, 


a and 6 can have no common factors. Hence the L.c.M. 
of A and B must be Hxaxb. Thus - 


GH aah, 
Hb B ; 
Hence L= Hax FF Smal X Fp creeeeeeeee (A) 5 
also Ls H= Hast =A Bese (ii). 


From (i) we see that the L.0.M. of any two expressions 
is found by dinding one of the expressions by their H.C.F., 
and multiplying the quotient by the other expression. 


From (11) we see that the product of any two expressions 
ts equal to the product of their H.C.F. and L.C.M. 


EXAMPLES VIII 


Find the t.o.M. of 

6a:° — Sax — 6a? and 4a° — 2aa*-— 9a’. 

4a’ — 5ab + 6° and 3a°— 3a°b + ab? — 8. 

3° — 130° + 23a —21 and 62° + a* — 440421. 

a — lla? +49 and 7x*— 402° + 752° — 40x%+ 7. 

xv + 60° + lla +6 and a*+ a° — 4a7- 4a. 

ot — a + 8a —8 and x* + 4a:°— 827 + 24a. 

8a* — 18ab’, 8a’ + 8a°b — Gab? and 4a’ — 8ab + 30°, 


ee oe, NS Coa Donal 
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8. a —7x+12, 3a°—62—9 and 2x* — 6x*— 8x. 
9. 8x°+27, 16a*+ 362° +81 and 62° —5a—6. 
10. a’ — 6ay + 9y’, x —ay — 6y* and 32° 127. 
ll. 2°—Tay+ 12y’, a* — bay + 8y? and x — day + by? 
12. Shew that, if az*+ba+c and a'ax*+b’a+ce’ have a com- 
mon factor of the form «+/, then will 
(ac’ — ac)? = (be! — b'c) (ad’ — ab). 
13. Shew that, if aa*+ba*°+cax+d and a’a’*+ b's? +c'a+d' 
have a common quadratic factor in a, then will 
ba’ —'a _ca’—c'a _ da'—da 
ad'—ad bd’—b'd cd’ — cd" 


14. Find the condition that aa*+ba+c and a'a®+b'a+e 
may have a common factor of the form «+f. 

15. If g,,9,,9, ave the highest common factors, and J,, /,, J, 
the lowest common multiples of the three quantities a, b, ¢ taken 
in pairs; prove that 9,9,9,/,/,l,= (abc)’. 


16. If A, B, C be any three algebraical expressions, and 
(BC), (CA), (4B) and (ABC) be respectively the highest 
common factors of B and (, (and A, A and B, and A, B and 
C; then the t.c.m. of A, B and C will be 


A. B.C. (ABC) +{(BC). (CA). (AB)}. 


CHAPTER VIIL 
FRACTIONS. 


106. WHEN the operation of division is indicated by 
placing the dividend over the divisor with a horizontal 
line between them, the quotient is called an algebraical 
fraction, the dividend and the divisor being called respec- 
tively the nwmerator and the denominator of the fraction. 
Thus * means a+b. 


b 


Since, by definition, ?=a-~b, it follows that 2 xb=a. 


b : b 


107. Theorem. The value of a fraction is not altered 
by multiplying its numerator and ide Cat sg by the same 
quantity. 


We have to prove that 
@_am 
b bm’ 


for all values of a, b and m. 


Let a=; 


then axd= xb=a, by definition. 
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Hence axbxm=axm; 
. ax (bm)=am. [Art. 29, (ii).] 


Divide by bm, and we have 
z=am~ (bm) =—. 


108. Since the value of a fraction is not altered by 
multiplying both the numerator and the denominator by 
the same quantity, it follows conversely that the value of 
a fraction is not altered by dividing both the numerator 
and the denominator by the same quantity. 

Hence a fraction may be simplified by the rejection 
of any factor which is common to its numerator and 


~ 2 
denominator. For example, the fraction a takes the 


2 
simpler form ‘ie when the factor a, which is common to 


its numerator and denominator, is rejected. 

When the numerator and denominator of a fraction 
have no common factors, the fraction is said to be in its 
lowest terms. 

To reduce a fraction to its lowest terms we must 
divide its numerator and denominator by their H.C.F.; for 
we thus obtain an equivalent fraction whose numerator 
and denominator have no common factors. 


6a” 
The u.o.r. of the numerator and denominator is 3axy; and 
Bax%y 3aa%y+3ary _ = 
Gacy barxy+3ary 2a” 


2, 
Ex. 1. Reduce poe a to its lowest terms. 


ace 22 — Try + 10y? 
Ex. 2. Simplify zi Bay + 12y3 ° 


x? — Try + 10y?__ (a — 2y) (w@-5y) _ &— 5y 
a2—Say+12y? (x 2y) (x — by) ~ ¢— by" 
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2. 
Ex. 8. Simplify 7. 


2? -—az xz(z—a) 


a?—2?  (a—2x)(a+2) 
Since x -a=-—(a—<), if we divide the numerator and denominator 


by a—2, we have the equivalent fraction ae 3; and if we divide the 


numerator and denominator by «—a, we have tans" By the 
Peseta ibe rac ato x x i 
Law of Signs in Division eaoa a Serres and the last form 


is the one in which the result is usually left. 


4 + 32? + 62435 
x4 +223 — 5a3+ 26a +4 21° 
The u.0.¥. will be found to be 2?-—3x2+7; and, dividing the 


numerator and denominator by «?—3”%+7, we have the equivalent 
w?4+3x24+5 


+5243 - 


Ex. 4. Simplify 


fraction 


109. Reduction of fractions to a common de- 
nominator. Since the value of a fraction is unaltered 
by multiplying its numerator and denominator by the 
same quantity, any number of fractions can be reduced 
to equivalent fractions all of which have the same de- 
nominator. 


The process is as follows. First find the L.c.M. of all 
the denominators; then divide the L.c.M. by the denomi- 
nator of one of the fractions, and multiply the numerator 
and denominator of that fraction by the quotient; and 
deal in a similar manner with all the other fractions: we 
thus obtain new fractions equal to the given fractions re- 
spectively and all of which have the same denominator. 


For example, to reduce 


a 


b 
wy (a+y)’ ay>(x—y) 

to a common denominator. 
The t.c.m. of the denominators is 2%y3(z2—y?). Dividing this 
L.0.M. by a%y(e+y), ay(a—y) and ay?(z*—y"), we have the 


and Sees 1 
arty (ac? — y?) * 
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quotients y°(e-y), x%(e+y) and zy respectively. Hence the 
required fractions are 


5 TS 5 Fae yin apt (es) 
wy(c+y) sy(ct+y)xy%(c-y)  xy3(a?- y?)’ 
b ” bxa3(x+y) _ ba2(x+y) 
zy3(e—y) cy®(w@—-y)xa?(z+y) zy8(a?-y)’ 
c cx ry cuy 


y(cy) ya —y2)xay ~ 28y3 (a? 2) * 


Tt is not necessary to take the lowest common multiple of the 
denominators, for any common multiple would answer the purpose; 
but by using the u.c.m. there is some saving of labour. 


110. Addition of fractions. The sum (or differ- 
ence) of two fractions which have the same denominator 
is a fraction whose numerator is the sum (or difference) of 
their numerators, and which has the common denominator. 
This follows from Art. 43. 


When two fractions have not the same denominator, 
they must first be reduced to equivalent fractions which 
have the same denominator: their sum, or difference, will 
then be found by taking the sum, or difference, of their 
numerators, retaining the common denominator. 


When more than two fractions are to be added, or when 
there are several fractions some of which are to be added 
and the others subtracted, the process is precisely the 
same. The fractions must first be reduced to a common 
denominator, and then the numerators of the reduced 
fractions are added or subtracted as may be required. 


: 1 1 
Ex. 1, Find the value of cae at 
The u.o,m. of the denominators is (a+b) (a—}); and 
1 1 a—b a+b 


aid ta—b~ (a+b) (a—b) * (@—) (+0) 


(a—b)+(a+b)_ 2a 
a2—b? ~ 42—b2° 


ab 
Bx. 2, Find the value of “> + p79: 
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The 1.o.m. of the denominators is a?— 67; and we have 
a(a+6) | -ab _a(a+b)-ab a? 
ae @-8 ae ao 

Ae a a 2a? 4a‘ 

Ex. 8. Simplify ana Sea Pate ee 


In this case it is not desirable to reduce all the fractions to a 
common denominator at once: the work is simplified by proceeding 
as under: 


ep _a(a+2)+a(a-2)_ 2a? 


a-& at+z a? — g a? — 

2a? 2a? _ 2a?(a2+27)+2a7(a?- 2") dat 
hen a—ait gi+a3— a4 — oA ~ at— ah? 

4a4 dat — 4at(at+at)+4at(at—at) 8a 
and finally por qt oe = 3558 


[The above would be shortened by observing that, except for the 
factor 2, the second addition only differs from the first by having a? 
and 2 instead of a and « respectively; and hence the result of the 
addition can be written down at once. So also the result of the 
third addition can be written down from the first or second.] 


. i 3 3 1 
Ex. 4, Simplify mae rey oes er Pre. 0 

Here again it is best not to reduce all the fractions to a common 
denominator at once: much labour is often saved by a judicious 
arrangement and grouping of the terms. 


1 1 (w+8)-(e-8) 6 


z-8 «+38 a) ~ gg? 
3 8 _ -8(e+1)+3(z-1)_ -6 
end weed eats 2-1 Taglog 
-6 _G6(a?-1)-6(22-9) 48 
when aot B-1=" @-) el) ~@-H@ aI: 


Ex. 5. Simplif OF ai sie i be a 
oe Py (@=6) (a—e) * (0c) (b—a) * (¢-a) (c-8)° 
The u.0.m. of the denominators is (b-c)(¢—a)(@—b) [See Art. 
93]. Hence we have 
a? (c — b) +b?(a —c) +.c2(b— a) 
 (b=e)(e-a)(a—b) | 
Now we naturally test, by the method of Art. 88, whether either 
of the factors of the denominator is a factor of the numerator: we 


are thus led to find that the numerator is the same as the denomi- 
nator, so that the given expression is equal to unity. 
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Ex. 6. Simplify 
a? b? c? 
(a-8) (a—c) (e@+a) * (be) (b—a) (w+) © (C—a) (6-8) (@ +e) 
The u.o.m. of the denominators is : 
(b-c) (¢—a) (a—b) (w+) (w +b) (w@ +c). 


The expression is therefore equal to the fraction whose denominator 
is this L.c.m., and whose numerator is 


a? (c — b)(x+b) (c+c)+b?(a—c) (x +0) (+a) +c?(b—a) (+a) (+b). 


Arranging the numerator according to powers of x, the coefficient 
of «? is a?(c — b) +b2(a—c) +2(b—a)=(b—c) (c— a) (a—b). 


The coefficient of x is a?(c? — b?) + b?(a? — c?) +c? (b? — a?) =0. 
The term which does not contain « is 
abe {a(c —6) +b(a—c)+¢(b—a)} =0. 


Hence the numerator is 2?(b—c)(c—a)(a—b), and therefore the 
given expression 


x? (b—c) (c—a) (a—b) a oe 
=n) (e—a) (a—0) (+a) (@+b) (e+e) (@+a) +b) (e+e)’ 


111. Multiplication of fractions. We have now 
to shew how to multiply algebraical fractions. 


Let the fractions be % and“. 


C 
b d 
ac 
Let Ss Ale 
then wxdxd=Fx5xbdxd 
b 


x 


Il 


S12 & 


by the Commutative Law. 
But, by definition, ; x b =a, and 5x C=C} 


s axbxd=ax0c; 


rag? tees 
ee oo bd" 
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Thus the product of any two fractions is another fraction 
whose numerator is the product of their numerators, and 
whose denominator is the product of their denominators. 


The continued product of any number of fractions is 
found by the same rule. For 
ace ae ¢ _ace 
bd Ff 3bd. fe bape 


and similarly, however many fractions there may be. 


Hence 
ay _ aa _aa_ a a 1, (\"_@ 
G) a, Fre sy ee and, 1n general, (;) me ec 
112, Division of fractions. Let ¢ and , be any 
, 2 C 
two fractions; and let fad me ee 
Oe eo Ne 
Then ee an eS b? 
pee ee ee 
: ad: Fob 6c 
Hence pe 
be 
since Oe Sie 
adc de 


Thus to divide by any fraction : as the same as to 


multiply by the reciprocal Fraction : : 


: As particular cases of multiplication and division, we 
ave 


se ees Ry eee 
2 eg 


e 
b 


ose 


FRACTIONS. 


and @ oe tee atx ae. 
b as Sas be 


Note. 
multiplication and 


have really been proved in Art. 33. 


x5 (a+ b) x (¢c +d) 


ao - 


=a+bxc+d 
=axc+b+d=(ac)+ 


a x2-a 


w+ 
Ex.1. Simplify = pe pee om 


+a? 
2-a 


x-—a 


(x3 + a) (2 — a) 
“+a 


= (a? — a?) (wa)? 
(a? — ax +a”) (x +4) (w-a) _ 


) 2a Smee 
— = 


(ea) (2+a)s 


Ex. 2. 


Ex, 3. 
a+a 
_(a+2) (a+2) - (a~2) (a= 2) _ 
a?— x? 


a-z 
Bak 
atx 
a= 2 


pad atx 


a? — a 


(a+2) (a+2) +(a—- 2) (a- 2) A 


It should be noticed that the rules for the 
division of algebraical fractions ‘are 
simply rules concerning the order in which certain opera- 
tions of multiplication ‘and division may be performed, and 


(bd) = 55 


z3-ar+a? 
(@+a)3 


Buz Pied) 
ya sty” 


aoe 
= a? U 


Qa? + Qa? 
7 See Ti 
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Hence the given fraction is equal to 
daz, 2a9+207 daz a? — x 2axz 
@—a aia? ~ai—ai* 9024902 a@aoar” 


‘113. The following theorems (the second of which 
includes the first) are of importance: 


Theorem I. Jf the fractions ae ee 3% , &e. be all 
equal to one another, then will each fraction be equal to 
PG, + YA, + 1A, + ...000 


po, +qb,+7rb,+...... 
Let each of the equal fractions be equal to a. 


Awe 
Then, since 5 Sam, a, =b, «; 
1 
- -". pa, = pb, x, 
so also ga, = qb, 2, 
ra,=rb, «, 


e@eeces ——~ eeeeee 


Hence, by addition, 


pa, + 9d, + 1d, + ...00. = (pb, +qb,+7rb, +...) £3 
= eG, OH Meets esata = pee 
pb, + qb, + 1b, + ..ceee # : 5: 


Theorem II. If the fractions aD ‘ a ; cs 78, de. be all 


equal to one another, then will each ‘fraction be equal to 


nm 


ae where A is any homogeneous expression of the nth 


degree in a,, a,, a, dc. and B is the same homogeneous 
expression with b, in the place of a,, b, in the place of 
a,, &e. 


Let each of the equal fractions be equal to a, so that 
G%=b«, a,=be, a,=be, &e. 
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Let ra," a,F a’... be any term of A; then rb,“b,° 6,7... 
will be the corresponding term of B; and since the ex- 
pressions A and B are homogeneous and of the nth degree, 
a+@B+yt+...=. 


Now Aa,? a,° a,’ ... =r (b,x) (b,x)? (0,2)... 
NOP UP 09...) Tet 
=a" .db,7b, b,Y..., 
since a+8+y+...=n.* 


Hence any term of A =a" x corresponding term of B; 
.. sum of all the terms of A = 2" x sum of all the terms of B, 


that is A= os. 


LJ ae — 
ee "/] B — az, 
which proves the theorem. 


Theorem III. Jf the denominators of the fractions 


= : aay ah Seaeee be all positive, then will the fraction 
Ueaubee, 0: 
lise, We Pasa: be greater than the least and less than 


b, + b, +b, + ome 
the greatest of the fractions ne ne -&C. 
1 2 


Z be the greatest of the fractions, and let ne ws 
1 i 


a, 
<2, ~<a, &e. 
b 


Let 


then 3 
2 
Hence, b;, b,,... being all positive, we have 
a, =a.d,, 
a,<«a.b,, 
a,<a.b,, 


* We have in the above assumed certain results which will be proved 
in Chapter XII. , 
Beas 7 
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Hence by addition 
a, +a, +a, +...... <7 (b, 4-0, +0, +..+++0)3 


Hence po peoreea! is. less than the greatest of the 


fractions ; and it can be similarly proved to be greater 
than the least of the fractions. 


Ex. 1. Shew that, if o=5 , then will “=> = °*“* 


Let 5 a2; then ae 


Blanes a4? = bu+b _av+1_dx+d_c+d 


=b bs-b w-1 dz-d c-d° 
Or thus: 


lx. 2. Shew that, if f= 5 7? then will each fraction be equal to 


[(a? — 2ac + 2c?) 
(b? — 2bd + 2d?) * 


bets —2ac+2c%) _ ,/(b'x*— 2bada + 2d%x) ae 
then’ (ea baad") ee eed poe eee 
{This is a simple case of Theorem II., Art. 113.] 
Ex, 3. Shew that, if ~—— — =Gits= ere , then will 
bex ee cay = abz 
-al+bm+en al—bm+en al+bm-cn° 
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Each of the given equal fractions 


oe Ay + bz) +b (e+e) +e(ba+ay) _ 2bex 
—al+bm-+en ~ —al+bm+en 
and similarly Se a ae a 
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Simplify the following fractions : 


1 3007b%c'a*y*2° 9 3a7b7c a yz! 
* 36a°be*a’yx? ° ; acaty® 
ip ee Bab ID 4 Jatyt— Baty +1 
* a? 3ab — 285*° " 28arty* + 3a%y*? — 1° 
5, @ =v) @+y) ee elas DCSE) 
" @+y’)@-y) (2 — y*) (2*—- y') 
9 20° + 3° - 1 8 et —a*—x+1 
* oot + Da 4+ Qa? + Qe+1° "ot — 20° — a" — 2a+1° 
9 Qa + Ba®y + xy? — 32/* 
* Batt 3a°y — 4a7y?—- ay? +y*" 
10 54a° — 27a* — 327-4 
' “36a°+ 3a°+ 32-2 * 
u (a + 6) {(a +b)? —c°} 
. 4bc? — (a? — b’ — c’)”" 
"a (yz) + 97-2) +2 (ey) 
Agel eA = 2) BEY) 
: (y+2+(z+a)'+(at+y) * 
14 a(b—c)(c—d) —¢(d—a) (a—-b) 


b (c—d) (d—a)-d (a—6) (6—c)° 


100 


15. 


16, 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24, 


25. 


26. 


27. 


28. 


EXAMPLES. 
a? (y?— 2%) +? (x — at) + 2 (@? —y') 
a (y—2) +y¥° (e-") +2 (@-y) * 


2a H 2b re APR 
aL). a-0._ =a 


3—@ 3+e 1—16z 


pl Cy ieee 
e+2y W%w—-«% w—4y"" 


a—-2a e+ 2a, Sax 
w+2a 2a—-x 2x'-4a* 
pe ee ee ed 
eo+2 0e0+4 2+6 w+8 
hes i Se core 
zZ+@ “£2+30 “+00 “+70 
1 4 6 4 1 
—— = —_ + —- —- —— ++ —— > 
x-2a “2-a w@ wew+a “+20 

1 2 1 


| TO LP ne = ane 
> 


a —B5ayt+6y? 2x eee a? — 3ay + 27? 


(a- ox (=<) o=507 a) (e-a) (e-8)" 

a® b° ee 
(@—b)(@-0) * @-«)(b-a) (c —a) (c—b)° 
(1+ab)(1 +e) | (1 + bc) (1 + ba) | (1 +a) (1 + cd) 
(a —b) (a (a=) (6-c) (b- aie (c—a) (c—b) * 


be (a + d) Y ca (b + d) _ ab(e +d) 
Gd) (a-0) * 0) (a) * @-a)-H) 
a — yz y’ — 2 zz — ey 


@+y) @+%) Y+ay+a) | @Fa) E+) 
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99. Oliss w) (z FS x) (z— y) (a— y) 
(a— 2y+z) (a+ y- Dz) 7 (a+ y— 22) (—2e+y +2) 
(2-2) (z-y) 


* Cnt y+2) (e— 2y +2)" 
eee ee 3 (& +a) (x +b) (a + ¢) 
x-a x-b x-c  («-—a)(x-b) (x-c) 


80. 


x ax x 3 & + (bc + ca + ab) 
“a Pet i Os (a — a) (x -b) (a@—c) 
op 4 pee cle fal pera ALG ae Ce OR 
‘ (a- Nena * (6—c) (6- a)" (ec—a) (c— 6)’ 
po eu Wh ee iets ROSE AY ee Te ER 
(a-—6)(a~c) (b-—c) (b—a) + (c—a) (c—6) 
2(4+b)(a+e) | 42 (2 +0) (0 +4) oo (+) (c+8) 
ci Ce ee Beare EOL 
aa Pe, wee ep ae 
a at (5-5) +(5-3)+e(5-3) 
Tne ag OE EES a7 ee BA OR 
ee Gs) 
a 1 I 
" (@—b+c)(atb—c) (a+b—c)(—at bre) 
1 
* ©atb+e) (a—b46)' 
36. b-c c-a Ms, 


a —(b—c)' 8 —(e-a)* (ab) 

87. -Shew that 

16+ (Ft4, 2-2 _9Z ay =16 (325 aa) 
r—a e+a e+a’ at —a' 


88. Shew that 
a+b a—b ata + b°y a‘x? — by? 


ax + by ax—by a@ait by? ata’ hy?’ 
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89. Shew that ; 
& B: 
@)  @=By(a—6) (Fan) * Oe) (ba) (1+ ba) 


Cc 


1 
* @-a) (c—6)(1 +c) (1+aa) (1 +ba)(1+ ca)" 


% a 6 
@) Dard Gnere =<) (b= a) (1+ ba) 


a Ce ae ay )(1+ex) (1 +am) (1 + bx) (1+ cx)” 
Gi) Gye aw OC 
Goh aaa es (6 —c) (6—a) (1 + ba) 


1 a 
+ (@=a)(e—b) (1 +em)  (1+am)(1+ ba) (14cm) 
40. Simplify 
(a +p) (@+4) (6 +p) (6 +49) (c+p)(¢+9) 
(a —6)(a—c)(a@+ a) (6 —c) (6-—@) (w+ By (c—a) (c—b) (a+e) 
41. Simplify 
a(b+e—a) b(c+a—b) c(a+b-c) 
(a-2)(a-c) * @-<)(@=a)* =a) e-8) 
42. Simplify - 
(a—b+c)(atb—c) (a+b-—c) em) 
(a — 6) (a—c) - (b—c) (6-a) 
(-a+b+c)(a-—b+0c) 


(=a) (e-5) 


43. Simplify 


a(b+¢) | b(c+a) c(a+b) 
+. 
oor a oranb iatete 
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45. Shew that 

2be Pai! 1 Qbe yg! 1 
{,->} z et x} iE {reo- E ti ik 3 sees 
46. Shew that 


b-c ORAL a-b (b-c)(c—a) (a—3) 
I+¢+be l+ca 1+abd (1+bc)(1+ca)(1+ ab) 


47, Simplify 
(yz + za + xy) é +—+ =) — aye (5+ X + =) 
x z Dey nea) 


48. Shew that, if 


then will each fraction be equal to 
Je@ryte 
ni —¢)? + (e- a)" + (@—2)4 


49. Shew that, if 


= - then will 


ce18 


at+at a tba (a+ y)*? + (a+b)? 
ata y+d. wv+yt+atb ° 
50. Shew that, if 


x y a 


beeua ¢+@=06 a+b—e” 


then will (b—c)a+(c—a)y+(a—b)2=0. 
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51. Shew that, if be—cy a wala 
be c—a@ 


and ¢ be not zero, then will each equal = 2 


a (y—%) +b (2-2) +¢(a@—-y)=0. 
52. Shew that 


4 


and 


a 6* c 
(@—b)(a—c)(a—d)  (b--c)(b—d) (6a) (e—d) (c~a) (eb) 
a 


BI CER ICP CER wees te 
53. Shew that 


r 


a r 


G4) @—4)..(@,—4,) * Wa) (@,—4,)..-(a, = 6, 
apap (a, —a,) (a,— a,) rere (a, —a,_,) 


is equal to zero if r be less than n—1, to 1 if r=n—1, and to 
@,+4,+...+@ ifr=n. 
54. Shew that 


pe RRR oe Ee 
x— aA, (w—a,) (a—a,) (a —a,) (w—a,) (aw —a,) 


1 a 


ee nn eee Se a 
(w—a,) (w-a,)...(a—a,) (e—a,) (w—a,)...(a—a,)” 
55. Shew that 
b+e+d+...4k41 b c 
a(a+b+ce+...+h+l) a(a+b) (a+b)(atb+e)* 
u 
SS aah a) (@+6+...4h+l)° 


CHAPTER IX. 
Equations. ONE UNKNOWN QUANTITY. 


114, A sTaTemENt of the equality of two algebraical 
expressions is called an equation ; and the two equal 
- expressions are called the members, or sides, of the 
equation. 

When the equality is true for all values of the letters 
involved the equation is, as we have already said, called 
an identity, the name equation being reserved for those 
cases in which the equality is only true for certain 
particular values of the letters involved. 

For the sake of distinction, a quantity which is sup- 
posed to be known, but which is not expressed by any 
particular arithmetical number, is usually represented by 
one of the first letters of the alphabet, a, b, c, &c., and 
a quantity which is unknown, and which is to be found, 
is usually represented by one of the last letters of the 
alphabet a, y, 2, &c. 


115. We shall in the present chapter only consider 
equations which contain one unknown quantity. 

To solve an equation is to find the value or values of 
the unknown quantity for which the equation is true; and 
these values of the unknown quantity are said to satisfy 
the equation, and are called the roots of the equation. 

Two equations are said to be equivalent when they 
have the same roots. 
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An equation which contains only one unknown quantity, 
% suppose, and which is rational and integral in 2, is said 
to be of the first degree when # occurs only in the first 
power ; it is said to be of the second degree when 2’ is the 
highest power of # which occurs; and so on. 

Equations of the first, second and third degrees are 
however generally called simple, quadratic and cubic equa- 
tions respectively. 


116. In the solution of equations frequent use is 
made of the following principles. 


I. An equation is equivalent to that formed by adding 
the same quantity to both its members. 
For it is clear that 4 +m=B+m when, and only 
when, A = B. 


II. Any term may be transformed from one side of - 
an equation to the other, provided its sign be changed. 
Let the equation be 
a+b—c=p—q+r. 


Add —p+q-r to both sides ; 
then a+b—c—p+q-r=p—qir—p+q-r, 
that is, a+b—c—p+q-—r=0. 


We thus have an equation equivalent to the given 
equation, but with the terms p, —q, +7 changed in sign 
and transposed. 

By means of transposition all the terms of any equa- 
tion may be written on one side of the sign of equality 
and zero on the other side. 


Tif, An equation is equivalent to that formed by 
multiplying (or dividing) each of its members by the same 
quantity which is not equal to zero. 

For, if A = B, it is clear that mA =mB. Conversely, if 
mA =mB, that is m(A — B) =0, it follows that 4 — B=0, 
since m is not zero. Hence mA =mB when, and only 
when, A = B. 
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The case of division requires no separate examination, 


for to divide by m is the same as to multiply by = 5 


117. Simple Equations. The method of solving 
simple equations will be seen from the following examples. 


Ex. 1. Solve the equation 13¢-7=5a+9. 
Transpose the terms 5x and —7; then 18a -5a=7+4+9. 
That is 8r=16. 
Divide both sides by 8, the coefficient of 2; then #=2. 


Ex. 2. Solve the equation aera ae +5. 


® 
We may get rid of fractions by multiplying both members by 20, 
the least common multiple of the denominators; we then have 


: : 152 —40=82+4 100, 
or transposing 152 —8x=100+40; 
2 o=140, 


Divide by 7, the coefficient of x; then #=20. 


Ex. 3. Solve the equation a(— a) =2ab— b(a—b)e 
Removing the brackets, we have 
az —a?=2ab —ba +03, 
or transposing ax +be=2ab+b? +a’, 
that is 2(a+b)=(a+0)?. 
Divide by a+, the coefficient of «; then 
ey (OL hsb. 
a+b 
From the above it will be seen that the different steps 
in the process of solving a simple equation are as follows. 
First clear the equation of fractions, and perform the 
algebraical operations which are indicated. Then trans- 
pose all the terms which contain the unknown quantity 
to one side of the equation, and all the other terms to the 
other side. Next combine all the terms which contain 
the unknown quantity into one term, and divide by the 
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coefficient of the unknown quantity: this gives the re- 
quired root. 


118. Special Cases. Every simple equation is re- 
ducible to the form az+b=0, the solution of which is 
=-<. The following are special cases. 


I, If 6=0, the equation reduces to ax =0; whence 
«=0 


Il. If 6=0 and also a=0, the equation is clearly 
satisfied for ald values of a. 


Ill. Ifa=0 and b+0. 
Suppose that while 6 remains constant, a takes in 


: 1 1 1 : 
succession the values 10’ io? ioe then w ill # take 
in succession the values — 10b, — 10°), —10%.... Thus as 


a becomes continually smaller and smaller, x will become 
continually greater and greater in absolute magnitude; 
moreover, by making a sufficiently small, « will become 
greater than any assignable quantity; for example, in 
order that the absolute value of a may be greater than 
10” it is only necessary to give to a an absolute value 
less than 0?" 

This is expressed by saying that, in the limit, when 
a becomes zero, the root of the equation aw#+b=0 is 
infinite. 

The symbol for infinity is a. 


EXAMPLES. 
Solve the equations 


1 1 1 
1. 5 (@-2)-5(@-8) +5 (@-4)=4. Ans. 2=12. 


1 1 
Ze 3 (-3 ~F(e-8)+2 (e-5)=0, Ans. x=0, 
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8. a(x—a)=b(e-b). Ans. w=atb. 
4. (+a) (w-+b) —(#—a) (w-2)=(a+b)% Ans, 25 (a+). 
5. a(2a—a)+b (2x—b)=2ab. dns. #=5 (a+). 
6. (a?+a) (b?+2)=(ab+a)*. : Ans, «=0, 
7. 3(a+38)?+5 (e+5)?=8(«+8)% Ans. x«=-6. 
8. (x+a)*—(x—-a)*—8ax5 + 8at=0. Ans. =—a. 
9. (a—1)8 +03 +(¢+1)?=3e (x? -1). Ans. 2=0. 


10. (w+a)?+ (+b) +(2+c)®=3 (a+a) (x +b)(a+0). 
Ans. a=— 3 (a+b). 


119. Equations expressed in Factors. It is clear 
that a product is zero when one of its factors is zero; and 
it is also clear that a product cannot be zero unless one of 
its factors is zero. 


Thus (a — 2) (~—8) is zero when #—2 is zero, or when 
« — 3 is zero, and in no other case. 


Hence the equation 
(x — 2) (@— 3) =0, 


is satisfied if « -2=0, or if s—3=0; that is, if #=2, or 
if 2=3, and in no other case. The roots of the equation 
are therefore 2 and 3. 


Again, the continued product (a — a) (a —b) (@—0)... 
is zero when #—a is zero, or when #—6 is zero, or when 
x—c is zero, &c.; and the continued product is not zero 
except one of the factors — a, #— b, w—c, &c. is zero, 


Hence the equation 
(a — a) (w7—b) (a@—c)...=90 
is equivalent to the system of equations 
2-a=0, e—b=0, «—c=0, &e. 


From the above it will be apparent that the solution 
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of an equation of any degree can be written down at once, 
provided the equation is given in the form of a product of 
factors of the first degree equated to zero. 

Now all the terms of any equation can be transposed 
to one side, so that any equation can be written with all 
its terms on one side.of the sign of equality and zero on 
the other side. 

It follows therefore that the problem of solving an 
equation of any degree is the same as the problem of finding 
the factors of an expression of the same degree. 


Ex. 1. Solve the equation a?-52=6. 
Transposing, we have 2-52-6=0, 
that is (x — 6)(x+1)=0; 

* #—-6=0, or © +1=0, 
Hence ~=6, or s=—-1. 

Ex. 2. Solve the equation 8 — 2? =62. 
Transposing, we have a8 — x? - 62 =0, 
that is % (% — 3) (w+ 2)=0; 


* e=0, or 2=8, or 2=— 2) 


120. Quadratic Equations. When all the terms 
of a quadratic equation are transposed to one side it must 
be of the form 

ax’ + ba+c=0, 
where a, 6, c are supposed to represent known quantities. 

We have already [Art. 80] shewn how to resolve a 
quadratic expression into factors: the same method will 
therefore enable us to find the roots of a quadratic equation. 

Hence to solve the quadratic equation 


ax’ + ba-+c=0, 
we proceed as follows. 


Divide by a, the coefficient of x*; the equation then 
becomes 


ae = 0. 
ae 
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Now add and subtract the square of half the coefficient 
of z, that is the square of $ “ . Then we have 


v+ge+(G) ~(z) 
that 1s (2 + 5.) hae = 2k = 0); 


that is 


fer siea/ Goma) etm Goma) 


a tel 
Hence ~~ oe 0 = | 


e 2 [a b? — LR 


Thus there are two roots of the quadratic equation, 
namely 


+ 


b es /? — 4a0e 
9a-~ VO 4a 
Ex. 1. Solve gi— 134 +42=0. 
3\2 13\3 
We have 132+ (7) -(3) +42=0, 
: 13\? 1 
that is ’ (2-3 ata 
Upy ole 13 ot 
or (2-7 +3) 2-5) =93 
131 13, athe 
& aa +5=0, or ts ga 


, e=6, or c=7. 
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Ex. 2, Solve 823-102 +6=0. 
Dividing by 3, we have 
ga ap ten 
3 
10 5\? /5\3 
as kobe 2 Vee = 
Hence x 3°+(3) (3) +2=0, 
| ONT 
that is (=-3) ~9=% 
5 A/T SOT 
ten 
Rite ot, Bis nf7 
as t—,+ “3 = 9 or ant i a =0, 
1 
Hence c= 5(5— V7), or w= 3 (5+4/7)- 
Ex. 3. Solve a (x?4+1)=4 (a?+1). 
Divide by a and transpose; then 
a2 t*41=0, 
; 2 2 2 
Henoei., eine eg Oe eee ete +1=0, 
a 2a Tea 
a?41\2  /a?-1\8 
that is («- Da ) ex) =0, 
a+1  qa?-1 @+1 at-1\ _ 2 
aa (2-5 ia. Taga \(=- 2a da )=05 
a@+1  at-1_ a+1 a?-1_ 
SE aa Cag I Ee sg ee Ga os 
that ig 2-*=0, or c-a=0, 


Thus the roots are a and S 3 


Note. In most cases the factors can be written down 
at once, as in Art. 79, without completing the square ; 
and much labour is thereby saved, 
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EXAMPLES. 
Find the roots of the following equations: 
1. 922 242+16=0. : VES - 
2. 5 (a2+4)=4 (a2 +9). Ans. £4. 
8. 822=8r+3. | Ans. 8, = 5. 
4. 1627?+1672+3=0. Ans. ae) des 
. 4 4 
6. 2+(a-—a)?=(a —- 22). Ans. 0, a. 
6. 22+ (a — 22)?= (a - 82), Ans. 0, 5. 
7. 2?+n=a7+a. Ans. a, -a-1. 
8. 2?+2ax=b?+2ab. Ans. b, —20-Db. 
9. (x-a)?+(z-b)?=(a-b)% Ans. a, b. 
10. (a—2)?+(c£-b=(a—b)%, Ans. a, b. 
11. (b—c)2?+(c—a)x+(a-b)=0. dns, 1, =", 
12. (2 — a+ 2b)? — (— 2a-+ b)§= (a+b). Ans. a—2b, 2a—b. 


121. Discussion of roots of a quadratic equation. 
In the preceding article we found that the quadratic equa- 
tion az? + ba +c=0 had two roots, namely 


b b? — 4ac A -£- | 
nae 4a 2 2a 4Q7 


Since 27 ee is real or imaginary according as 
b? — 4ac is positive or negative, it follows that the roots of 
ax? + bx -+c=0 are real or imaginary according as b’ — 4ac 
is positive or negative. 

The roots are clearly rational or irrational according 
as b?—4ac is or is not a perfect square. It should be 
remarked also that both roots are rational or both irrational, 
and that both roots are real or both imaginary. 


8. A. 8 
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If 6? — 4ac = 0, both roots reduce to — = , and are thus 


equal to one another. In this case we do not say that 
the equation’has only one root, but that it has two equal 
roots. 


It is clear that the roots will be unequal unless 
b*—4ac=0. Hence in order that the two roots of the 
equation axz*-+ ba+c=0 may be equal, it is necessary and 
sufficient that b? = 4ac. 


When 6? = 4ac, the expression axz*+ba+c is a perfect 
square in a, as we have already seen. [Art. 83.] 


122. Special Forms. We will now consider some 
special forms of quadratic equations, in which one or more 
of the coefficients vanish. 


I. Ifc=0, the equation reduces to 
az* + bx = 0, 
or x (ax + b) = 0, 


the roots of which are 0 and — : : 

II. If c=0 and also b=0, the equation reduces to 
ax” = 0, both roots of which are zero. 

III. If b=0, the equation reduces to az*+c¢=0, the 
roots of which are + R/ -< . The roots are therefore 


equal and opposite when b= 0, that is when the coefficient 
of # 1s zero. 


IV. If a, b and c are all zero, the equation is clearly 
satisfied for all values of a. . 


VY. Ifa and 6 be zero but c not zero, 


Vis : 
put w ing in the equation axz*+ be+c=0; 
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then we have, after multiplying by y’, 
cy’? + by +a=0. 


Now from I. and II. one root of this quadratic in y 
is zero if a=0, and both roots are zero if a=0 and also 
b=0. 


But since 2 = z , x is infinity [Art. 118] when y is zero. 


Thus one root of az?+ba+c=0 is infinite if a=0; also 
both roots are infinite if a=0 and also b=0. 


Thus the quadratic equation 
(a-a’) 2?+(b-b'/)a4+c-c'=0 
has one root infinite, if a=a'; it has two roots infinite, if a=a’ and 
also b=0’; and the equation is satisfied for all values of x, if a=a’, 
b=0/ and c=c’. 
Again, the equation 
a(x+b) (x+c)+b(x+c) (v+a)=c (x+a)(x+D), 


is a quadratic equation for all values of c except only when c=a+b, 
in which case the coefficient of x? in the quadratic equation is zero. 
When c=a+b we may still however consider that the equation 
is a quadratic equation, but with one of its roots infinite. 


Note. It is however to be remarked that since in- 
‘finite roots are not often of practical importance in Algebra, 
they are generally neglected unless specially required. 


123. Zero and infinite roots of any equation. 
The most general form of the equation of the nth degree is 


aa Dal heat 4-0 0. ccc sccnnven (dye 
If J=0, the equation may be written 
x (ax"* + ba" * +...4+ k) =0, 
one root of which is clearly zero. 


Similarly two roots will be zero if 1=0 and also k=0; 
and so on, if more of the coefficients from the end vanish, 
8—2 
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Put mar; then we have, after multiplying by y’, 


a + DY +..0008 + ky** + ly" =0. 


From the above, one root of the equation in y will be 
zero when a=0; and two roots will be zero if a=0 and 


alsob=0. But when y=0, w= Tao. 


Thus one root of (i) is infinite when a=0, and two 
roots are infinite when a and 6 are both zero; and so on, 
if more of the coefficients from the beginning vanish. 


124. Equations not integral. When an equation 
is not integral, the first step to be taken is to reduce it to 
an equivalent integral equation. 

An equation will be reduced to an integral form by 
multiplying by any common multiple of the denominators 
of the fractions which it contains, but the legitimacy of 
this multiplication requires examination. For if we 
multiply both sides of an integral equation by an ex- 
pression which contains the unknown quantity, the new 
equation will not only be satisfied by all the values of the 
unknown quantity which satisfy the original equation, but 
also by those values which make the expression by which 
we have multiplied vanish. Thus if each member of the 
equation A =B, be multiplied by P, the resulting equa- 
tion PA = PB, or P(A — B) =0, will have the same roots 
as the equation A—B=0 together with the roots of the 
equation P =0. 

When however an equation contains fractions in whose 
denominators the unknown quantity occurs, the equation 
may be multiplied by the lowest common multiple of the 
denominators without introducing any additional roots, for 
we cannot divide both sides of the resulting equation by 
any one of the factors of the L.c.M. without reintroducing 
fractions, which shews that there are no roots of the re- 
sulting equation which correspond to the factors of the 
expression by which we multiply. 
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Ex. 1. Solve the equation ee ae Le pat 
z-5  #-3 


Multiply by (5) (z—3), the u. o.m. of the denominators; then 
we have 
3 (c — 8) + 2a (w— 5) =5 (w— 5) (x8); 
«. 347-332 4+ 84=0, 


Whence a=4 or z=7, 
- 8-32 1 
Ex. 2, Solve the equation ae +2+—;=0. 


Multiply by z*-1, the u.o.m. of the denominators; then we have 
x* —32+2 (23-1)+a2+1=0, 
which reduces to 
3x7 -22—-1=0, 
that is (82+ 1) («-1)=0. 


Thus the roots appear to be—4.and 1; the latter root is however 
due to the multiplication by «?~1. 


a3 — 3a 1 2?—32+x2+1 (#-1)? a#-1 


aes i ee oe ae 22-1 w—-1 #41’ 

the equation is equivalent to 2 
a-1 
ohio Ry Ee 
a ety 0, 


which has only one root, namely z= — 4. 


From the above example it will be seen that when an equation 
has been made integral by multiplication, some of the roots of 
the resulting equation may hays to be rejected. 


Ex, 3. Solve the equation: 
z ,e#-9 a+1,«-8 


22 10-7 eo. ow — 6" 


In this case it is best not to multiply at once by the u.o.m. of the 
denominators of the fractions; much labour is often saved by a 
judicious arrangement and grouping of the terms, 

By transposition we have 

G2, fl. 29 -2-8.-y 


gw-2 w-1l «u-7 w-6 


2 
The first two terms = (2-2) («#-1)’ 
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-2 
and the other terms= E=Nw-6) : 


Hence the equation is equivalent to 


ig (poh Soni AS 

(@-2)(@-1)_@-T)(@-6) 

Now multiply by the u.o.m. of the denominators; then 
2 (a — 7) (x — 6) — 2 (x - 2) (ex -1)=0, 


which reduces to 


s 


20x - 80=0; 
* ord, 
Or thus :— 


The equation is equivalent to 


Le iOcsl Re ae 
* GEN ED eH! 


from which we find as before that 7=4. 


Ex. 4. Solve the equation: 
ibe TA eS ALS 
ata “+b x+c_ 
Wehave. ——=1 += bey pene 0% 
a+a x+b xr+c Y 


te, ede De ed 
a@+a “2+b «+e 


° 
ve 


Hence ba) rbscrs0.90000000 000206 Fereeroseesi()); 
o teper eee 
a+a a+b ate 
Multiply by the n.o.m.; then 
(a+b) (w-+c) +(x +e) (w+a)+ (+a) (7 +b)=0, 
thatis * 
822+2” (a+b+c)+be+cat+ab=0, 


or else 
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the roots of which are 
- = {(a+b +c) =/(a2 +b? +02 — be — ca —ab)} ...sereeeeee (ii). 
Thus there are three roots given by (i) and (ii). 


Ex. 5. Solve the equation: 
b+e c+a a+b _atbte 


be—2 ca-x% ab-«z EB] 


The equation is equivalent to 


b+tc a ct+ta b. a+b 


c 
bea 2 ca-% a ab-& & 


Taking the terms in pairs we have 


(a+b+c)x—abe , (a+b+c)x—abe (a+b+e) e-abe_4 
x (bc — 2) x (ca—«a) a(ab—a) 


Hence (A440) © —ADC=D oor reeesrrsreeseereeseeneeers it 


1 1 1 


piecaintace eee F ASbocnocmodoasone? II. 


cr 


abe 
From I. we have Cae rare 


From IL. we have on multiplication by the .0.M. 
(ca — «) (ab — 2) + (ab — 2) (be - x) + (be — x) (ca—x) =0, 
that is 3x2 — 2a (be +ca+ab) + abe (a+b+c)=90, 


whence x=4% {be-+ca-+ab+,/b%o8+ c?a2 + a2b? — abe (a+b+C)}.- 


125. Irrational Equations. An irrational equa- 
tion is one in which square or other roots of expressions 
containing the unknown quantity occur. 

In order to rationalize an equation it is first written 
with one of the irrational terms standing by itself on one 
side of the sign of equality: both sides are then raised 
to the lowest power necessary to rationalize the isolated 
term; and the process is repeated as often as may be 


necessary. 
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Ex, 1. Solve the equation /r+44+./z+20-2,/2+11=0. 
We have Ja+dt /e+20=2 /e+il, 
Square both members: then 
20+2442 /e+4,./z+20=4 (2 +11), 

which is equivalent to 

Jet4 Jx+20=2+10, 
Square both members: then 

(a +4) (w+ 20) =(x+10)?, 
whence e=5. 


Ex. 2. Solve the equation ./22+8-2,/2+5=2. 
Square both members: then 
2xn+8+4(a+5)-4 /22+8/e+5=4; 
. 8a4+12=2,/224+8 /r+5. 
Square both members: then 
9x24 722+ 144=4 (2%+8) (2+5)3 
aN ot a 


whence av=4 or r= —-4, 


Bx. 3. Solve the equation Jax+a+/ba+8+J/ce+y=0. 


We have Jaxtat J/ba+B=— Jerry. 
Square both members: then we have after transposition 
(a+b-c)zt+at+p-y=~-2J/art+a /br+B 

Squaring again, we have 

{(a+b-c)w+a+B—y}2=4 (ax+a)(be+B), 
that is x? (a7-+ b? + ¢2— 2be — 2ca — 2ab) 

+ 2x (aa +bB+cy— by —cB —ca —ay— a8 —- ba) 

+a?+ 62+ 7 — 2B — 2ya — 2a8=0. 

Thus the given equation is equivalent to a quadratic equation. 


It should be observed that it is quite immaterial what sign 
is put before a radical in the above examples; for there are two 
square roots of every algebraical expression and we.have no symbo! 
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which represents one only to the exclusion of the other; so that 
+, /z+1 and -,/z+1 are alike equivalent to +,/2+1; alsa 
z+.,/z+1 has the same two values as a+t,/x+1. 


126. By squaring both members of the rational equa- 
tion A =B, we obtain the equation A?=B*; and the 
equation A? = B’, or A*— B’=0, is not only satisfied when 
A—B=0, but also when A+B=0. Hence an equation 
is not in general equivalent to that obtained by squaring 
both its members; for the latter equation has the same 
roots as the original equation together with other roots 
which are not roots of the original equation. Additional 
roots are not however always introduced by squaring both 
sides of an irrational equation. For example, the equation 
2+1=Ja+13 is really two equations since the radical 
may have either of two values; and by squaring both 
members we obtain the equation (v+1)’=%+18, which 
is equivalent to the two. [See Art. 152.] 


127. A quadratic equation can only have two 
roots. We have already proved that an expression of the 
nth degree in # cannot vanish for more than n values of a, 
unless it vanishes for all values of « This shews that an 
equation of the nth degree cannot have more than n roots, 
and in particular that a quadratic equation cannot have 
more than two roots. 


The following is another proof that a quadratic equa- 
tion can only have two roots. 


We have to prove that az*+ba+c cannot vanish for 
a, 8, y three unequal values of # That is we have to 
prove that 
GE DG AnGiBA) s osocsertonnns peek ly, 


ap? + bB+c=0....... vougeeseoee (il), 
and ay? + by +6 = 00.0), 


cannot be simultaneously true, unless a, b, c are all zero. 
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From (i) and (ii) we have by subtraction 


a(a— 6) +b(a—B)=0, 


that is (a—) {a(a+8)+ 6} =0. 
But a—8+0; hence 
a(at+B)+0=0 ..cceececeee osm (lV), 


Similarly, since 8 —y +0, we have from (ii) and (iii) 
&(B+ 7) +0 =0 ...ccccccoceeeeee+(V), 

From (iv) and (v) we have by subtraction 
@ (4 —vy) 0 2. cna oaaes ee ee (vi). 


Now (vi) cannot be true unless a=0, for a—vy +0. 
Also when a= 0, it follows from (iv) that b= 0, and then 
from (i) that c=0. 


Thus the quadratic equation az*+bx+c=0 cannot 
have more than two different roots, unless a=b=c=0; 
and when a, b, c are all zero it is clear that the equation 
ax’ +bxe+c=0 will be satisfied for all values of x, that is 
to say the equation is an identity. 


: g(v—b) (@—c) , ,,(t—c) (e—a) _ 
Ex. 1. Solve the equation ai Gotiass) +b (622) @ 2a) =23, 
The equation is clearly satisfied by «=a, and also by x=b; hence 
a, b are roots of the equation, and these are the only roots of the 
quadratic equation. [The equation is not an identity, for it is not 
satisfied by wx=c.] 


Ex. 2. Solve the equation 


a(@—b) (0-0) , 49 (2-6) (e-a) , g(a —a) (w-0)_ 


(a6) (a—e)*” (=e)(d-a) *° (ea) (ob) 
The equation is satisfied by x=a, by x=b, or by x=c. Hence, 
as it is only of the second degree in w, it must be an identity, 


ix, 3. Solve the equation 


,(@— 5) (%—-c) , ,,(e-c) it ae (v—a) (x—-b) 
(a — b) (a—c) (b—c) (b-a) (c— a) (¢ -b) 


=2%, 
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The equation is satisfied by z=a, by z=), and by w=c; and the 
equation is not an identity, since the coefficient of «* is not zero. 
Hence the roots of the cubic are a, b, c. 
Ex, 4. Shew that, if 
(a-a)*x +(a-B)2y + (a—7)?2=(a- 8), 
(b— a)?2-+(b-B)?y + (b-9)?2=(0- 5), 
(c-a)?x+ (c-B)?y+(¢—7)?2=(c- 8)", 


then will 
(d-a)?a+ (d—p)?y + (d—y)P2=(a— 8) 


where d has any value whatever. 
The equation 
(X-a)?x+(X-f)?y + (X—)?2=(X— 0)? 

is a quadratic equation in X, and it has the three roots a, b,c. Itis 
therefore satisfied when any other quantity d is put for X. 

128. Relations between the roots and the coeffi- 

cients of a quadratic equation. 
If we put a and § for the roots of the equation 


ax? + ba +c= 0, we have 


=-2+,/"G 
Sly ooae yO Ss 


b b? — 4ac 
and B= 5- a S phan 
By addition we have 
b ; 
(ei eal ee a ak Dannie ire rs 0) 5 


By multiplication we have 


the sum and the 


The formulae (i) and (ii) giving 
tion in terms of the 


product of the roots of a quadratic equa 
coefficients are very important. 
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129. Relations between the roots and the co- 
efficients of any equation. By the following method 
relations between the roots and the coefficients of an 
equation of any degree may be obtained. 


_ We have seen that if the expression of the nth degree 
ay aa" + ba™* + ox"™ + da™* + ..., 
vanish for the n values w=a, = 8, =y, &c., then will 
ax” + ba" + cx" + da** + ...=a(a—a) (w — 8) (a—y)... 
We have therefore only to find* the continued product 
(@ —a)(w@—B)(w@—y)...... and equate the coefficients of the 


corresponding powers of 2 on the two sides of the last 
equation. 


For example, if a, 8, y be the roots of the cubic equa- 
tion ax® + ba +ca+d=0, we have 


ax® + ba? + ce +d =a (x —a) (2% —f) (w—y) 
=a {a —(a+B +y) a + (By + ya+a8) 2 —oBy}. 


Hence, equating coefficients, we have 


b 

By tyatab= =). 
d 
Sy = 


It should be remarked that the sum of the roots of any 
equation will be zero provided that the term one degree 
lower than the highest is absent *. 


We may make use of the above to prove certain identical rela- 
tions between three quantities whose sum is zero. For a, b, ¢ will 
be the roots of the cubic #3 + px+q=0, provided that a+b +c=0, and 
that p and q satisfy the relations 


* See Art. 437. 
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QOH CHAD Day iieakceaseches «stessiiarevrecesterde Sarees (py 
FARES 0) Sosactecodccscsapbeenn cca gadosanlda Gon (ii) 
THEN SACS F B= O-C = Om rerancctes cncenscceccsecsacsscatcclitecess (iii), 
we have a?+0?4+c?=(a+b+c)?—-2(be+ca+ab) 
RNAS 2D eee tne vecraios. te a acees Seasenacnllv)s 
Also, since a, b, c are roots of 23 4+pr+q=0, 
a@+pa+q=0 
B+pb+q=0 sipsaaeearncneeraccssessecnV) 
3 +pe+q=0 
From (v) by addition 
a? +084 038 = —3q 10 Gaccratessneeecnscny (vi). 


Multiply the equations (v) in order by a™~8, b"-®, c*-®, and add; 
then 
a®*+b"+c%+p (a™—7 4 on-4 4 cla) +4q (ame + bn-3 4 ons) =0. 
Hence we have in succession 
a4+b4+c4=2p?, 
ab + 0° + c5=5pq, 
a’ + 08 +. c8§ = 3q? — 2p3, 
al +b" +¢7=—-Tpq. 


Hence also 
ab+b5+c5_at+B+e? a++e8 
5 cy 2 ; Breet 
a+b +e7 _at+b? +07 ad + bo +5 
7 a 2 ‘ 5 ? 


a a} + 53 + 8 a‘ 4-44 c4 
— . ea et alan 7 4 are) 
[See also Art. 308, Ex. 2.] 


130. Equations with given roots. Although we 
cannot in all cases find the roots of a given equation, it is 
very easy to solve the converse problem, namely the 
problem of finding an equation which has given roots. 


For example, to find the equation whose roots are 4 and 5, 

We want to find an equation which is satisfied when x=4, or 
when +=5; that is when «-4=0, or when az -—5=0; and in no other 
cases. The equation required must be 

(2-4) (7-5) =0, 
that is, x? —9%+20=0, 
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for this is an equation which is a true statement when x—-4=0, or 
when z—5=0, and in no other case*. 


Again, to find the equation whose roots are 2, 3, and —4. 


We have to find an equation which is satisfied when x-2=0, or 
when 2 —8=0, or when 2+ 4=0, and in no-other case. The equation 
must therefore be (% — 2) (w —3)(«#+4)=0, ; 


that is a3 — 32-1474 24=0. 
Ex. 1. Ifa, B are the roots of the equation az?+b2+c=0, find the 
< and B ; 
a 


B 


The required equation is 


equation whose roots are 


2 2 
that is eae et Feo 
af 
Now, by Art. 128, we have 
b c 
oe, ap= 5 
c 
“a+ P= 2-5 
att Be (08 C\ et, 0 nae 
3 es NG Gale ace - 
Hence the required equation is 
+ ee 
gion ee eats 


Ex. 2. If a, 8, y be the roots of the equation az?+bx?+cr+d=0, 
find the equation whose roots are By, ya, af. 


The required equation is 
(a — By) (% - ya) (w - a8) =0, 
thatis a8 - 2 (By +ya+aB) +aapy(at+B+-y) —02B%7=0. 


* The equation 2? - 9z+20=0 is certainly an equation with the 
proposed and with no other roots; but to prove that it is the only equa- 
tion with the proposed and with no other roots, it must be assumed that 
every equation has a root. 

If, for example, the equation 25+723~2=0 had no roots, then 
(x — 4)(z — 5) (2° + 72? - 2) =0 would also be an equation with the proposed 
roots and with no others. 

The proposition that every equation has a root is by no means easy to 
prove; the proof is given in works on the Theory of Equations, - 
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Now, by Art. 129, we have 


b 
a+p+y= WL 


c 
Byt+ya+aB=— De 


d 
d =--. 
an aBy a 
Hence the required equation is 
Cm db @ 
2 — ore a = ane 
or a’a3 — acx* + bdr — d*?=0. 


131. Changes in value of a trinomial] expression. 
The expression aa* + ba +¢ will alter in value as the value 
of a is changed; but, by giving to x any real value 
between —o and +0, we cannot make the expression 
ax* + br +c assume any value we please. 

We can find the possible values of ax’'+ba+c, for 
real values of a, as follows. 

In order that the expression ax + bx +c may be equal 
to x for some real value of a, it is necessary and sufticient 
that the roots of the equation 

ax’ + be+c=nr 
be real, the condition for which is 
b? — 4a(c —r) > 0, 
that is Bb? — 4ac + 40> O ...coeccseceeeeese(i)s 


I. If b'—4ac be positive, the condition (i) is satisfied 
for all positive values of 4a), and also for all negative 
values of 4a which are not greater than b*— 4ac. 

Thus, when b?— 4ac is positive, ax*+bx+c can, by 
giving a suitable value to x, be made equal to any quantity 
of the same sign as a, or to any quantity not absolutely 
* — 4ac 

4a 


Il. If }8—4ac be negative, the condition (i) can 
only be satisfied when 4a) is positive and not less than 
4ac — 6°. 


greater than b and whose sign is opposite to that of a. 
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Thus, when b?—4ac is negative, ax*+ ba+c must al- 
ways have the same sign as a, and its absolute magnitude 
4ac — b’ 

4a * 
III. If 6°—4ac be zero, the condition (i) is satisfied 
for all positive values of an. 


e 
can never be less than 


It follows from the above that the expression ax*+bx+e 
will keep its sign unchanged, whatever real value be given 
to #, provided that b®—4ac be negative or zero, that is 
provided that the roots of the equation ax* + bx +c=0 be 
imaginary or equal, and also that the expression can be 
made to change its sign when the roots of az’ + be+c=0 
are real and unequal. We give another proof of this 
proposition. 


If the equation axz*+bae+c=0 have real roots, a, B 
suppose, then aw’ + ba +c=a (a—a) (a — P). 


Now («—«)(#—) is positive when x has any real 
value greater than both a and 8, or less than both a and 
&; but (@—a) («— 8) is negative when @ has any real 
value intermediate to a and £. 


Thus for real values of « the expression aa*+bx+e 
has always the same sign as a except for values of « which 
lie between the roots of the corresponding equation 
ax’+ be+c=0. 


132. We can also prove that the expression aaz*+ba+e 
will or will not change sign for different values of x accord- 
ing as 6” — 4ac is positive or negative, as follows, 


- ay b\? B—4ac 
ax’ + bat e=al(e +5) _ ee e 
I. Let 0? —4ac be positive. ae 
The whole expression within square brackets will 


: b ; 
clearly be negative when #=— 5a also, when # is very 
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ie fees: os 
great, (« +5) will be greater than : ste and there- 


fore the whole expression within square brackets will be 
positwe. 

Thus when 6?—4ac is positive the expression az*+bz+e 
can be made to change its sign by giving suitable real 
values to a. 


II. Let b?— 4ac be negative (or zero). 
2 
Since (« + 5) is positive for’ all real values of #, and 


2a 
b*—4ac . be: : 
ie 8 also positive (or zero), the whole expression 
within square brackets must be always positive. 
Thus when b* — 4ac is negative or zero, the expression 
az? + ba + ¢ will always have the same sign as a. 


133. It follows from Article 131 or 132 that if an 
expression of the second degree in # can be made to 
change its sign by giving real values to «, then must the 
roots of the corresponding equation be real. 

_ Consider, for example, the expression 

a (a — 8) (w@—y) + 0 (w@—y) (@—4) +e (w@—4) (@— B), 

where the quantities are all real, and a, 8, y are supposed 
to be in order of magnitude. The expression is clearly 
positive if w=, and is negative if =f. Hence the 
expression can be made to change its sign, and therefore 
the roots of the equation 

a (« — 8) («— 9) + 0° (@—y) (w@— 2) + (@—a) (w— B)=0 


are real for all real values of a, b, ¢, a, B, ¥. 


Ex.1. Shew that (2-1) (2-8) (x-4) (-6)+10 is positive for all 
real values of x. 
Taking the first and last factors together, and also the other two, 
the given expression becomes ; 
(a? — Ta +6) (x? -7z+12) +10 
= (a? — Tx? + 18 (2? — Ta) + 82 
= {(a?-7x)+9}* +1, 
which is clearly always positive for real values of a. 
SoA. is #) 
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Ex. 2. Shew that, by giving an appropriate real value to 2, 


4a?+ 360 +9 oon be made to assume any real value. 


1227+ 82+1 
do +362+9 .. 
cae 190948241" 
then wx? (4 — 12d) + (36 - 8A) + 9-A=0. 


ons in order that # may be real it is necessary and sufficient 
t 
(86 — 8)? - 4 (4- 12a) (9-A)>0, 
or that -8rA+72>0, 
or (A—4)?+56>0, 
which is clearly true for all real values of }. Thus we can find 
real values of 2 corresponding to any real value whatever of \. 


2?-32+4 
Ex. 3, Shew that Wiisd ee be greater than 7 nor less 
than : for real values of a. 
a?-32+4 
pet @yae+ 3 
then x7 (1—)) — 34 (1+A)+4(1-A)=0. 


In order that x may be real it is necessary and sufficient that 
9 (1+A)?—- 16 (1—A)?>0, 
that is —7+50A-7T>0, 
or —(7A-1)(A-7) >0, 
Hence 7A—1 and A—7 must be of different signs, and therefore 


A must lie between ; and 7, which proves the proposition. 


EXAMPLES X. 


Solve the following ‘equations: 

1. (a-a+ 2b)? —(«@-2a+6)?=(a+5)*. 

2. (¢+a—2b) a + (a+b —- 2c)a+ (b+ ¢- 2a) =0. 
Ot) wee 

(a—a)*  (#+b)** 


18. 


19. 
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Bir ploy Werle 
a8 2-6 2+6° n+8 


ata «x2—-a x+b a«—b 
+ —— ——— _————_ = 

a-a x2+a «e-b we+b- 

w-l w—-4 w2-2 x-3 


0. 


1 = 1 
A ak: aft 
td x+6 x—6 
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132 EXAMPLES. 


1 1 1 


aah ebay ees See 


0. 
a+b a+e 2(a+b+e) 


2s x2+bh xwt+e x+b+e° 


atc b+e at+6+4+2c 
22. + = ams 
x2+2b6 xv2+2a xe+a+b 


93. x«-b x-a 2(a— 6) 


94. (w+a) (a+b) _ (e+e) (e+d) 


x+at+b xte+d 
95. a(e~d)  d(a—b) _b(c~d)  c(a—b) 
eta z+d x+b Z+e 
x-a x—b b a 
ears 


a—b b—c c—a 
27. + ——_—__ +. 
x+a—-b xt+b—ce x+c¢-a 


a Lye 3 oe 
Jo] yon Ode 8 4 aaa 


age (x — a) (a — b) 2 (+a) (@+b) _ 
(a—ma) (%—mb) — (a + ma) (a + mb) ° 


80. /20+9-Je-4= Jarl. 

81. V(@=1) (@— 2) + V(@ —3) (@@—4) = /2. 
82. V7a—5 + Vd 1=VTe—44 Vid, 
338. Ja? —2+ VP +e=a+d. 

84. Va—-2+Vb—-ax a+b — 2. 

85. /a—bu+ Ve—da =Vate—(b+d)a. 
36. Jax+ 6? +Vba+a?=a—b, 


0. 
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37. Ja+atJ/b+ae=,/a+b+ 2a, 

38. Jana+/d+0=,/2a+ 2b. 

50. flata) +8) + flan) @=8)=2.Jam 

40. jJa(a+b+«)—Ja(a+b—«)=«. 

41, Ja®+ac+b? —/a*—-ax+b'= 2a. 

RS rere fal are ee Pee ee 

43. Jax—b+Jex+b=Jac+b+/ox—6. 

a4, Jzarb—x)+ Ja(b+a—a)+Jb(a+a-6)=0. 
45. Jura+/a+b+Je+c=0. 
46. Jab(a+b+«) =,/a (a+b) (b- a) +,/b (a +6) (a— a). 
a7, Jae —b—e+ Je —e—a'+ Ja - a0 =o. 
48. falcals [Paes (Poe = Joe aa. 
49. For what values of x is ,/ 14 — (3x — 2) (w—1) real, 


ty 2 —_ 
50. Shew No tht lacdenllle can have no real value between 


a? +20—7 
5 and 9. 
a? —- 62+5 


51. Shew that, if « be real awe ACL can never be less 


than — $. 
; at—xt+] ‘ 
52. What values are possible for ———-, , & being real, 
xv+a+)] 
53. Find the greatest and least real values of and y 
which satisfy the equation 2° + y’ = 6a” — 8y. 


54. Find the greatest and least real values of x and y when 
a + 4? — 8a —16y—4=0. 


55. When « and y are taken so as tosatisfy the equation 
(x* + y*)* = 2a (a"— y”), find the greatest possible value of y. 
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56. Shew that if the roots of the equation 
x (b° + 6%) + 2a (ab+a'b') +a°+a°=0 
be real, they will be equal. 


57. If the roots of the equation aa’? +bx+c=0 be in the 
ratio m : n, then will mnb* = (m + n)? ac. 


58. If ax’?+2be+c¢c=0 and a’a* + 2b’x+ c’=0 have one and 
only one root in common, prove that 6? — ac and 6% —a’'c' must 
both be perfect squares. 

59. If x,, 2, be the roots of the equation az*+ba+c=0, 

2 2 
find the equation whose roots are (i) 2,° and a,*, (ii) = and ae 
(iti) b tam, and b+az,. aoe 

60. If x,,, be the roots of axz*+bx+c=0, find in terms 

of a, 6, c the values of 
a," (bx, +c) +9," (bx, +c), and «,* (ba, +c)? + a,° (bx, +c)*. 
61. Shew that, if x, x, be the roots of 2° +ma+m'+a=0, 


then will «7+ 0, + 2,7 + a = 0. 


62. If«,,#, be the roots of (a*+1) (a’ +1) =maa (ax —1), 
then will («,*+ 1) (w,?+1) = ma,a, (a,x, —1). 
63. If«,, 2, be the roots of the equation 
A (a? + m*) + Ama + Bm*x’ =0, — 
then will A (a,* + 90,°) + Aaa, + Bar,2a0* = 0. 


64. Prove that, if x be real, 2(a—a) («+x + 6°) cannot 
exceed a? + 6°, 


Qac* — 402° + 9a? 4 4a + 2 


65. ind the least possible value of @a ly x 


for real values of a. 
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Equations of higher degree than the second. 


134. We now consider some special forms of equations 
of higher degree than the second, the solution of the most 
general forms of such equations being beyond our range. 


135. Equations of the same form as quadratic 
equations. 

The equation aa*+ba'+e=0 
can be solved in exactly the same way as the quadratic 
equation az’ +bx+c=0; 
we therefore have 


we=—-=—+ 


Hence va t,/{-2 2 F. 
2a 2a 


Thus there are four real or imaginary roots. 


Similarly, whenever an equation only contains the 
unknown quantity in two terms one of which is the 
square of the other, the equation can be reduced to two 
alternative equations: for, whatever P may be, 


aP?+bP+c=0 
2 — 
is equivalent to P=- S + Jb 2S 
Ex. 1. To solve a4 —1027+9=0. 
We have (x? — 9) (a2-1)=0; 


. 22=9, giving r= +3; 
or else g’=1, giving z= +1. 


Thus there are four roots, namely +1, —1, +3, -3. 
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Ex. 2. To solve («+ «)?+4 (a?+2) -12=0. 
The equation may be written (2?+2+6) (2?+x2-2)=0. 
Hence z’2+2+6=0, or 2?+x2-2=0. 


, 1 
The roots of z?+2+6=0 are ~* an — 23. 


The roots of 2+a”-—-2=0 are 1 and -2. 


Thus the roots are 1, -2, - : a; — 23. 
Ex. 3. (x? + 2)? + 8a (x?+ 2) 4+ 152?=0, 


The equation is equivalent to 
(x? +2 + 5a) (2?4+2+432)=0. 
The roots of 2234+32+2=0 are —1 and -2., 


IT 


2 


The roots of 2?2452+2=0 are Re 


Thus the equation has the four roots —1, —2, = S= 1 JT. 


Ex. 4.. To solve ax? +be+c+pr Jaa +bat+e+q=0. 


Put y =J/ax*+ bate; 

then y?+pyt+q=0, 

whence we obtain two values of y, a and 6 suppose, 

We then have az? +be+c=a?, 

or ax? + ba +c= 6, 
and the four roots of the last two quadratic equations are the roots 
required, 


Ex. 5. To solve Qn? —4e+8 ./22-224+6=15. 
The equation may be written 
2 (oc? — 2a +- 6) +3,/ (2? — 22 +6) -27=0. 
Put = y=n/(a?-2a+6); then we have 2y?+3y—27=0, 


whence y=8, or y= a 
Hence x’?—20+6=9, giving e=3 or —1; 
or else a Int+6=50, giving a=1a5 /61. 


Thus the roots are 8; -1; 15 /61. 
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Ex.6. Tosolve (£+a)(x+2a)(%+3a) (2+4a)= = a. 

Taking together the first and last of the factors on the left, and 
also the second and third, the equation Pecomss of the form we are 
now considering. We have 


(2? + 5ax + 4a?) (2+ 5ax+ 6a*)= - a4, 


Hence (2+ Baz)? +10a?(2? + Sac) +24a4= Hy at, 


16 
. 224+ 5a0= — aera or else 27+ 5ax= — ae 
4 4 
Hence e+2a=0, or wee a= 42 ,/10. 
2 2 2 
Thus the roots are - 2 a - : a a5 /10. 


136. Reciprocal Equations. A reciprocal equa- 
tion is one in which the coefficients are the same whether 
read in order backwards or forwards; or in which all the 
coefficients when read in order backwards differ in sign 
from the coefficients read in order forwards, Thus 

ax’ + bx’ + ba+a=0, 

ax* + ba® + ca’? + ba+a=0, 
and aa’ + ba + ca*® — cx? — ba —a=0 
are reciprocal equations. [See also Art. 442.] 


Ex. 1. To solve ax® + ba?+ba+a=0. 
We have a (x? +1)+ba (2+1)=0, 
that is (2+1){a (a2? —«+1)+b2} =0. 
Hence “x=-l, 
or else az?+(b—a)a+a=0. 

Ex. 2. To solve azt+ ba? +ca2+br+a=0. 


Divide by x?; then we have 
a (2+ ) +6 (=+3) +c=0, 
x Z 
: 1 
Now put a ped 


1 
then oy ~ 2. 
Hence a (y?—2)+by+c=0. 
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Let the two roots of the quadratic in y be a and 8; then the 
roots of the original equation will be the four roots of the two 


equations 
owe and af oe 
x x 
Ex. 3. To solve ax + bxt +cx3 — cx? —- bx —a=0. 
We have a (a® —1) + bax (x8 —1) +ca? («-1)=0, 
that is (a —1) {a(e4+23+22+2+41)+bx(22?4+2+41)+cx7}=0. 
Hence wx=1, or else 


ast + (b+a) 8 +(at+b+c) 2+ (b+a)c2+a=0. 
The last equation is a reciprocal equation of the fourth degree 
and is solved as in Ex, 2. 


137. Roots found by inspection. When one root 
of an equation can be found by inspection, the degree of 


the equation can be lowered by means of the theorem of 
Art. 88, 


Ex. 1. Solve the equation 
x (w — 1) (a -2)=a(a-1) (2-2). 
One root of the equation is clearly a. Hence x—a is a factor of 
x(a —1) (w- 2) —a(a—1)(a—2), and it will be found that 
& (a —1) (w—2) —a(a—1) (a—2)=(# —a) {a? - (8 —a)a%+(a-1)(a-2)}. 
Hence one root of the equation is a, and the others are given by 
x? — (3 —a) «+ (a—1) (a—2)=0. 
Ex. 2. Solve the equation 
a3 4+ 202-112+6=0. 


Here we have to try to guess a root of the equation, and in order 
to do this we take advantage of the following principle:— — 


If c= +5 be a root of the equation ax” + br"—1+...4+k=0, where 


a, b,...k are integers and * ig in its lowest terms, then a will be a 


factor of k and B a factor of a, Asa particular case, if there are any 
rational roots of a"+...+k=0, they will be of the form w= -a, 
where a is a factor of k, 


Tn the example before us the only possible rational roots are +1, 
+2, +3,and +6. It will be found that «=2 satisfies the equation, 
and we have 

(@ — 2) (a? + 4a — 3) =25 + 20?- 11e+6. 

Hence the other roots of the equation are given by 

a*+4¢-3=0, 

and are therefore -2+,/7. 
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Ex. 3. Solve 
(a—x)*+(e—b)4=(a—b)4. 


_ Since z=a and e=b both satisfy the equation, («— a) (%—) will 
divide (a—2)* +(«—b)*—(a—b)4, and as the quotient will be of the 
ee degree, the equation formed by equating it to zero can be 
solved. 


We may however proceed as follows. The equation may be written 

(a—2)*+(x—b)4={(a-x) +(x—b)}4 
=(a—2)*+4(a— x)3(x—b)+6(a—<)?(x—-b)? 
+4 (a—a) (x —b)>+(e—b)8; 
. 2 (a—2) (a — b) {2 (a—2)? +8 (a —«) (2 — b) +2 (a —b)7}=0. 
Thus the required roots are a, b and the roots of the quadratic 
4 — x(a +b) + 2a? — 3ab + 2b?=0. 
Ex. 4. Solve the equation 
ss = 2 = = = 
a eo CC 


The equation is clearly satisfied by =a, by x=b, and by #=c. 
Also, since the coefficient of 2* is zero, the sum of the roots ig zero. 
[Art. 129.] Hence the remaining root must be -a4— b-c. 


Thus the roots are a, b, c, —-(a+b+c). 


138. Binomial Equations. The general form of 
a binomial equation 13 a” + k= 0. 

The following are some of the cases of binomial 
equations which can be solved by methods already given— 
for the general case De Moivre’s theorem in Trigonometry 
must be employed. 


Ex. 1. To solve a—1=0. 
Since g8 —1=(e%-1)(27+2+)), 
we haye z2-1=0; 
or else x2+2+1=0, the roots of which are 
li v3 
2 ap: 


Hence there are three roots of the equation 23=1; that is there 
are three cube roots of unity, and these roots are 


deh 
1, -3 45/8 and -5-5-8. 
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Ex. 2. To solve a4—1=0. 


Since a4—1=(#~-1) (a+1) (e+,/—1) (e¥-,/-1), the four fourth 
roots of unity are 


1, 1)". fi vende ee 


Ex. 3. To solve z5—1=0. 
95 — 1 =(#—-1) (vt4+03+4+22+2+1). 
Hence amis 
or else w+e+o27+24+1=0. 
The latter equation is a reciprocal equation. Divide by 2?, and 
we have 


a+54e+441=0. 
x x 


1 
Put e+o=Y3 
then ope. = yh} 
x? i 
oo y2-2+y4+1=0;3 
ee oe NES 
2 2 
Hence re ee 
zc 2 
that is wt =N 11-0, 
Hence ont tN' t/a 10-276 
=1-,/6 sas 
or hg area — £4,/-1042/5 
or dinette 
Ex. 4. Tovsolve a4+1=0., 
a8 +1 = (a? + 1)? — 20? = (a? +1—-,/22) (02 +1+,/22), 
Hence v'=,/2c+1=0; 
Abe ee ee 
BS ca jean 


139. Cube roots of unity. In the preceding article 
we found that the three cube reots of unity are 


1, $(-14+,/—-3), 4(-1-J —3). 
An imaginary cube root of unity is generally repre- 
sented by @; or, when it is necessary to distinguish 
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between the two imaginary roots, one is called w,, and the 
other w,, so that 1, w, and o, are the three roots of the 
equation a —1=0. 

Taking the above values, we have 


1+o,+o,=1+4(-1+/-—3)+4(-1—/—3) =0, 
also =—_- w , = }(— 1+ J— 8) (-1 — /— 8) = 1. 


These relations follow at once from Art. 129; for the 


sum of the three roots of 2*—1=0 is zero, and the 
product is 1. 


Again o?=}(-14+ J/—3)'=}(-1—J—3) =0,, 
and o7J=4(-1—/—3)? =4(-1+,/—3) =o,, 


so that o,?=o, and w,’=o,. These relations follow at 
once from 
@,@,=1 and oo, =o,’=1. 
Thus if we square either of the imaginary cube roots of 
unity we obtain the other. 
Hence if @ be either of the imaginary cube roots of 
unity, the three roots are 1, » and o’. 


We know that 
a3 +03 + c?— 3abe=(a+b+c) (a?+b? +c? — be —ca— ab). 


Hence a+b+c is a factor of a? +b? + c® — 3abc, and this is the case 
for all values of a, b,c. 

Hence a+ (wb) + ( c) is a factor of a3 + (wb)? + (wc)® — 3a (wb) (we), 
that is of a3+0%+c3—3abe; and a+wb+we can similarly be shewn 
to be a factor. 


Hence a?+6?+c?—3abe=(a+b+c) (a+ wb + wc) (a+w"b+ we), 


EXAMPLES Xi, 


Solve the following examples: 
V 1, at—20°-8=0, 


J Q. «+ Ta*x*— 8a°=0. 
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EXAMPLES, 


x — Ta*x® — 8a° =0. 


x e+l 5 


ora a aa a 
+2  att4et] 5 


@+4dee1'° a+2 2° 
(a? + 0 + 1) (a? + + 2)=12. 
(a? + Tx + 5)? — 3a? — 21a =19, 


5 
JI6— Tana =0'+ Te 3. “ 


6 Va — 20 +6 = 21 + 2x —s0%, 

(a —1)(1+a@+2")?=(a+1) (1+ 2% +>), 
(2 + 1) (@ + 2) (aw + 3) (@+ 4) = 24. 

(x + a) (a + 3a) (@ + 5a) (@ + Ta) = 3844. 
(a — 3a) (0 — a) (aw + 2a) (@ + 4a) = 23760", 
(% + 2) (w+ 3) (a+ 8) (a+ 12)=40%, 

2a — 3a — 21 = Qe fa — 3a +4, 

x* —2 (a+ b) a? +a°+ 2ab+ b?=0. 

x* — 2aa? — 20°? + at + b* — 20°b? = 0, 

4a* — 40° — Tx? —404+4=0. 

9a — 2420? — 2a? — 240+ 9=0. 

o+1=0. 21. 2°-1=0, 
3a° — 140° + 20” -8=0. 

a*— 150° + 10%+ 24 = 0, 

x + 7x? —Tx-1=0, 

(a — a)? (b— ¢)* + («— bY (c— a)? + (x — c)® (a—b)?=0, 
a(a—h)(wa—-2)=9.8.7. 
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x (a —1)(%—2)(a#—-3)=9.8.7.6. 
(a —«)*°+ (6—«)*?= (a+b— 22)’. 
(a~ x)*+(b-—«)*=(a+b-22)*, 
(a —a)' + (b6— x)’ =(a+ b— 22)’. 
[Poo eo 
Ja—a2+ Jb—a= Ja+b— 2. 
(a —a)° + (a — 6)’ =(a—- 5)’. 
Ja—-a+Je—b= Jao. 
Ja-a+ Ju-b=Jfa—6. 
a+(a—x)*=5*. 
(a+ a)* + (a +6)*=17 (a—6)*. 
{a+ Jfa—a= sb. 
abe: (x + a + b)° — (aa + ba + ab)* = 
abca (x + a+b +c)? — (xbe + aca + xab + abc)’ = 
(a—a)*+(a—b)* at + 5° 
(a+b—2ax)? ~~ (a+b)’" 


at +b (a+b) a? + (ab— 2) ba? — (a +b) Pa + BS =0. 
(a? + 6°)? = 2aa® + 2ab*a — ata? 
(x +b+c)(wt+tc+a)(e+a+b)+abe= 0. 


Tak SI Pe SAA ere i See ( 
b+ce—-x2 cta—-x at+b-2“ 
(x - a)? (x — 6)" (x — ©)? 


@aaj=(b=ap * =F =(e=a * ===” 
(w+a)(@+b) (x—a) (a6) _(x+e) (w+) 
(x% — a) (a —6) * (2 +a) (a+6) (e—c) (e-d) 
, (@=0) (wd) 
(x +c) (@+d) 


CHAPTER X. 
SIMULTANEOUS EQUATIONS, 


140, A SINGLE equation which contains ‘two or more 
unknown quantities can be satisfied by an indefinite 
number of values of the unknown quantities. For we can 
give any values whatever to all but one of the unknown 
quantities, and we shall then have an equation to deter- 
mine the remaining unknown quantity. 

If there are two equations containing two unknown 
quantities (or as many equations as there are unknown 
quantities), each equation taken by itself can be satisfied 
in an indefinite number of ways, but this is not the case 
when both (or all) the equations are to be satisfied by the 
same values of the unknown quantities. 

Two or more equations which are to be satisfied by the 
same values of the unknown quantities contained in them 
are called a system of simultaneous equations. 

The degree of an equation which contains the unknown 
quantities 2, y, z... is the degree of that term which is of 
the highest dimensions in «, y, z... 

Thus the equations 


az+a'y+ez=a'’, 
ayt+a+y+z=0, 
e+y +2 —3ayz=0, 

are of the first, second and third degrees respectively. 
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141. Equations of the First Degree. We proceed 
to consider equations of the first degree, beginning with 
those which contain only two unknown quantities, and y. 

Every equation of the first degree in a, y, 2,... can by 
transformation be reduced to the form 


ax+by+cez+...=h, 


where a, b, c,...& are supposed to represent known quan- 
tities. 

Notre. When there are several equations of the same 
type it is convenient and usual to employ the same letters 
in all, but with marks of distinction for the different 
equations. : 

Thus we use a, 0, c... for one equation; a’, b’, ¢’... for 
a second; a”, b’, c’... for a third; and so on. Or we use 
a,, 6,,c, for one equation; a,,b,,c, for a second; and so 
on. 

_ Hence two equations containing # and y are in their 
most general forms 
ax + by=c, 


and ve+by=c, 


and similarly in other cases. 


142. Equations with two unknown quantities. 
Suppose that we have the two equations 


ax + by =c, 

and anz+by=c. 
Multiply both members of the first equation by b’, the 
coefticient of y in the second; and multiply both members 


of the second equation by 3, the coefficient of y in the 
first. We thus obtain the equivalent system 


ab'a + bb'y = cb’, 
a'ba + bb'y =c'b. 
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Hence, by subtraction, we have 
(ab' — a’b) a = cb’— cb; 
_ ob’ ~cb 
~ ab’—a'b" 
Substitute this value of 2 in the first of the given 
equations; then 


whence x 


cb’ — cb ms ; 
a= ab ha 
; _ ¢(ab' — ab) —a(cb' — cd) 
Se ab’ —a’b : 
ac'—a'c 
whence 1 ees eae . 


The value of y may be found independently of x by 
multiplying the first equation by a’ and the second by a; 
we thus obtain the equivalent system 

daz +a by =a’, 
aax+ aby =ac’. 
Hence, by subtraction, we have 
(a'b — ab’) y=a'c— ac’; 
ac — ac’ 
j, Y= Wb oe 
which is equal to the value of y obtained by substitution. 


Norte. It is important to notice that when the value 
either of « or of y is obtained, the value of the other can 
be written down. 

For a and a’ have the same relation to x that b and 0’ 
have to y; we may therefore change a into y provided 
that we at the same time change a into J, 6 into a, a’ into 
bv’, and ’ into a’. Thus from 


cb’ — c’b 
ab’ —a’b 


ca —ca 


“= we have Ohad 
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It will be seen from the above that in order to 
solve two simultaneous equations of the first degree, we 
first deduce from the given equations a third equation 
which contains only one of the unknown quantities; and 
the unknown quantity which is absent is said to have 
been eliminated. 


143. From the last article it will be seen that the 
values of « and y which satisfy the equations 


ax + by =¢, 
and vet+by=c, 
can be expressed in the form 


Tadd yk hchee lpia eet 


be’'—b’c ca’ —ca ab’—ab* 


So also, from the equations 


ax + by+c=0, 
and a2+ by+c =0, 
x y 1 


e SS i eS >} > 
Repay be’ —b’c ca’ —c'a ab’—ab° 


It is important that the student should be able to 
quote these formulae. | 


Ex. 1. Solve the equations 


. 8a + 2y =13, 
and 72+ 3y=27. 
Wohave soi gag ip 7oa87 30-1 
that is YF; 
“3 n= = 3; 
and y= ead 


10—2 
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Ex. 2. Solve the equations 


[eo Bie 
+ 
1 Ore | 9 
i 
aS) 


I 
ll 
| 

Se 


and 


& 
< 


These may be considered as two simultaneous equations of the 


Jirst degree with = and - as unknown quantities. 


We therefore have 


be 1 
Sn ale e)a ad (2 74 4(-5)-2.3° 
ea 
i Pe eee eee 
that is “Tr = 35 736° 
Weraatrae yo 
oe ants alee wel 
1 32 13 
Also y 26’ or Y=76° 


Ex. 3. Solve the equations 
z—-y=a-b, 
az — by =2 (a? — b%), 


We have 
x via tee ey Benes, -l 
— 2(a?-02)+6(a-b) a(a—b)-2 (a?) —d+a’ 
; x ; rep Te 
ae b?+ab—2a? 2b?-ab-a? b-a’ 
b? + ab — 2a? ; 
ee eer aes 
2b? — ab — a? 
and Rebates Eye 


Instead of referring to the general formulae of Art. 143, as we have 
done in the above examples, the unknown quantities may be elimi- 
nated in turn, as in Art. 142; and this latter method is frequently the 
simpler of the two. Thus in this last example we have at once, by 
multiplying the first equation by a and then subtracting the second, 


(b- a) y=a(a—b) -2 (a2); 


Sg abt 2b? 
oe Brame, VF URE are 
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Then z= (a+2b)+a-b; 
o. = 2a+d. 


144. Discussion of solution of two simultaneous 


equations of the first degree. We have seen that the 
values of « and y which satisfy the equations 


GGA OY St Cia sda Sos o's <atboeeesain' (i), 
and Wt OY HC iy ceetencewmsiacnts (i1), 
are given by 

(ab’ — a’b) @ =’ — Cb... 1... see eees (iii), 
(ba' — W’a) y= Ca — C0... eee eee (iv). 


Thus there is a single finite value of x, and a single 
finite value of y, provided that ab’—ab+ 0. 

If ab’ —avb=0, x will be infinite [see Art. 118] unless 
cb'—c'b=0; and, if ab’—a’b and cb’—¢b are both zero, 
any value of x will satisfy equation (iii). 

So also, y will be infinite if ab’— a/b =0, unless ca’—c'a 
is also zero, in which case any value of y will satisfy 
equation (iv). 


If ab’ —a’/b=0, then ae and if ab’—a/b=0 and 
also cb’ —c’b = 0, then Spain Ow 
Sf Mee 


When equations cannot be satisfied by finite values of 
the unknown quantities, they are often said to be incon- 
sistent. Thus the equations aw+by=c and aa + by=c' 


are inconsistent if <= - unless each fraction is equal to 

oe , in which case the equations are indeterminate. In fact 

c 

when = y = < , itis clear that by multiplying the terms 
a 


of equation (i) by a we shall obtain equation i), so that 


- the two given equations are equivalent to one only. 


150 SIMULTANEOUS EQUATIONS OF THE FIRST DEGREE. 


We have hitherto supposed that a, a’, b, b’ were none 
of them zero. It will not be necessary to discuss every 
possible case: consider, for example, the case in which a 
and a’ are both zero. 


When a and @ are both zero, we have from (1) y= ; . 


and from (11) ich . These results are inconsistent with 


c 
one another unless © aye 


Oe 


Hence, if a=a’=0, and - = 


Q 


, the equations (i) and 


& 
a 


oa 


> (ii) are satisfied by making y = : , and by giving to # any 
finite value whatever. 
If however ete the equations by=c and by=c' 


cannot both be satisfied, unless they are looked upon as the 
limiting forms of the equations aw+by=c and a'a+b'y=c,, 
in which a and a’ are indefinitely small and ultimately 
zero. But from (iii) we see that when a and a’ diminish 
without limit, « must increase without limit, cb'—c’b not 
being zero. Thus, in the equations (i) and (ii), when a 
and a’ diminish without limit, and cb’ +c’b, the value of « 
must be infinite. 


Equations with three unknown quantities. 


145. To solve the three equations: 


OG +- by 62 0 aoe case (i), 
WD Y AOE HM ..ccccccceceee (1), 
We + Dy +02 =A"... ce eceee eee (iii). 


Method of successive elimination. Multiply the 
first equation by ¢’, and the second by c; then we have 


ac’ + bey +cc'z = de’, 


SIMULTANEOUS EQUATIONS OF THE FIRST DEGREE. 151 


and adcatbeyt+ccc=dec; 
therefore, by subtraction, 
(ac — a’c) a+ (be! —¥'c) y =de’—de...... (iv). 
Again, by multiplying the first equation by c” and 
the third by c and subtracting, we have 
(ac" — ac) w + (be” —b"c) y = de” —d'c...... (v). 
We now have the two equations (iv) and (v) from 


which to determine the unknown quantities and y. 
Using the general formulae of Art. 143, we have 


Se (be’ — b'c) (de” — d’’c) + (de — d'c) (be" — bc) 
~ (ae — ac) (bc” — bc) — (bc — Be) (ac’—a'c) * 
Method of undetermined multipliers. Multiply 
the equations (i) and (i1) by » and p, and add to (ili); 
then we have the equation 
a (rat pa’ +a")+y (Ab + pb! + b’) +2 (Ac+ pe’ +”) 
= (Ad + ud’ + a”), 
which is true for all values of ) and p. . 
Now let X and p be so chosen that the co-efficients 
of y and z may both be zero, 
i, rd Hs pd! 4 dq! 
~ Na+ pa +a" 
where A and p are found from 
rb + pb’ +b’”=0, 
and re + po’ +0” =0; 
ee Je eRe 
Hoi Be. 0016 0G “gue Os 


then x 


Hence 
d(bie” —b'c) +d’ (b"c — be") + d” (be' —b’c) 
=a (bie — bc) +a (b’c— be”) + a” (be' — 6c)” 
[The numerator and the denominator of the first value 
of z, which was obtained by eliminating z and y in succes- 
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sion, can both be divided by c; and the two values of « will 
then be seen to agree. ] 

Having found the value of a by either of the above 
methods, the values of y and z can be written down. 
For the value of y will be obtained from that of x by 
interchanging a and 0, a and b’, and a” and b’.. The 
value of y can also be obtained from that of # by a 
cyclical change [see Art. 93] of the letters a, b,c; a’, 07,c'; 
and a”, b”,c"; and a second cyclical change will give the 
value of z. 

It should be remarked that the denominators of the 
values of w, y and z are the same, and that there is a 
single finite value of each of the unknown quantities 
unless this denominator is zero. 


Ex. 1. Solve the equations: 


w+ 2y+32=6........ Fesasaweneesuascessveneossen (i), 
Bib Aap ober Bia ca coatecuin ee nae etuone scape tea eee (ii), 
BIE oe) oe aan! Ma ry ae ey on (ili). 
Multiply (ii) by 3, and subtract (i); then 
Ba LOY SSS ci sacesssccsedecsecsesendeesoceaes (iv) 
Again multiply (i) by 3, and subtract (iii); then 
BA] aE iss een see te tad cane ettcce cuataneed (v). 


From (v) we have y=1; then, knowing y, we have from (iv) c=1; 
and, knowing x and y, we have from (i) z=1. 


Thus c=y =3=0k 
Ex. 2. Solve the equations: 
Fp deme Bete e  e (i), 
GDH OY ANOBII wen esctcanventeeteecaeneners (ii), 
CG} PY Ae CP AP 5 avevadonnnnecacstuncaness(LD)s 
Multiply (i) by c and subtract (ii); then 
(c-—a)a+(c—b)y=c-—d seseennaceneanseceeeses(LV)e 


Again multiply (i) by c? and subtract (iii); then 
(0? — a4) w+ (0? = B*) yet ¥ ss scssssssselbonVe 
Now multiply (iv) by c+} and subtract (v); 
then 
(c—a) (b—a)z=(c—d)(b-d); 
_ (0-4) (cd) 
~ (b—a) (e-a)* 
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The values of y and z may now be written down: they are 
_ (c-d) (a—d) | ea ko d ead 
~ (c—b)(a—b) ’ ~ (a=e) (o-¢) ; 
Instead of going through the process of elimination, we may at 
once quote the general formulae. Thus 
_ (be? — b?c) +d (0? — c*) + d?(c — b) 
~ (bc? — bc) + a (b? — c?) +. a? (c — b) 
_ (b-¢){-be+d(b+c)-@} 
~ (6—c){ -be+a(b+c) —a*} 
(b—d) (c-d) 


=(b—a) (e—a) » as above, 
Ex. 3. Solve the equations: 
BDEYRZAAL OLE vveressavsescssectecoeenees (i), 
ax + by FCZ=DEACALAD ..rccrsersssecseeroes (ii), 
Bea + CAY $GDZ=BADC oor recsecrerccnsecreeceeceenns (iii). 


We have 
_@ +b +c) (ab? — ac%) + (be +.ca +b) (ca — ab) + Babe (c —b) 
ab? — ac?+a(ca— ab) + be (c — 6) 
_4(b- —c){(+c) (a+b+c) — be—ca-ab— 3bc} 
(b—c) {ab + ac — a? — bc} 
a(b-c)? 
(a—b) (a—c)° 
The values of y and z can now be written down: they are 
b(c-a)? c(a—b)? 
Y=~(=0)(b-a)? *~~ (e=a)(e-8)" 
Ex. 4, Solve the equations : 
LH Ay +072 + A=... .-0sseererernons Seases()> 
of 4 Daf + a PaO aed ndiceon voles (ii), 
BA CY +0728 + C=O... seeeresereereneesseanes (iii). 


The equations may be solved as in the preceding examples, or as 
follows. 

It ig clear that a, b, c are the three roots of the following cubio 
ind 


= 


+4 2+yrA+a=0. 
Hence from Art, 129, we have at once 
z= —(a+b+0e), 
y=be+ca+ab, 
and a= —abe. 
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146. Equations with more than three unknown 
quantities. We shall return to the consideration of 
simultaneous equations of the first degree in the Chapter 
on Determinants, and shall then shew how the solution of 
any number of such equations can be at once written 
down. 

The method of successive elimination or the method 
of undetermined multipliers can however be extended to 
the case when there are more than three unknown quan- 
tities. For example, to solve the equations 


ae +by +02 +dw =4.......cccsce (i), 
ae t+by +e2 +dw =e .........00. (ii), 
ae +b’y +0°2 +d"w =e"... eee (iii), 
wa + By + etd we” oe (iv). 


Multiply (i) by 2, (ai) by yw, (iii) by v, and add the 
products to (iv). Then we have 
a(an+aw+a’v+a")+y (X.+ 04+ b+ 6”) 
+z(A+c¢p+eo'v+o")+w(dri+du+dv+d”) 
ON FO pb tO Os antaevstaveves Wentpabemesaney date (v). 


Now choose 2, ws, v so as to make the coefficients of Ys 
z and w in the last equation zero; then 


_A+eptevte” i) 
SEIT RRR ar. a RO I ia eh) seeeenes (vi), 
where A, », v are to be found from the equations 
bn ae bu Jt by fe es a5 0 . 
CN +o +e'y +0” =O} occ secseeee (vii). 
dX+du+dv+d”=0 
Hence we have to solve (vii) by Art. 145 and then 
substitute the values of A, wu, and v in (vi); this will give 
the value of w; and the values of the other unknown 


quantities can then be found by cyclical changes of the 
letters, a, b, c, d, &e. 
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EXAMPLES XIL 


Solve the following equations. 


Se eee! ob ies 
The 67 3? Le gag Ee 
zx 3y 1 1p or 
ge | Bee = ane 
3 ae & Eee? Pipe Cera) 
y 4 x 
2 26 
ahi te 
5. ax+by=2ab, 6. x+ay+a’=0, 
ba —ay = b?—a’, x+by+b?=0. 
7. w+y=2a, 8. (b+c)a+(b-—c) y =2ab, 
(a—b)a=(a+b)y. (c+ a) @+(c— a) y =2ac. 


9. bxa+ay=2ab, 
ara + by =a’ + 5°. 


10. (a+6)x+by=ax+(b+a)y=a’ —D* 


ll. x+y+2=1, 12, wx+y+2=1, 
2a + 8y+2=4, y 
= +%+42=1 
Ae + 9y +2 = 16. Neg ta 
ait 1 
Send a 
13. 2+2y+3e=3e+y+t 22= 20+ 8y+2=6. 
14. y+z=2a, 15. y+2-2= 2a, 


2+ = 2b, z2+ae—y= 2b, 
e+y= 2e, et+y—z=2e, 
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16. y+2-3a= 2a, 17. av+by+cz=1, 
Z2+xe—3y = 2b, ba+cy+az=1, 
x+y ~— 32 = 2e. ca + ay +bz=1, 

18, YRere _ete-y _wty-2_ 
b+e c+a a+b 

19. x«+y+z2=0, 20. wt+y+z=atbte, 
ax+by+cz=1, ba + cy + az=be +ca+ab, 
act by+cPa=at+bt+e, cx + ay +bz=be + catab. 


21 aw+y+z%z=at+br+e, 
bat+cy+az=a? +b? +0’, 
ca tay+bz=a' + b+, 


22. w+y+2=0, 
(6+c)a+(c+a)y+(a+b)z=(b—c) (c—a) (a—5), 
bex + cay + abz= 0. 


23, av+by +cz=a, 24. x2-—ay+a*z—a’=9, 
ba+ cy +az=b, x— by +b’2-—b? =0, 
ca + ay + bz =c. “a—cy+c%—c=0, 


25. ax+by+cz=m, 
a®a + b’y + c'z =m’, 
aa + by + 82 =m’, 
26. av+ey+ be=a’ + 2be, 
ox + by + az =b* + 2ea, 
ba+ay+cz=c* + ab. 


27. x+y+2=2a+4+ 2b + 2c, 
ax + by + cz=2bc + 2ca + 2ab, 
(6—c)a+(c—a)y+(a—b)z=0, 


28. axt+by +cz=atb +e, 
a'e + by + z= (a+b+0)%, 
ben + cay + abz = 0. 
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29. 


30. 


81. 


32. 


33. 


34. 


e+y+z=lim+n, 

la + my + nz=mn+nl +n, 

(m—n) 2+ (n-l)y+(l—m)z=0. 

la + ny + mz =n + my + le= mea + ly + nz 


= +m? +n? —3lmn. 


Pa + my + n*z = Ima + mny + nlz = nla + ly + mnz 


=l+m+n. 
eRe 2s 
Gta @+B aty ’ 
x y % 
Fee ee hay 
at ga Le ah 
cta c+B ct+y 


yre+w=a, 
z+w+nr=), 
wtet+y=e, 
ety+z=d, 
a+ayt+az+awta*=0, 
a + by + b'2 + bw + B =0, 
x+cy+c%+c'w + ci=0, 
a+ dy+02+dwtd'=0, 


Simultaneous Equations of the Second Degree. 


147. Wenow proceed to consider simultaneous equa- 
tions, one at least of which is of the second or of higher 


degree. 


We first take the case of two equations containing two 


unknown quantities, one of the equations being of the first 
degree and the other of the second. 
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For example, to solve the equations; 
32+2y=7, 
3a? — 2y9=25, 
From the first equation we have 
-2 
eran 
Substitute this value of x in the second equation; we then have 


ar. 2 
3 (7¥) — Ay? = 25, 


whence y?+14y+13=0, 
that is (y +13) (y+1)=0; 
-. y=—-1, or y= -13, 
If vere ly on! *_3; 
and if y= —13, z=11, 
Thus w=3, y=-1; or s=11, y= —-13. 


From the above example it will be seen that to solve 
two equations of which one is of the first degree, and the 
other of the second degree, we proceed as follows :— 


From the equation of the first degree find the value of 
one of the unknown quantities in terms of the other un- 
known quantity and the known quantities, and substitute 
this value in the equation of the second degree; one of 
the unknown quantities is thus eliminated, and a quadratic 
equation is obtained the roots of which are the values of 
the unknown quantity which is retained. 


The most general forms of two equations such as we 
are now considering are 


la + my +n=0, 
ax! + bay + cy? + dx +ey+f=0. 
From the first equation we have 


SL 


l e 


a= 


SIMULTANEOUS EQUATIONS OF THE SECOND DEGREE. 159 


Hence on substitution in the second equation we have 
to determine y from the quadratic equation 


a (my + n)* —lby (my +n) + ely? 
— dl (my +n) +e’y+fl=0. 


Having found the two values of y, the corresponding 
values of 2 are found by substitution in the first equation. 


148. It should be remarked that we cannot solve any 
two equations which are both of the second degree; for 
the elimination of one of the unknown quantities will in 
general lead to an equation of the fourth degree, from 
which the remaining unknown quantity would have to be 
found; and we cannot solve an equation of higher degree 
than the second, except in very special cases. 


For example, to solve the equations 
avtbat+c=y, v+y'=d. 


Substitute az’ + bx +c for yin the second equation, and 
we have 
a + (aa? + ba+c) =d, 


- 


which is an equation of the fourth degree which cannot be 
solved by-any methods given in the previous chapter. 


149. There is one important class of equations with 
two unknown quantities which can always be solved, 
namely, equations in which all the terms which contain 
the unknown quantities are of the second degree. The 
most general forms of two such equations are 


aa’ + bay + cy? =d 
and ve+Vaytey=ad. 


Multiply the first equation by d, and the second by d 
and subtract; we then have 


(ad’ —a'd) 2° + (bd! — b'd) wy + (cd! — cd) y= 0. 
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The factors of the above equation can be found either 
by inspection, or as in Art. 81; we therefore have two 
equations of the form lx+my=0 either of which com- 
bined with the first of the given equations will give, as in 
Art. 147, two pairs of values of x and y. 


Ex. 5. To solve the equations: 
2 — Py = ID ..d. nesesceceassascmanencepscese(t)s 


DP wy 1 senancnes chetseseedee sense esos (ll). 

We have 14 (y? — ay) =15 (2? + zy); 

o. 1522+ 29ay — 14y?=0, 
that is (5a —2y) (32+ Ty) =0. 
Hence { 5a —2y=0, 
or else 32+ Ty=0. 
If 5a -2y=0, we have from (i) 
whence y= +5, 
Hence also r= +2, 


J£ 32+ 7y=0, we have from (i) 


whence epee se 
y= we ? 
and then . c= = i ; 
/2 


7 3 
Thus =+2, y=+5; or be aT y=" 


150. The following examples will shew how to deal 


with some other cases of simultaneous equations with two 
unknown quantities; but no general rules can be given, 


Ex. 1. To solve ©-—y=2, 
zry= 15, 


j ° 
Square the members of the first equation, and add four times the 
second; then 


(a+y)2=64. 
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Hence ; z+y= +8, 
which with a—y=2, 
gives az=5 or —8, 
and y=3 or —5. 
Thus aw=5, y=3; or t=-3, y= - 
Ex. 2. To solve BEF LY AY =HA™...cseeeeesserers Restecss (i), 
wh + wy? + YAHOt......-rveoecscesctonensess (ii). 


Divide the members of the second equation by the corresponding 
members of the first; then 


ce pA Pe 
LY $Y PH eve seceeeeceevnensenseee ees (iii). 
From (i) and (iii) by subtraction we have 
4 
Davy = 2 — =e veseceneeveersenaeereveseees (iv) 
From (i) and (iv) 
4_ h4 
a+ 2ey+y=—sa i , 
3a4 — b4 
za+y=+ Bab reneceesesnesensenecs (v) 
From (iii) and (iv) w2 have 
b4— a4 
w—2ey+y=—oor 3 
3b* - a4 : 
aa y=,/ Sn eas te vesaceened(Vi)« 


Finally, from (v) and (vi) we have 


3a4 -— are 304 — 
aD 51+ a aa 
1 3a4 —- Cais 3b4 — 
aed ao y=5 {+ ~ 2a? aa 
a —2y?=4y, 
802+ cy — 2y?=16y. 
Multiply the first equation by 4, and subtract the second; then 
— xy ~ by2=0, 
that is (x + 2y) (e—- 3y)=05 


4, a+2y=0, 
a — 3y=0, 


Ex. 3. To solve 


or else 
8, A. 


11 
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If x+2y=0, the first equation gives 
4y?— 2y'=Ay; 
*. y=0 or y=2, 
whence *2=0 or c= —-4, 
If —3y=0, the first equation gives 


Oy? — 2y?=dy ; 
* y=0 or ret 
whence a=0 or a=, 
Thus e=0, y=0; e=—4, y=2; 
or , bo ‘ae 
get Re at 
Ex, 4. To solve vi+y%=(e+y+1)% 


. a? + y2=(2£-y+2)%. 
By subtraction we have 

(ety +1)?-(e-y+2)°=0, 
that is (2a +3) (2y -1)=0. 
Hence 22+38=0, or 2y-1=0. 
If 22+3=0, we have 


err eas 
at ¥ =\9-9)- 


whence y= -2. 
If 2y-1=0, we have 


whence se 
Th a 
us I=—5,s y= —2; 
or = : ee 
ng Ne wae 
iz. 5. To solve x+y =2b, 
ai+y4=2a4, 


Put s=b+2; then, from the first equation, y=b—z. 
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Hence (b+2)4+ (b—z)*=2a4, 
whence after reduction : 
2*+ 602? + BS — at=0; 
o 2= — 3b? /8b4+a4; 
o z= ,/{-30?+,/8b4+ a4}. 
Thus a=b+,/{-30?+,/84+a4}, 
and y=b¥/{- 30? /8b*+ a4}. 


EXAMPLES XIII. 
Solve the following equations :— 
1. e+yaa—y = 23. 


9. w—dyi+at dy=2e—-y=1. 


8. 2° +ay=12, 4, a? + 2? = 22, . 
sy —2y’=1. 3y* —ay—x*=17, 
§. «w-y=5, 6. x+y=a+b, 
1 Lee B etn 2 as; 
y « 84° a+b yta- 
7. a(at+y)=b (w-y) =2y. 
2 2 
8. 12 rela SOD 9. Bek Eo) 
a ay ay 
Dep Ee! ab 3 
yo ye OF wy 
10. #+y=2a, ll. a’—ay+y’=109, 
x+y? = 20°, a+ ory? + y* = 4251, 
12. a +ayt+y?=133, 13. w+y=72, 
a+WVay+y=19. ¥aé+ y= 6. 


11—2 
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14, 


16. 


17, 


19. 


20. 


22. 


24. 


26, 


28. 


ieee o: 
oY 


ited 
= +- 58, 
Ta ie 


EXAMPLES. 


15. 


a+y=1, 


a +y°=31, 


a? + y* + 3ay-4(a+y)+3=0, 


xy +2(x+y)-5=0. 


e+ ny+e=14, 
y + vy + y= 28. 


18. 


x (y—b) =y (a — a) = 2a. 


x+y=6, 


(x? + y*) (a + y*) = 


x — xy = 8x + 3, 


cy —y* =8y—-6. 


nai. 


23. 


25. 


27, 


1440. 


29, 


v+y’=9, 
e—sy+y? =3. 
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80. x-—y=a(a2*-y’),  3i. 
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151. Equations with more than two unknown 
quantities. No general rules can be given for the solu- 
tion of simultaneous equations of the second degree with 
more than two unknown quantities: all that can be done 
is to solve some typical examples. 


Ex. 1. Solve the equations: 


Multiply (ii) and (iii) and divide by (i); 


then 


(GAY) (GHZ) HAPrrereeveesceees aieeva soncte(l)y 
(YA 2) (YA B)HD? oc eeeeerereseeeeeeenrannees (ii), 
(242) (ZY) HC? rsrreeveveeee Mercere (iii). 


b2¢2 
(yr Pays 


Similarly we have 


and 


be é 
Y =t—..... Moe eessioalts easarniasie eosee(1V)e 
oo Ye z (iv) 
2+4= aS ponees saves tutoraeteetaatoe (¥), 
ab : 
e+y= Seo pansopieraae: ageenesecsesescoses (vi). 


Also from the original equations it is clear that the signs must all 
be positive or all be negative. 


Add (v) and (vi) and subtract (iv) from the sum; then 
ca ab be 
aan a(F+2-F)i 


So also 


and 


b c a 
2a? + a2b? — °c? 
+ —____—_——_ 


ahs 2Qabe 


atb? + b2c? — c7a? 
Qabe 

b2¢2 + c2a? = a?b? 
Zabe 


y= t 


7 
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Ex. 2, Solve the equations: 


L(Y +2) =A. ccceseccscenssccesssvesercosves (i), 
(84-0) =D... ccecnccecaccaedecceceahoasesse: (ii), 
2 (LAY) HC ceacteveceseecneedwenees Peascsoe{ill)s 
Wehave y(2+2)+2(a+y)-a(yt+z)=d+c-a, 
that is 2yz=b+ce—a. 
Similarly 22r=c+a—b, 
and 2ry=a+b-e. 
Hives (2ay) (222) iss (a+b-c) (ct+a—b) 
2yz b+c-a 
. ong. (@+0-c) (c+a—-b) 
e. 22 ERT ER ea © a 
a (c+a—b) (atb—e) 
Hence 22 rf 2(b-+e-a) ; 


(a+b—c)(b+ce-a) 


and similarly y=+ 3(e-+a—0) ; 


£3 (b+¢—a) (c+a-—b) 
Le s=+,/ Q2(a+b-c) 
Ex. 3. Solve the equations: 
MA BY eat Gnccskecasupecedes oaunameencvas tener (i), 
4/2 DFL = Gs .ic cress cascade dewseevosste seat (ii), 
{ BH 277) Ole owisvcevessavsscels casoncoceeon Per 
By addition (ct+y+2)?=2a+b; 


oe BEY ASH be /QOLD i sccscssercessenees(I¥)e 
From (i) and (ii) by subtraction 

(z-y)(2@+y —22)=0. 
Hence B= Yeu aatcnmetensenees wuaeeseaesseee (V)s 
or else B+y —2=0.......006 seestiancneesene beasee (Wa) 

I. If a=y, we have from (ii) and (iii) by subtraction 

274+a%-2a2=b-a; 

oe BO A/D rescence Sontucleaseseeecses(Vil)s 
Hence, from (iv), (v) and (vii), 


1 
e-Y—st= J/2a+be J/b-a ' 


Le pee ag 
t=5 {+ /2a+b+2,/d—a}. 
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Il. When 2+y-2z=0, we have from (iv) 


Z£= ne 1 /2a+b, 


and aty= 5/2040. 


Also, from (ii), yita(c+y)= 
which with the previous equation gives 


a=+ Nee /ta+b, 
and y= tf 545 J2a+0. 


Ex. 4. Solve the equations: 
Bz 4+ cy =c'xr+arz=ay +b =ay2. 


We have B2Z + C2 =LYZ .....csereeroserascoees Uses (i), 
C2r + 09S = LYZ ......seceerees boseaBo ne: (ii), 

and AY + D2 = LYE vieserserveecereeenerennnnnens (iii). 

Multiply (i) by — a3, (ii) by 0°, and (iii) by c?, and add; 

then B 2b%c%a = ( — a? +b? +07) xyz. 

Hence . «z=0, 

or else yz= stil 


=a +08 +0?" 
If 2=0, y and z must also be zero. 


Hence z=y=s=0; 
267? 
or else ¥? = Fay 8a?’ 
ia 2c%a? 
and similarly t= ay gee? 
2a7b? 
oh Y= BRO 


The solution then proceeds as in Ex. 2, 


Ex. 6. Solve the equations: 
—Yys=4, 
y?-za=b, 
22 —- xy =. 
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We have (x3 — yz)? — (y? — 2a) (29 — xy) = a? — be, 


that is x (2 +y% + 28 — 30yz) =a? — be. 
Hence, from the last equation and the two similar ones, 
we y z 


a?—bc b?-ca c?—ab 
Hence each fraction is equal to 


x? — yz 0 1 
Jae bc)? — (b? — ca) (c?— ab) — 2 / @EPTSR Babe) ° 


Ex. 6. Solve the equations: 


LEYAZH=GADHA Cc rerececees anes causes (i), 
72 ZG? EOS tt naa cov ateiedcasunestee (ii), 
“ay 2 

Bog Gg ae oe AEE eaaess cutee aseNensesetaes il 
Go thane (iit) 


It is obvious that s=a, y=b, z=c will satisfy the equations: put 
then e=a+nr, y=b+p, z=c+y, and we have after reduction 


Nota = Oe ceeede sctonec ose ccteeesnaceacene (iv), 
An Ree 
Pee tec OO cadence sesececerccecenacerss (v), 


2 (A+ but cv) +2+ w2+v2=0 oo... cecessscceeseee(Vi). 
From (iv) and (v) 
r bs v 
a(b—c) b(¢c—a) c(a—h)” 
whence from (vi) 


A=p~=yv=0, 
oe es he 2(b-c) (c—a) (a—b) 
a(b-c)  a?(b—c)? +52 (c—a)?+c2(a—b)?" 
Hence Z=a, y=b, z=c; 
or else 


O58. | Y=O es ee. 2(b—c) (c—a) (a—b) 
a(b—c) b(¢-a) c(a-b) a@(b-cP+e(c—aP+ea—o> 


Ex. 7. Solve the equations: 


t+y+z= 6, 
ye+2z+ay=11, 
ryz= 6. 


This is an example of a system of three symmetrical equations. 
Such equations can generally be easily solved by making use of the 
relations of Art. 129. Thus in the present instance it is clear that 
Z, y, 2 are the three roots of the cubic equation 


dM - 6\?+11\-6=0 
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The roots of the cubic are 1, 2, 3. 


Hence w=1, y=2, #=38; or c=1, y=3, 2=2; or 2%=2, 
y=38, z=1; &. 


Ex. 8. Solve the equations: 


DH Y FSMD. .sevcrcarrcnensseasers vine e(i); 
1A (ii) 
SUPP naCe Bees ee 5 
Yt ZEA LY = —C? ..rereeeveoes AOE penore (iii). 


This again is a system of symmetrical equations, and two of the 
relations of Art. 129 are already given; we have therefore only to find 
the third. 

We have from (ii), 


y2+enr+ay =i: 


xyz a’ 
* DY SH — AC? ...sessenecssrenseacrovarenserses (iv). 
Then, from (i), (iii) and (iv), we see that x, y, z are the roots of 
the cubia 3 — ad? — 6? +ac?=0, 
that is v2 (A—a) —c?(A— a) =0; 


“. A=a, or A= *C. 
Thus s=a, y=c, z=—c; &e. 


Ex. 9. Solve the equations : 

a3(y — 2) =a*(b—¢), 
y?(z—x)=b?(c—a), 
22(2 —y)=c*(a— 5). 

By addition 

a2 (y — 2) +y3(e—2) + 22(@—y) =47(b —c) +B9(-a) +7 (a— d), 
that is (y -2) (2-2) (wy) =(b- ¢) (¢-@)(a—0). 
By multiplication : 
o2y%e? (y — 2) (2 — 2) (a — y) = a°0?e? (b — ¢) (c — a) (a—B); 

o. ©4y2z2=a*b?c3, 


Hence DYL=AVC....0008s eton nae Benes esseec (ly 
or LYZ = — ADC. .ceseesereveees Aageaneana (ii). 
Again a3(b—c)y +03 (c — a)a=ay (y —2)+ ay? (2-2) 

= ayZ (Y¥—Z) ssvveeees eae onc .. (iii). 


Hence, if zyz=abc, we have from (iii) 
{b3(c— a) + abc} @ + {a3(b —c) — abc} y=0, 
that is ba (be +ea— ab) ~ ay(be+ca—ab)=0; 


, and therefore each = 
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EXAMPLES. 
Thus, when ryz=abe, we have <= ve : A 


: 5 / xyz 
Hence each is equal to NE ee V1. 


Thus See ee ed; or Aap ES Lhe 
abe aw bw cw 
x “ s* 
OF aut bea coke 


If xyz= —abc, we have from (iii) 


z =e ica abe 
4 (be ca— ab) == (ca ab — bc). 


Hence also each = (ab — be — ca) 


=n/{ — (be — ca — ab) (ca — ab — be) (ab — be = ca)}. 


EXAMPLES XIV. 


Solve the following equations : 


1. ye=a’, 2 x(et+yte)=a', 
zat = b*, y (w+ y+2)=8, 
sy=o*. a(a+yt+zy=c 

3. —ye+2r+ny=a, 4, yz=a(y +2), 
yz—ze+ ay =), wa =b (z+ 2), 
| «Ye + Be — By =, xy =c(x+y). 

5. yz= by + cz, 6. a? + 2yz=12, 
2 = CZ + AX, y* + 2ze = 12, 
xy = ax + by. a + 2ey= 12. 


7. (y +2) (e+ y+2z)=a, 
(2+) (w+y+2)=b, 
(w+y)(e@+y+2) =e. 


8. (y+b)(z+c) =a’, 
(+c) (e@ +a) =6", 
(a + a) (y+b) =e’, 
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9. 


11. 


12. 


13. 


15. 


Wee 


19. 


21. 


22. 


a? — (y—2z)' =a’, 
y*' — (2-2) =0', 
g—(x—y)=c’. 
Be ee ee 
aac Wee 
yt+2 2+@u 2 
heer Tice 


Y2=At+Y+2, 
zu=b+24+9%, 
ay=c+uty. 


y2—f? =cy + bz, 
ze — 9 = AR + CH, 
ay — hh’ = ba + ay. 


zt+y+2= 6, 
ai+y?+2°= 14, 
nyz= 6. 


2t+yt+2z= Y, 
et+y+e= 41, 
a+yt+ 2 =189. 


Ye 20 


—— ——— Ss — = 
bet+cy cut+az 


“fi 
ll 
455 


aig RIB BIR 
+ 

Ho Liao are 
+ + 

RIS iy ela 
a 


oe 
+ 
I 
Her 


10. x(y+2-x)=a, 


y (z+"a—y)=, 
2(w+y—Zz)=C 


14. yz=a(y+2) +a, 
za=a(z+x)+ B, 
vy=a(ar+y)+y. 


3 
16. x+y 0) 
yen 

: 3 
z+a'=4, 

18. w+y+z= 15, 
e+yrt+2=495, 
xyz = 105. 


20. e+y+2= 10, 
yerxze+ay= 33, 
(y+2) (2+2) (w+y) = 294. 


“ay ety t+ 
Gy 4bo @ 4h +e 
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24. 


25. 


26. 


27. 


28. 


30. 


31. 


32. 


EXAMPLES. 


yre—x(yt+2)=a’, 
e+ai—y(zt+a)=b*, 
ety —a(ety)=c’. 
e+ yz— a= y* + 20 — BF =2"+ nya, (atty' +2!) 
wv (e+yt2)—(y?+2°+ yz) =a, 
y (a+y+x%)— (2? +2" + 20) =b, 
a(et+y+2)—(e*+y?+ay) =6. 
e+y+z2=at+b+e, 

e+yi+e=a+o +c’, 

(b-—c)a+(c—a)y+(a—b)z=0. 


(a + y) (0 + 2%) = az, 29. -a*—yz=aa, 

(y +2) (y + %) =by, y — 2x = by, 

(2+0) (%+y) =e. 2° — ny = cz. 

a t+a(Qe+y+2)=y? +b(Qy+ze+a)=2%+0(Qe+a+y) 
=(@t+y+2)*, 

yr +yz+e=a', 


e+ 20+ e°=b*, 
e+oy+y=c’. 
ave + b?y + c’2=0, 
(b-0)! 


ax 


(a—2)' 


9 
cu (¢ i =u ==), 


CHAPTER X*. 
GRAPHICAL REPRESENTATION OF FUNCTIONS, 


I. Co-ordinates. Let two straight lines XOX’, 
YOY’ be drawn in a plane at right angles to one another, 
and through any point P in the plane let the straight 
lines PM, PN be drawn parallel to OX, OY respectively 
to meet OY, OX respectively in M and N. Then it is 
easily seen that the position of the point P in the plane 
XOY can be found when the lines ON, OM are given. 
The lines ON and OM, or ON and NP, which thus define 
the position of any point P with reference to the fixed 
- jines OX, OY are called the co-ordinates of the point P 
with reference to the axes OX,OY. The point of inter- 
section of the axes is called the origin. 


The co-ordinate which is measured along the axis OX 
is denoted by «, and that measured along the axis OY is 
denoted by y. 


The point for which =a and y=6 is called the point 
(a, b). 

When the co-ordinates of different points are given, 
the positions of the points with reference to the axes can 
be marked in a diagram. This is called plotting the 
points. 


In order to determine the position of a point we must 
know not merely the lengths of the lines ON, OM but also 
the directions in which they are drawn. Now, if a length 
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measured in one direction be taken as positive, the same 
length measured in the opposite direction must be taken 


as negative. Thus, for example, if OW is positive, NO is 
negative, and conversely, 


OX and OY are always taken as the positive directions, 
and OX’, OY’ are therefore drawn in negative directions. 


By using paper ruled with two sets of equidistant 
parallel lines, as in the figure, the position of points whose 
co-ordinates are given can be readily plotted. 


Thus the points P, Q, A, S in the figure are the points 
(12, 8), (— 9, 10), (— 9, — 5), (15, — 6) respectively. 


II. The Graph of a Function. If any function of 
# (that is, any algebraical expression which contains #) be 
taken, and different values of # be set off along the line 
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OX, and the corresponding values of the function be set 
off in a perpendicular direction, the curve through the 
series of points so obtained is called the Graph of the 
Function. 


For example, to find the graph of 22+6. Put 
y = 22+ 6. 
Then, if c=0, y=6; if e=1,¥=8; if e=2, y=10; 
and so on. 


Now, if the points (0, 6), (1, 8), (2, 10) be plotted on 
squared paper, it will be found that these three points lie 
on a straight line; and it will also be found that the 


points corresponding to any other values of x, for example 
the points (— 1, 4), and (— 2, 2), will lie on the line through 
the first two points. 

Thus the graph of y= 2@+ 6 is a straight line. 

It will similarly be found that the graphs of y = 6a—11, 
y =2—4}, 2y=— §u—7 are straight lines. 

[The above are special cases of the following general 
theorem :— 

The graph of y=ant6, where a and b are any given 
numbers, is a straight line. 
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To prove this, it is only necessary to point out that it 
follows from the properties of similar triangles that the 
graph of y=az is a straight line through the origin; and 
that, if we increase the y co-ordinates of points on y= ax 
by the same quantity b, we know from Geometry that we 
shall obtain points on a straight line parallel to that de- 
termined by y=az.] 

An equation of the form y=ma+n, or ax +by+c=0, 
where m, n, a, b, ¢ are supposed to be known constants, is 
‘called a Linear Equation. 

In order to draw the graph of a linear equation it is 
only necessary to find two pairs of corresponding values of 
w and y, for a straight line is determined when any two 
points on it are known; and pairs which are arithmetically 
easy to obtain and are not near together should be chosen. 


Ex. 1. Draw the graphs of y=3a+7 and 3y=42+6, and find their 
point of intersection. 


Ex. 2. Solve by graphical constructions the simultaneous equations 
y=2xe-16, By=7 — 4a. 
Ex. 3. Draw the graphs of 8a+2y=12 and 6x%+4y=36, and shew 
that they do not intersect at a finite distance from the origin. 
Ex. 4. Plot the two lines given by 
52+2y=10, 10¢e+4y=15, 
and shew that the two lines are parallel. 
Ex. 5. Plot the two lines given by 
Se+y=11, 2x-3y=18, 
and find their point of intersection. 


Ex. 6. Draw the graph of 3x—-4y=6, and hence find solutions of the 
equation in positive integers. é 


Ex. 7. Find positive integral values of 2 and y which satisfy the 
equation 2%+y=11, 


III. To find the graph of 5y = 2’. 


[5y is used because a increases very rapidly as @ is 
increased. | 
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The following are corresponding values of # and y. 


y 


Mark these points on squared paper, and draw a curve 
through them. 

It will easily be seen that y is the same for any two 
values of # which differ only in sign, so that the graph is 
symmetrical about the axis of y. 


Ex. t. Find the graphs of 5y=-2”", and 5y= —27+5. 
Ex. 2. Find the graphs of y=/5a and y= »/ba +1. 
IV. To find the graph of 10y = 2a? — 8a + 5. 
Corresponding values of # and y are: 
5 


il 


—_—_— 


0 


——— 


—— 
—— — el 


Since y is positive when #=0 and is negative when #=1, 
the graph cuts the axis of # between 0 and 1%, 


* See Art, 454 and Art. 455. : 
8, A. 12 
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To find more exactly where the graph cuts the axis of 
x (which will give the value of the roots of the equation 
2x°— 82+ 5=0), we find in succession the following series 
of corresponding values: : 


Hence # is between ‘7 and ‘8 and very nearly divides 
the interval in the ratio 38 : 12 [for the curve from #="7 
to «='8 is nearly a straight line]. Thus the root is ‘776 
nearly, and the other root can be found in a similar 
manner to be 3:224; these agree with the values deter- 
mined directly from the equation, namely . 


24+47/6=241-2247..., 


V. The graph of a quadratic function will shew 
roughly its least or greatest value. 


Thus, in the above figure, the least value of 2a — 8a +5 


bgt to be —10 x ‘3, and it has this least value when 
= 4, 
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It should be noticed that 2a?—8xv+5 has its least 
value for that value of « which is midway between the 
roots of 2a?—8c+5=0, or midway between any two 
values for which 2a?— 8”+5 has the same value. This is 
true for all quadratic functions. 


[These results can be obtained at once by Algebra, as 
we have already shewn. For 2a7—8#+5=2(x—2)—8, 
and, since 2 (a — 2)? is positive for all real values of a, it is 
obvious that — 3 is the least value of 2a2— 8+ 5 and that 
x is 2 when the expression is least.] 


We can also find the value of y for which the roots of 
2a? —82+5=y are equal. * [The condition for equal roots 
of 222-—82+5—y=0 is 8 =4x 2x (5—y), whence y=3.] 


If these results are obtained from the graph they 
should always be checked by Algebra; for, unless the 
values happen to be integral, the graph will generally 
give only a rough approximation. 


VI. Approximations to the roots of a quadratic equa- 
tion may also be obtained in the following manner. 


Consider, for example, the equation 2a? — 8x +5 =0, or 
a — 4¢ + 2:5 =0, whose roots have just been found. 


Draw the graphs of 10y=4*, and 10y — 4a +25 =0, as 
in the figure. 
Then where these two graphs intersect we shall have 
a9 =10y = 4@— 2'5, so that a — 4a + 25 =0. 
12—2 
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Hence the roots of the equation are the two values of 
x at the points of intersection of the graphs, and these are 
seen to be approximately ‘7 and 3°3. 


N.B. If the graph of 10y=a* has been drawn on 
squared paper very accurately and on a large scale, the 
second method would enable any one to find the approxi- 
mate roots of a quadratic equation without great waste of 
time. For any quadratic equation can be reduced to the 
form a? ++ az +b=0, and the roots required are the values 
of « where the graph of 10y =a’ is cut by the straight line 
10y+axz+b=0; and having found two points on the 
straight line, a ruler could be placed along it and the 
values of x read off without actually drawing the graph of 
the straight line, so that the graph of 10y=a* could be 
used over and over again. Except for this advantage, this 
second method is inferior to the former, for in the first 
method the roots can be found to any required degree 
of accuracy, by successive approximations, as shewn in IV, 


Graphical methods are, however, after all only methods 


of getting rough approximations by those who know no 
Algebra. 


EXAMPLES XIVa. 


1. Calculate the values of y for «=0, 0'5, 1, 1-5, 2, 2-5, 3, 
(i) when y=2°5+0-7x; and (ii) when y=5—0-8z. 

Draw the graph of y in each case using the same lines of 
reference for the two graphs. Find by calculation, the values 
of « and y which will satisfy the two equations simultaneously, 


and check the result by considering the point of intersection 
of the two graphs. : 


2. Calculate the values of (#—1) (#—- 3) for the following 
values of x; —1, 0, 1, 2, 3, 4, 5. Plot these values on squared 
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paper and draw through them a curve to shew how the 
expression varies for different values of a. 


Find from your curve the values of # when the expression 
is equal to 5, and verify the result by calculating the roots 
of the equation (a —1) (a—3) =5 to two places of decimals. 


3. Draw the graph of 10y=(x—-4)(x—6) between the 
~alues s=—2 and x=9, and use the graph to determine when 
(a—4) (w—6) is equal to 5. Verify by calculation. 


4. Draw the graph of 10y=2?—3a between the values 
a2=—4 and «=5, and use the graph to determine when ve — da 
is equal to 5. Shew that «’— 3x has its least value when « is 
midway between the values just found, and find the least value. 


5. Draw the graph of 10y=10+4«—2* between the values 
2=-—3 and x=7, and use the graph to find the roots of the 
equation 10 + 4a —a?=0, and also to find the greatest value of 
10+4a—a, Verify the results by calculation. 


6. Draw the graph of y=18 -6x—2*, and shew that y is 
greatest for the value of « midway between the two values for 
which y=2. 


7. Calculate the values of 2?—3:4x+4 for the values 0, 
0:5, 1, 15, 2, 2°5, 3 of a Plot these values on squared paper, 
and draw a smooth curve to shew how the expression varies 
for different values of . 


From your diagram, determine (i) the least value of the 
expression, (ii) the value of x for which the expression is least. 


8. Draw the graph of y=a?— 6x +1, and hence shew that 
the smaller root of the equation a®—6x+1=0 is approxi- 
mately 0°17. 


9. Draw the graph of y=e—4e + 2, and find the smallest 
value of y for real values of «. Find also the values of a for 
which y=7 and for which y= 23. 


10. Draw the graph of y=15+3x-a*, For what values 
of x will and y be equal? 
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1l. Draw on the same scale and with the same lines of 
reference the graphs of the following functions from x= 0 to 


Penis 
(i) y=a-2, (ii) y=(@—2) (@— 3). 


Find two values of x, each of which gives the same value 
of y in both graphs. 


12. Plot the graphs of 10y=2? and 10y—5a+2=0, and 
find their points of intersection, and so find approximately the 
roots of «*—5a+2=0. Compare the result with the alge- 
braical solution. 


13. Plot the graphs of y=? and of y=5a-—5, and hence 
write down the approximate roots of the equation 2?—52+5=0. 
Verify the results by Algebra. 


14, Plot (i) the graph of y=2?—3x+41:5, and (ii) the 
graphs of 10y=a? and 10y—3x+1:5=0. Find the roots of 
a*— 3e+1:5=0 by means of the graphs and compare the results. 


15. Find ‘where the graph of y=2?-3x2+4 is cut by 
the graph of y=m«a, (i) when m=2, (ii) when m=8, and 
(iii) when m=—7. Find also the value of m in order that 
the two points may coincide. 


16. Find where the graph of y=a?— 4a +9 is cut by the 
graph of y=6a. Find also the values of m if the graph of 
y=x?—4a+9 is towched by the graph of y= ma. 


17. Trace the graph in x and y given by the equations 
x=—1,y=+¢—-1 from the values ¢=—3 to ¢=3. Find 
from the graph the value of a when y=-— 4, and verify by 
Algebra. 


18. Trace the graph in # and y given by the equations 
x=?+t+1, y=P4+2t+2 from the values t=-—3 to ¢=3. 
Find by means of the graph the least values of # and y, and 
verify by Algebra. 
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VIL To find the graph of y =Gry@ED: 


Corresponding values of # and y are: 


When « is very little less than 1, y is negative and 
very great, when a=1, y 1s infinite, and when @ is very 
little greater than 1, y is positive and very great. 


Thus as 2 passes through the value 1, y becomes 
infinite and changes sign. 


So also when # passes through the value —1, y becomes 
infinite and changes sign. 


[It is important to notice that, in general, a function 
changes sign whenever it passes through the value zero or 
infinity; this is not, however, the case when the factor 
which by itself vanishing makes the function vanish if it 
is in the numerator, or become infinite if it is in the de- 
nominator, is of an even power. For example, the function 


vanishes but does not change sign as w passes 


ZL 


through the value 0; also the function @aiy becomes 


infinite but does not change sign as # passes through the 
value 1.] 

By changing « into —a, it will be seen that y is 
changed into —y. Hence the required graph is as in the 
figure. 
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(a — 2) (e-3) 

(@-1)(«-4)" 
Corresponding values of « and y are 

ee Oo Yas | 1 | 15 (2125/3 [ 35 | 4] 5 1.6 2) 

y|15|[ 214) 0 | -6]0|-11,0| -6|o } 1:5 | 1:2] 1 

-5|-1| -2|- 

tore | t [ 


Ex. 1. Draw the graph of y= 


The graph cuts the axis of z when s=2 and when #=3, it 
changes from + to —o@ as a passes through the value 1, and it 
changes from —@ to +o as x passes through the value 4. Thus 
the graph is as shewn below. 


It will be seen that y does not in this case, as in the preceding, 
pass through ali values as # increases from -o to +o. The 
actual limits to the possible values of y can be found roughly from 
the graph, or in the following manner. 


Sees) 
Y= (@—1) (@—4)’ 
+, g2(1—y)—5a(1—y)+6-4y=0. 
This quadratic will give the two values of x which correspond to 
any assigned value of y. [For example, the two values of # when 


y=2 are the roots of -2?+5x-2=0, which will be found to be -44 
and 4:56 nearly. ] 


We have 
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Now the values of x corresponding to any possible assigned value 
of y must be real, the condition for which is that 
25 (1-y)2?-4(1-y) (6 - 4y)>0, [Art. 121 
1.6. (9y - 1) (y-—1)>0. 


From which it follows that no real values of x correspond to 
values of y between } and 1, but that real values of x correspond to 
any value of y which is less than 3 or greater than 1. 


When y=} it will be found that both values of x are 2°5; and 
when y=1 both values of « are infinite. 


EXAMPLES XIV0b. 


1. Plot the graph of y=a = for the following values of 
©3192, Bylo 'D, 2. 410-20, 
' Find from the graph the least value of y, and verify by 
calculation. 


2. Plot the graph of y= re = for the following values 
of wm: 1, 1-5, 2, 8, 5, 8, 10, 15, 20. 
Find from the graph the least value of y, and verify by 
calculation. 
tara’) 
3. Plot the graph of y= g7+5 for values of x between 
0:3 and 10. 


Also find, from the graph, the value of m for which the 


quadratic : x + 2 =m has equal roots. 


4. Plot the graph of Y=5 + : from «='5 to w=5, 


Find from the graph the value of m for which the line 
y=m cuts the graph in coincident points. 
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5. Draw the graph of Y= asl , and shew from the 
graph that y is not greater than 3 nor less than }. Verify 
by calculation. 

x 


(a — 1)?” 


6. Draw the graph of y= and shew that the 


least value of y is —}. 


7. Draw the graphs of zy=10 and «+ y=8, and hence 
write down the solutions of the simultaneous equations. 


Verify by Algebra. 


8. Draw the graphs of y= and Qy = 1~—a2, and write 


x 
x+1 
down the solutions of the simultaneous equations. 


VIII. Approximate solutions of equations with 
numerical coefficients. 


Approximate solutions of numerical equations can be 
found in the following manner. 


Consider, for example, the equation 2§—37+1=0. 

Put y=2'-32+1; then corresponding values of and y are 
z2{O| 142|3{-1|]-2| -8 
7 pi} —1 [8 [t9] 8-1] 17 

Now, since y does not become infinite for any finite value of a, 


the graph must cut the axis of « between —2 and —1, between 0 
and 1, and again between 1 and 2. 


Thus the graph of y=2* — 3z+1isas in the figure below (p. 172 q). 


To find closer approximations to the points where y=0, that is 
to the required roots, we have 


Aye ry Oa aoe eee 
y | 127 | — 186 | — 125 | 296 | —-159| “57 


If the points are all plotted and a curve be drawn through them 
freehand we shall obtain approximations to the roots near enough 
for most practical purposes. 

If the points (*3, 127) and (:4,—°136) are joined by a straight 
line, this line will cut the axis between °3 and ‘4 in the ratio °127 to 


Z : : 127 os 
+136, and for this point y="3+ 1x i975 1367 348. The actual 
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value of this root found by Horner’s Method [see Chapter xxxut. 
p. 592] is °347...; but, from the slope of the graph in this neighbour- 
hood, it will be seen that the actual root is slightly less than that 
given by the straight line. 


We find in a similar manner that 1529 and -—1-:878 are close 
approximations to the other two roots; and here again we see from 
the graph that 1:529 is less than the actual value, which will be 
found by Horner’s Method to be 1°532...; also —1-:878 is greater 
than the true value, namely — 1-879.... 


Turning values. It appears from the graph that the value of 
23 —3x2+1 increases from «= ~—3 to «= -—1, and that it then begins 
to diminish; also that it goes on diminishing until «= -1, after 
which 2° —32+1 increases continuously. 


These points are called the turning points of the function 
a —32+1. 
It will also be seen that at the turning points, namely when 


w= -—1 or x= +1, the tangent line to the graph is parallel to the 
axis XOX’. 


The position of the turning points can always be determined, 
roughly at any rate, from the graph. 
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To determine the turning values by Algebra, we have to find the 
values of k for which the line y=k cuts y=«* -382+1 in coincident 
points. Hence we have to find the values of & for which two of 
the roots of z3—32+1=k are equal, and this method is applicable 
whatever may be the degree of the function. 


To find the condition that an equation may have equal roots 
see Art. 453. 


The roots of the above cubic could be found, as in VI., by drawing 
the graphs of y=a? and y—-32+1=0, when the values of x at the 
intersections of the two graphs would give the required roots. 
Unless, however, the graph of y=2* is drawn very accurately and 
on a very large scale the results will not be of much value. 


EXAMPLES XIVec. 


1. Find approximate values of ‘the real roots of the 
following equations: 
(i) a—40+2=0. 
(ii) a®-1lle«—5=0. 
(ili) a -3”—1=0. 
(iv) a—#+3=0. 
(v) s—3a?+2e—-1=0. 
(vi) a*—327+4a-1=0. 
(vii) at —6a* + 72? + 62-7 =0. 
(viii) 2° -5a+1=0. 
2. Draw the graph of 
y=a—120+2 from e=—4 tom=+4. 
Find the values of x for which the value of y reaches 
a turning point, and obtain the corresponding values of y 
(i) by measurement, (ii) by calculation. 
3. Draw the graph of y=a°— 5a? + 3x +2. 
Find the approximate values of the roots of the equation 
oe — 5a? +3a+2=0, 


and find the values of « for which 2°- 5a*+ 3a” +2 reaches 
a turning value. - 
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4. Draw the graph of y=a5— 3a, and find from the graph 
the values of m for which two of the roots of the equation 
xe —3x+m=0 
are equal, ; 


5. Draw the graph of y= 2a'— 3z?+ 4, and find from the 
graph the values of m for which two of the roots of the 
equation 

22° — 327+ m=0 
are equal. 


6. Draw the graph of 20y=x(2?—36), from x=—8 to #=8. 
Find from the curve for what approximate values of x the 


value of y reaches a turning point, and obtain the correspond- 
ing values of y (i) by measurement, (ii) by calculation, 


IX. In Scientific investigations when a series of cor- 
responding values of two different quantities have been 
obtained by experiment. or observation, a series of points 
are plotted so that the co-ordinates of each point represent 
corresponding values of the two different quantities. It is 
then sometimes possible to determine the law connecting 
the magnitudes of the two different quantities. For 
example, if the points lie very nearly om a straight line, it 
may be taken as probable that the points would all lie 
exactly on a straight line if the observations or experi- 
ments were quite free from errors, which can however 
never be actually. realised; moreover, by drawing the 
straight line which lies above some of the points and 
below others but which on the whole appears to pass most 
evenly amongst the points, we should reduce the effect 
due to errors of observation to a minimum. 


Curves of this kind which shew at a glance the con- 
nection between two variable quantities are very often 
employed even when there is no expectation of finding 
any law connecting the two quantities; for example, 
curves are given in the newspapers to shew the time 


variation in the height of the barometer or of the ther- 
mometer. 
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X. If the two quantities whose corresponding values 
are to be plotted are both of the same kind, the scales on 
which they are represented should generally be the same. 
If, however, the quantities are of different kinds there 
can be no connection between the scales on which they 
are represented—for example, one centimetre along the 
axis of x may represent a pressure of one pound, and one 
millimetre along the axis of y may represent one cubic — 
foot, or any other number of cubic feet which may be 
most convenient for the diagram. 


It should be noticed that when a number of corre- 
sponding values of two different quantities have been found, 
and these results are plotted and a curve drawn freehand 
through them, the best approximation to corresponding 
values intermediate to those given can be found from the 
curve so drawn. It should also be noticed that the slope 
of the graph at any point gives us a means of comparing 
the rates of increase of the two quantities at that point. 


7 


EXAMPLES XIVd. 


1. Find the values of x and y which satisfy the equations 
y=x+2, y=bx+3. Draw the graphs of the equations on 
squared paper and indicate the values of @ and y which 
satisfy both equations, (i) when b= 0-7; (ii) when 0=0°8; 
(iii) when =0-9. Is it possible to find values of « and y 
which satisfy both equations when b= 1% 


2. For a certain book it costs the publisher £100 to 
prepare the type and 2s. to print and bind each copy. Find an 
expression for the total cost in pounds of « copies. 


Also make a diagram on the scale of 1 inch to 1000 copies 
and 1 inch to £100, to shew the total cost of any number of 
copies up to 5000. Read off the cost of 2500 copies, and the 
number of copies costing £525. 
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3. The mean temperature on the first day of each month 
shewed on an average of 50 years the following values: 


January 37° May 50° September 59° 
February 38 June 57 October 54 
March 40 July 73 November 46 
April 45 August 62 December 41 


Represent these variations by means of a curve, neglecting 
the difference of length of different months. 


4. A manufacturer has priced certain lathes; the largest 
sells at £175, and the smallest at £40. He wishes to increase 
his prices so that the largest will sell at £200 and the smallest 
at £50. Assuming that the new price (P) and the old price 
(Q) are connected by the relation Q=a +P, find the values 
of a and b; and, to the nearest pound, the new prices of lathes 
originally valued at £130, £125. 10s., and at £76, 


5. From the following numbers, obtained on determining 
the solubility of saltpetre in water, plot a curve on squared 


paper : 


Temperature see P oe. 610° = 20° 30° . 40° - 50° 


Grams of saltpetre dissolved 
per 100 grams of water } 138. 21-81. 45 4 8B 


State the inferences you draw from the curve, and also find 
from it the approximate weight of saltpetre which 100 grams 
of water would dissolve at 35°, 


6. The following are the areas of cross sections of a body 
at right angles to its straight axis: 


A in square inches 250 | 292 | 310 | 273 | 215 | 180 | 185 | 120 


a inches from one end} 0 | 22 | 41 | 70 | 84 | 102] 130] 145 


Plot A and x on squared paper. What is the probable 
cross section at «= 50 and at «=90% 
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7. The following pairs of corresponding values of two 
quantities 2 and y were measured: 


2°8 


3°9 


*730 


51 


“910 


1-095 


It is known that the quantities are connected by a law of 
the form y =ax+ 6, but the given values are subject to errors 
of observation. Plot the values of « and y on squared paper 
and find the most likely values of a and 6. 


8. It is thought that the following quantities (in which 
there are probably errors of observation) are connected by a 


law like y=ae™. 
Test if this is so, and find the most probable values of 

a and 8, 

3°10 


4-00 


50°3 


5°91 


85°6 


7°20 


125°0 


2°30 


xz 


4-99 


67°2 


9. The following table gives corresponding values of two 
quantities « and y: 


28°83 


14:04 


20°80 


19-08 


24°54 


16°33 


12°26 


31°34 


14°70 


26°43 


10°16 


37°36 


zx 


y 


Try whether « and y are connected by a law of the form 
yx" =c; and, if so, determine as nearly as you can the values 
of n and c. What is the value of x when y=17°531 


10. Draw the graph of y= 54 . Shew that y cannot 
lie between *25 and 1. 
(2 — 3) (w—6) 


(@— 2) (@— 4)’ 
the line y=c will cut the graph in two points for all values of ¢, 


S. A. 13 


11. Draw the graph of y= and shew that 
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12. Draw the graph of y Ee}. and find for 


what values of c the line y=c will cut the graph in coincident 
points. 


13. Draw the graph of y= ea , and shew that 


between «=4 and w=7 the greatest value of y is >. 


CHAPTER XI. 
PROBLEMS. 


152. Weshall in the present chapter consider a class 
of questions called problems. In a problem the magni- 
tudes of certain quantities, some of which are known and 
others unknown, are connected by given relations; and the 
values of the unknown quantities have to be found by 
means of these relations. : 

In order to solve a problem, the relations between the 
magnitudes of the known and unknown quantities must 
be expressed by means of algebraical symbols: we thus 
obtain equations the solution of which gives the required 
values of the unknown quantities. 

It often happens that by solving the equations 
which are the algebraical statements of the relations 
between the magnitudes of the known and unknown 
quantities, we obtain results which do not all satisfy the 
conditions of the problem. The reason of this is that ina 
problem there may be restrictions, expressed or implied, 
on the numbers concerned, which restrictions cannot be 
retained in the equations. For example, in a problem 
which refers to a number of men, it is clear that this 
number must be integral, but this condition cannot be 
expressed in the equations. 
~ “Thus there are three steps in the solution of a problem. 
We first find the equations which are the algebraical 
expressions of the relations between the magnitudes of the 
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known and unknown quantities; we then find the values 
of the unknown quantities which satisfy these equations ; 
and finally we examine whether any or all of the values 
we have found violate any conditions which are expressed 
or implied in the problem, but which are not contained in 
the equations. The necessity of this final examination 
will be seen from some of the following examples of 
problems. 


Ex. 1. A has £5 and B has ten shillings. How much must 4 give to 
B in order that he may have just four times as much as B? 


Let x be the number of shillings that A gives to B. 
Then A will have 100-— x shillings, and B will have 10 +2 shillings. 
But, by the question, A now has four times as much as B, 
Hence we have the equation 
100-2=4 (10+ 2); 
#./ e=12. 
Thus A must give 12 shillings to B. 
It should be remembered that « must always stand for a number. 


It is also of importance to notice that all concrete quantities of the 
same kind must be expressed in terms of the same unit. 


Ex. 2. One man and two boys can do in 12 days a piece of work 
which would be done in 6 days by 3 men and 1 boy. How long 
would it take one man to do it? 


Let «=the number of days in which one man would do the whole, 
and let y=the number of days in which one boy would do the whole. 


Then a man does “th of the whole in a day; and a boy does fh 


of the whole in a day. 
4 By the question one man and two boys do 7th of the whole in a 
ay. 
Hence we have 
est 
zy 12° 
4 We have also, since 3 men and 1. boy do }th of the whole in a 
BY, 


Whence «=20. 
Thus one man would do the whole work in 20 days. 


PROBLEMS. 175 


Ex. 3. In a certain family eleven times the number of the children is 
greater by 12 than twice the square of the number. How many 
children are there? 


Let z be the number of children; then we have the equation 


l1z=227+12, 
or 227 —-1iaz+12=0, 
that is (2a — 3) (% —4)=0. 
Hence w=4, or c=}. 


The value x= satisfies the equation, but it must be rejected, since 
it does not satisfy all the conditions of the problem, for the number 
of children must be a whole number. 


Thus there are 4 children. 
Ex. 4. Eleven times the number of yards in the length of a rod is 
greater by 12 than twice the square of the number. How long is the 
rod? 


This leads to the same equation as Hx. 3; but in this case we 
cannot reject the fractional result. Thus the length of the rod may 
be 4 yards, or it may be a yard and a half. 


Ex. 5. A number of two digits is equal to three times the product of 
the digits, and the digit in the ten’s place is less by 2 than the digit 
in the unit’s place. Find the number. 


Let x be the digit in the ten’s place; then +2 will be the digit 

in the unit’s place. The number is therefore equal to 
10x + (c+ 2). 
Hence, by the question, 
10a + (2+ 2)=32 (x +2); 
*. 82°?-52-2=0, 

or (x — 2) (3a+1)=0. 

Hence z2=2, or c=}. 

Now the digits of a number must be positive integers not greater 
than nine; hence the value = —4% must be rejected. The digit in 


the ten’s place must therefore be 2, and the digit in the unit’s place 
must be 4. Hence 24 is the required number. 


Ex. 6, A number of two digits is equal to three times the sum of the 
digits. Find the number. 
Let x be the digit in the ten’s place, and y the digit in the unit’s 
place; then the number will be equal to 102+y. 
Hence, by the question, 
10a -+y=3(a+y) 5 
°. Te=2y. 
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Since x and y must both be positive integers not greater than 9, 
it follows that + must be 2 and y must be 7. Thus the required 
number is 27. : 


Ex. 7. The sum of a certain number and its square root is 90. What 
is the number? 


Let 2 be the number; then we have the equation 


z+ /2z=90; 

“. (c-90)?=2, 
or x?—1812+48100=0, 
that is (x — 81) (#— 100) =0. 
Hence 2=81, or «=100. 


If, in the question, the square root means only the arithmetical 
square root, 81 is the only number which satisfies the conditions. 
If, however, ‘its square root’ is taken to mean ‘one of its square 
roots,’ both 81 and 100 are admissible. 


Ex. 8. The sum of the ages of a father and his son is 100 years; also 
one-tenth of the product of their ages, in years, exceeds the father’s 
age by 180. How old are they ? 


Let the father be x years old; then the son will be 100-2 years 
old. Hence, by the question, 
go (100 - 2) =2 +180; 
-. © —90x+1800=0, 
that is (a — 60) (# — 30) =0. 
Hence «=60, or +=30. 
If the father is 60, the son will be 100—60=40. If the father 


is 30, the son will be 100-30=70, which is impossible, since the 
son cannot be older than the father. 


Hence the father must be 60 and the son 40 years old. 
Ex, 9. A man buys pigs, geese and ducks. If each of the geese had 
cost a shilling less, one pig would have been worth as many geese as 
each goose is actually worth shillings. A goose is worth as much ag 


two ducks, and fourteen ducks are worth seven shillings more than 
& pig. Find the price of a pig, a goose, and a duck respectively. 


Let x=the price in shillings of a pig, 


y= ” ” ” » goose, 
and z= 5 nf 7 » duck, 


Then, by the question, a pig is worth y times (y —1) shillings; 


stat 2 == i (Yi) verkecnasvarvessusesscesasecerses(l)e 


PROBLEMS. Li. 


Since a goose is worth 2 ducks, 


y QZ... ncareccccrccceecerses caerceccncescesoes (ii) 
And, since 14 ducks are worth 7 shillings more than a pig, 
TASH TAL vccserccocerccerssnsceesssccsncoo ses (iii). 


From (i) and (ii) we have the values of x and z in terms of y; and, 
substituting these values in (iii), we have 


Ty=T+y (y-), 
or y?-8y+7=0; 
°. y=7, or y=1, 
If y=7, 2=42 from (i), and z=} from (ii). 


If y=1, x=0 from (i), and z=4 from (ii). These values are how- 
ever inadmissible, since pigs cannot be bought for nothing. 


Hence a pig cost 42s., a goose 78., and a duck 3s. 6d. 


EXAMPLES XV. 


1. Divide 50 into two parts, such that twice one part is 
equal to three times the other. 


9. A has £5 less than B, C has as much as A and B 
together, and 4, B, C have £50 between them. How much 
has each 3 


3. One man is 70 and another is 45 years of age; when 
was the first twice as old as the second 4 


4. How much are eggs a score, if a rise of 25 per cent. in 
the price would make a difference of 40 in the number which 
could be bought for a sovereign ? 


5. A bag contains 50 coins which are worth £14 altogether. 
A certain number of the coins are sovereigns, there are three 
times as many half-sovereigns, and the rest are shillings) Find 
the number of each. 


6. A can do a piece of work in 20 days, which B can do 
in 12 days. A begins the work, but after a time B takes his 
place, and the whole work is finished in 14 days from the 
beginning. How long did A work ? 
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7. A man buys a certain number of eggs at two a penny, 
four times as many at 5d. a dozen, five times as many at 8d. 
a score, and sells them at 3s. 8d. a hundred, gaining by the 
transaction 3s. 6d. How many eggs did he buy? 


8. A bill of £63. 5s. was paid in sovereigns and half-crowns, 
and the number of coins used was 100; how many sovereigns 
were paid ? 


9. A man walking from a town A to another B at the 
rate of 4 miles an hour, starts one hour before a coach which 
goes 12 miles an hour, and is picked up by the coach. On 
arriving at B he observes that his coach journey lasted two 
hours. Find the distance from A to B. 


10. Two passengers have altogether 600 Ibs. of luggage 
and are charged for the excess above the weight allowed 3s. 4d. 
and 11s. 8d. respectively. If all the luggage had belonged to 
one person he would have been charged £1. How much 
luggage is each passenger allowed free of charge} 


11. <A piece of work can be done by A and B in 4 days, 
by 4 and C in 6 days, and by B and C in 12 days: find in 
what time it would be done by A, B and C working together. 


12. A father’s age is equal to those of his three children 
together. In 9 years it will amount to those of the two eldest, 
in 3 years after that to those of the eldest and youngest, and 
in 3 years after that to those of the two youngest. Find their 
present ages. 


13. A and B start simultaneously from two towns to meet 
one another: A travels 2 miles per hour faster than B and 
they meet in 3 hours: if B had travelled one mile per hour 
slower, and A at two-thirds his previous pace they would have 
met in 4 hours. Find the distance between the towns, 


14. A traveller walks a certain distance: if he had gone 
half a mile an hour faster, he would have walked it in $ of the 
time: if he had gone half a mile an hour slower he would have 
been 2} hours longer on the road. Find the distance, 
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15. Divide 243 into three parts such that one-half of the 
first, one-third of the second, and one-fourth of the third part, 
shall all be equal to one another. 


16. A sum of money consisting of pounds and shillings 
would be reduced to one-eighteenth of its original value if the 
pounds were shillings, and the shillings pence. Shew that its 
value would be increased in the ratio of 15 to 2 if the pounds 
were five-pound notes, and the shillings pounds, 


17. £1000 is divided between A, B, C and D. B gets 
half as much as A, the excess of C’s share over D’s share is 
equal to one-third of 4’s share, and if B’s share were increased 
by £100 he would have as much as C and D have between 
them ; find how much each gets, 


18. Find two numbers, one of which is three-fifths of the 
other, so that the difference of their squares may be equal to 
16. ; 


19. Find two numbers expressed by the same two digits 
in different orders whose sum is equal to the square of the sum 
of the two digits, and whose difference is equal to five times the 
square of the smaller digit. 


20. A man rode one-third of a journey at 10 miles per 
hour, one-third more at 9 miles per hour, and the rest at 8 
miles per hour. If he had ridden half the journey at 10 miles 
per hour and the other half at 8 miles per hour, he would have 
been half a minute longer on the journey. What distance did 
he ride 4 


21. Two bicyclists start at 12 o’clock, one from Cambridge 
to Stortford and back, and the other from Stortford to Cambridge 
and back. They meet at 3 o’clock for the second time, and they 
are then 9 miles from Cambridge. The distance from Cambridge 
to Stortford is 27 miles. When and where did they meet for the 
first time # 


92. Divide £1015 among A, B, C so that B may receive 
£5 less than A, and (as many times J’s share as there are 
shillings in A’s share. 
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23. On a certain road the telegraph posts are at equal 
distances, and the number per mile is such that if there were 
one less in each mile the interval between the posts would be 
increased by 224 yards. Find the number of posts in a mile. 


24. The sum of two numbers multiplied by the greater is 
144, and their difference multiplied by the less is 14: find 
them. 


25. A and B start simultaneously from two towns and 
meet after five hours; if A had travelled one mile per hour 
faster and B had started one hour sooner, or if B had travelled 
one mile per hour slower and A had started one hour later, 
they would in either case have met at the same spot they 
actually met at. What was the distance between the towns ? 


26. A battalion of soldiers, when formed into a solid 
square, present sixteen men fewer in the front than they do 
when formed in a hollow square four deep. Required the 
number of men. 


27. A number of two digits is equal to seven times the 
sum of the digits; shew that if the digits be reversed, the 
number thus formed will be equal to four times the sum of the 
digits. 


28. A sets out to walk to a town 7 miles off, and B starts 
20 minutes afterwards to follow him. When B has overtaken 
A he immediately turns back, and reaches the place from 
which he started at the same instant that A reaches his 
destination. Supposing B to have walked at the rate of 4 
miles an hour: find A’s rate. : 


29, A starts to bicycle from Cambridge to London, and B 
at the same time from London to Cambridge, and they travel 
uniformly : A reaches London 4 hours, and B reaches Cambridge 
1 hour, after they have met onthe road. How long did B take 
to perform the journey 4? 


30. A number consists of 3 digits whose sum is 10. The 
middle digit is equal to the sum of the other two; and the 
. number will be increased by 99 if its digits be reversed. Find 
the number. 
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81. ‘Two vessels contain each a mixture of wine and water. 
In the first vessel the quantity of wine is to the quantity of 
water as 1: 3, and in the second as 3:5. What quantity 
must be taken from each in order to form a third mixture, 
which shall contain 5 gallons of wine and 9 gallons of water 4 


32. Supposing that it is now between 10 and 11 o’clock, 
and that 6 minutes hence the minute hand of a watch will be 
exactly opposite to the place where the hour hand was 3 minutes 
ago: find the time. 


33. A, B and C start from Cambridge, at 3, 4 and 5 
o'clock respectively to walk, drive and ride respectively to 
London. C overtakes B at 7 o'clock, and C overtakes A 44 
miles further on at half-past seven. When and where will B 
overtake A ? 


34. A train 60 yards long passed another train 72 yards 
long, which was travelling in the same direction on a parallel 
line of rails, in 12 seconds. Had the slower train been 
travelling half as fast again, it would have been passed in 24 
seconds. Find the rates at which the trains were travelling. 


35. A distributes £180 in equal sums amongst a certain 
number of people. #B distributes the same sum but gives to 
each person £6 more than A, and gives to 40 persons less than 
A does, How much does A give to each person 4 


36. ‘Three vessels ply between the same two ports. The 
first sails half a mile per hour faster than the second, and 
makes the passage in an hour and a half less. The second 
sails three-quarters of a mile per hour faster than the third 
and makes the passage in 24 hours less, What is the distance 
between the ports ? 


37. Two persons A, B walk from P to Q@ and back. A 
starts 1 hour after B, overtakes him 2 miles from Q, meets him 
39 minutes afterwards, and arrives at P when B is 4 miles off. 
Find the distance from P to Q. 


CHAPTER XII. 


MISCELLANEOUS THEOREMS AND EXAMPLES. 


153. Elimination. When more equations are given 
than are necessary to determine the values of the un- 
known quantities, the constants in the equations must be 
connected by one or more relations, and it is often of 
importance to determine these relations. 


Since the relations required are not to contain any of 
the unknown quantities, what we have to do is to eliminate 
all the unknown quantities from the given system. 


The following are some examples of Elimination: 


Kix. 1, Iliminate « from the equations ax +b=0, a’x+b’=0. 


From the first equation we have z= = , and from the second 


bv! 
equation we have «= ——, 
a 


' : 
Hence we must have 2 = is or ba’—b’a=0; which is the 
required result. 


Ex, 2. Eliminate x and y from the equations 


az +by+c=0, 
a’x+bly+c'=0, 
a2 +b"y+c"=0. 


ELIMINATION. 183 


From the first two equations we have [Art. 143] 


paste ey et 
be’—b’'e ca'—cla_ab’—a’b" 


These values of x and y must satisfy the third equation; hence 


,oc'—vble ,,,ca’—ca 
a — 
ab’ —a'b ab’ —a’b 
or a’ (be’ — b’c) + b" (ca’ — c'a) +" (ab’ — a’b) =0, 
the required result. 


+¢’=0, 


The general case of the elimination of n—1 unknown quantities 
from n equations of the first degree will be considered in the Chapter 
on Determinants. 


Ex. 3. Eliminate 2 from the equations 
ax’?+ba+c=0, 
a’x2+b'x+c’=0. 
As in Art. 143, we have 


x z 1 , ! 


be’'—b’'e ca’—cla_ ab’-a'b° . rigs 


Hence (be’ — b’c) (ab'¢- a'b) = (ca! — c'u)?, 
the required result. 


It should be remarked that the above condition is also the 
condition that the two expressions az*+br+c and a’a*+b'a-+c' may 
have a common factor' of the form «-a; for if the expressions have 
a common factor of the form z—a they must both yanish for the 
same value of x. 


Ex. 4, Eliminate x from the equations u, . fs 
ax? +ba+c=0, . j 
a3 +b'x+c'=0. 
As in Ex. 3, we have : Y Kes 
(oe ate PVE oe ee ioe es ges 
bebe ca’'—c'a. ab’—a'b’ Ad 

be'—b’c _ (ca'—c'a\? | 

vad = =) , 
+, (be! — ¥'c) (ab! —a'b)P= (ca’ — c’a)8, 


the required relation. 
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Ex. 5. Eliminate 2 from the equations 


0%? + br +C2=0....c0ceceee eaipeeaae soaeters (i), 
a! 3 +b! 02 + cnt A! =0....c0+.0csesscosconsonsasssee (ii). 
Multiply (i) by a’z, (ii) by a, and subtract; then, 
(ab! — ba’) x? + (ac! — ca’) 7 + ad! =0...........eceeseeees (iii). 


We can now eliminate « from (i) and (iii) as in Ex. 3. 


Ex. 6. Eliminate x, y, z from the equations 


0G fy foe CL) aanaaneas dasdapeusnevesueeaes (i), 
OF apt 23 OF 45, 1 Mccae actseetnenaaneeeee (ii), 
ad fy 4 28 ick racacvaeencdacowsece tease (iii), 

BYR HOP enya dace cansectees eeesen LY) 


From (i) and (ii) we have 
Qy2+ 22a + 2xry =a? — b?. 
From (iii) and (iv) we have 
x8 +43 + 23 — 32y2=c3 — 3d3, 

ie, (x+y 492) (2? + y? + 29 — y2— 20 — xy) =c8 —3d3, 

Hence a{b?—}(a?—b*)}=c3 — 343; 

*, a8 +2c3 — 6a3 — 3ab?=0, 

the required result. ‘ 


Ex. 7. Eliminate z, y, z from the equations 


(YF) SO icc cccvatringencodactneerere: (i), 

9? (8-4 B) HOT, 555 ty ashes avceeecenesnnenen (ii), 

22 (oY) SO caeee,coneunocereses oem (ili), 
BYS=AVC vreeseseroeeeeces Sacseconcd (iv). 


From (i), (ii), (iii) by multiplication 
xy2z3 (y +2) (2 +x) (2+y)=a7b2c?, 
Hence, from (iv), 
Yy+z)(e+«)(e+y)=1, 
that is, 
Qeyz+a(ytz)+y% (eta) te (e+y)=1;5 
“. 2abe+a?+b2+c3=1, 
the required result. 
Ex. 8. Eliminate 1, m,n, Ul’, m’, n' from the equations 
W=a, mm'=b, nn'=c, 
mn’ +m'n=2f, nl’+n'l=2g, Im'+lm=2h. 
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By continued multiplication of the last three equations, we have 
Sfgh=2lmnl'm'n’ + UW! (mn! +-m'n?) 
+ mm! (n3U'2 4.0312) + nn! (Pm? + ?m?) 
=U (mn! +m'n)2+ mm (nl +71)? , 
+nn! (Im! +Um)? —4U'mm'nn’ 
= 4af?+ 4bg? + 4ch? — 4abe. 
Hence abe + 2fgh — af? —bg?- ch?=0. 


154. To find the condition that the most general quad- 
ratie expression in x and y may be expressed as the product 
of two factors of the first degree in x and y. 

The most general quadratic expression in # and y may 
be written in the form 

ax? + Qhay + by? + 29x + 2fy +¢ eerepritre | h 

What is required is the condition that the above ex- 
pression may be identically equal to . 

(la + my +n) (Va + m’y + HU iase acess wi) 
where I, m, n, U’, m’, n’ do not contain # or y. 

Now if (i) and (ii) are identically equal we may 
equate the coefficients of the different powers of # and 
also of y [Art. 91]. Hence we have 

li =a, mm’ =b, mn =C, 
mn’ + min = 2f, nl +n'l=2g, Im’ +m = 2h. 
Eliminating J, m, n, U, m', n [Art. 153, Ex. 8], we have 
abe + 2fgh — af? — bg* — ch’ =0, 
the condition required. 


Ex.1. For what value of is 
1243 — 10ay + 2y*+ 11a —5y +r 
the product of two factors of the first degree in x and y? 
Ans. \=2. 


Ex. 2. For what value of X is 


12x? + 36ay +ry? + 62+ by +3 


the product of two factors of the first degree in x and y? 
Ans. A= 28. 
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155. Equations in which there is some re- 
striction on the values of the letters. A single 
equation which contains two or more unknown quantities 
can be satisfied by an indefinite number of values of the 
unknown quantities, provided that these values are not 
in any way restricted. If however the values of the un- 
known quantities are subject to any restriction, a single 
equation may be sufficient to determine more than one 
unknown quantity. 

For example, if we have the single equation 22+5y=7, 
and restrict both # and y to positive integral values, the 
equation can only be satisfied by one set of values, namely 
by the values e=1, y=1. 

Again, from the single equation 

3(x- a)? +4 (y—bY =0, 
with the restriction that all the quantities must be real, 
we can conclude both that «—a=0, and that y—-b=0; 
for the squares of real quantities must be positive, and 
the sum of two or more positive quantities cannot be zero 
unless they are all zero, 


Ex. 1. If (a+b+c)?=3(be+ca+ab), then a=b=c. 
We have a? + b?+c®— be —ca—ab=0, 
that is 4{(b-—¢)?+(c-a)?+(a—b)*}=0, 
Whence b-c, c—a and a—b must all be zero. 


Ex. 2. If a, a’, y, y’ be all real, and 
2 (a? +9 — wae!) (y? +y'9 — yy’) = ay? + ay’; 

then will x=2/ and y=y/’. 

We have 

w? (y? + 2y”? — 2yy’) — Qacae! (y? + y'2 — yy’) + a’? (2y? + y’3 — Qyy’) =O; 
(a9 — Qaea! + a9) (y? — 2yy! + y!) + 2y’? — Qace'yy! + wy? =0, 

that is (z-2'>(y -y')? + (zy’ —2'y)?=0. 

Hence sry’ -a'y=0 and («—2')(y—y')=0. 


From the second relation =x’ or y=y'; and either of these 
combined with the first relation shews that both w=2’ and y=y’. 
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Hx, 8.. if @,7 +47 + 452+ ...... Sin) 
by? +b? + bs? +...... (55 
and 41D, + dgbg+ dgbgt...... =P, 


the quantities being all real; then will 


LP. 
—=-*= = &. ih 
bby oo q° 
Multiply the equations in order by g?, p? and —2pq respectively, 
and add; we then have 


(44, — pb;)? + (9%q — pba)? + (9a — pbs)? +......=0. 
Hence qa,—pb. png te Gay — pb,=...... &e. 
Therefore ete Sate. &e. 
2 qd nt bs 


156. We have already proved that 
a’ + 0° +c —8abe=(a +6 +c) (a? +b'+ 0c? — be—ca—ab) 
=43(a+b+c){(b—c)?+ (c—a)’+(a—by} 
=(a+b+c) (a+b +’c)(a+ ob + we), 


where w is either of the cube roots of unity, [See Art 
139.] 


From the above many other identities can be found 


Ex.1. (6+¢)§+(c+a)+(a+b)3-3 (b+e) (c+a) (a+b) 
=2 (a? +b? + c3—8abc), 
Left side = 4 {b+c+e+a+a+b} {(c+a—a+b)*?+ two similar 
terms} 
=(a+b-+e) {(b—c)?+ (e—a)?+(a— bp} 
=2 (a? + b+ c8 — 3abc). 
Ex. 2. (b+ce-a)*+(c+a—b)?+(a+b-c)8 ; 


—3(b+c-a)(c+a-—b)(a+b—c)=4 (a3 +b? +c — 38abc). 
Left side =4(a+b+c) {(2b —2c)?+ two HE terms} 

=4 (a? + b3 +c — 3abc). 

Ex. 8. (a? — yz)3 + (y? — 2a)8 + (24 xy)3 — 8 (a? — yz) (y?— 2a) (2 - xy) 
= (23 + 3 + 28 — 3Baxyz)?. 


Left side = }(a2+y?+2?-yz—ze—ay [(y?—22-2-ay)? + two 


similar terms | 


= 3(2? + y? +2? — ya — ex ary) (uty +2)? [Yy —2)? 
similar terms] 

= (wty +2)? (a? +y? + 2° — ya — 2a — ay)? 

= (a3 + y3 + 23 —3ayz)*. 


+ two 


14 
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Bx. 4. Shew that (a® + 43+ 23 — 3xyz) (a?+ 03+ c3 — 3abe) can be 
expressed in the form X#+ Y?+Z3-3XYZ. 
We have 
(c+y +2) (a+b+c) =(aw+ by+cz) + (bu+cy+az)+(cx+ay+bz), 
(a+ wy + wz) (a+ wd + we) = (ax + by +-c2z) + w* (bz + cy +42) 


+w(cx+ay+bz), 
and 
(a+ wy + wz) (a+ wb + wc) = (ax + by + cz) + w (ba + cy +42) 
+w?(cx+ay+6z). 


_ The continued product of the left members of the above equations 
S (x3 +93 + 2° — Bayz) (a? + b8 + c3 — 3abc); 
and the continued product of the expressions on the right is 
(ax + by + cz)® + (ba + cy +.az)> + (cx + ay + bz) 

— 8 (ax + by +c2) (ba + cy +.az) (ca+ay+bz), 
which is of the required form. 


157. Definitions. The symbol = is often used to 
denote that the two expressions between which it is placed 
are identically equal. Thus a*—b?= (a+b) (a—6). 


The sum of any number of quantities of the same 
_ type is often expressed by writing only one of the terms 
preceded by the symbol 2. Thus 2bc means the sum 
of all such terms as bc; so that if there are three letters 
a, b, c, Sbc=be+ca+ab. So also the identity 


(a+b+c+...22 a+b? +e%+...42 (ab +be+...), 
may be written (2a)’= 2a’ + 22ab. 


The product of any number of quantities of the same 
type is often expressed by writing only one of the factors 
preceded by the symbol I]. Thus (6+ c) means the 
product of all such factors as (b+); so that if there are 
three letters a, b, c, I1(6+c)=(6+¢)(c+a) (a+b). 


158. The following examples illustrate cases of fre- 
quent occurrence. 
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Ex.1. If a§+08+c3=(a+b+c)3, then will 
a2ntl 4 bIntl 4 edt] — (a+ + ¢)2AH, 
where n is any positive integer. 


Since (a+b+c)® = a3+b3 +543 (b+c) (c+a) (a+b), the given 
relation shews that (b+c) (ec +a)(a+b)=0. 


Hence either 6+c=0, or c+a=0 or a+bd=0. 


See b+c=0; then b%t1=(-c)*t1= — ct, and therefore 
Gr cenit =O. 


Thus if 6+c=0, a%™tl+ b2mt14 ¢™H1_ (q@+b+4+c)" becomes 
qt = $2741 + c2nt1 — q2nt1 = p2ntl are cant =0. 


Hence a?*+1 + $2n+1 4 ¢2ht1=(44+b+c)?""4 if b+e¢-.0; and so also 
if c+a=0, or if a+6=0. This proves the proposition, since 
(b+¢) (c+a) (a+b)=0. 

Ex, 2, If a, y, z be unequal, and if 
B+e+m (y?+2)=f+23+m(2+27)=23+ 434+ m(c?+y?), 
prove that each equals 2xyz, and that z+y+z2+m=0. 

Since y?+ 24m (y?4+2*)=23+4°+m (2*+ 27), we have 

yt— a8 +m (yz) =0, 


that is (y —«) {y?+ay+a7+m(x+y)}=0. 
Therefore, y —x not being equal to zero, we have 
yr + wy +22 + Mm (+Y)=O .....cereccccesceeees (i). 
So also, since y+z, 
Bt ystyt$m (2+Y)=O .....rreveceees seee(il)s 


From (i) and (ii) we have by subtraction 
a —z2+y (x—z)+m(x—z)=0. 
Hence, as ++z, we have 
aty+z2+m=0.......... Caeedeesttatsasasnt (iii). 
Substitute -(#+y+2z) for min (i); and we have 
w+ ay +y?—(a+y)(e+y+2)=0; 
ale YEA BEA HY =D... srrreccecceeses ses eenees (EV). 
Then y3+z° + m(y?+ 2”) =y8 +23 — (y?+2*) (c+y+2) from (iii) 
= — (y*x+27y + yz + 272) 
= —y (“wy +y2) -2 (y2+ 22) 
=2Qryz from (iv). 
14—2 
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Ex. 3. Shew that, if a+b+c+d=0, then will 
a4 + b44c44 d4=2 (ab—cd)?+2 (ac — bd)? + 2 (ad — be)? + 4abed. 
We have to prove that 
Dat =25a7b? — 8abed. 
Since a+b+c+d=0; we have, by squaring and transposing, 
a? + b?+¢?+4+ d= —2(be+ca+ab+ad+bd+cd). 


Hence by squaring 
Zat+ 22a7b?=4 (Zhe). 
Now (Zbc)? = 2b%c? + 6abed + 2bed(b+¢+d) + 2cda(c+d-+a) 
+2dab (d+a+b)+ 2abe (a+b +c) ==b*c? + babed — 8abed. 
Hence ZDat+22a2b?=43a2b? — 8abed ; 
“. Zat=22ab? — 8abed. 


Ex. 4. Prove that, if az+by+cz=0, and “+ ; + “ =0, then will 


ax5 + by +cz8= — (a+b+c)(y+z)(2+2)(e+y). 
From the given relations we have, as in Art. 143, 


a b c 
yt foe 2 y” 
SC yl eee Ye 
Hence [Art. 113] each fraction is equal to 
ax? + by? + cz3 - a+b+e 
o (Y-Z)4ys(E-Z)4a(Z-¥) Yo 24 e242 ee 
rp a) @ 8 Yo @) Mee eer ee tee 


Hence 
ast byt oat _atiyt— a) yt 2) +A (ay) 
a+b+e a x (y? — 27) +y (2? — x”) + 2 (a? — y?) 
—O*-#) ee 
(y — 2) (@- 2) (v-y) 
= —(y+2) (2+) (x+y). 
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Y+R 2+ 
2 MOAR INS 2 
aL ere 2 rie 


1. Shew that, if i ieee banil hes fp then 
e+y 
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2. Shew that, if az+by=0 and ca*+dey+ey’=0, then 
will a’e + 6’c = abd. 
8. Eliminate a, y, 2 from the equations 
Ye re, ote 
Y+% a+a ety 
4. Eliminate 2, y, 2 from the equations 


w z ce & 
ieee fog A —+- 
z 


= =¢. 
a“ y. 2 z 


5. If es and aed ait prove that pl eas 
y a x 


6. Eliminate x from the equations 


Mle sa 
x 

En ae he 
x 


7. Eliminate «, y, z from the equations 
af—yz=a, y?—2a=b, #&-ay=c, avrby+ce=d. 
8. Prove that the equations 
L+EY+R=A, 
e+yi+2°=b", 
ao + uy? +2 — 3ayz=c°, 
do not give any roots, but simply a relation between a, b and c. 
9. Shew that, if 
be + cy = cu + az=ay + be, and a? + y+ 2° — Qyz — Qen — 2ay=0; 


then will a+b+c=0. 
10. Shew that, if O42 45=1 and rly 5, then 
a 6b ¢ “ey B 
: a y* ore a 


eS then x’y*2? = 1, or x=y=z. 
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12. Shew that, if e=cy+bz, y=az+cu and z= oe bee 
then 


18. Shew that, if a =y?+27+ Jayz, y=2" + a + 2hex and 
nee Fae + 2eny ; then 
Ca y* z 


lg Pio) lees 
14. Shew that, if x, y, z be unequal, and 
a + bg see ee _atby 
c+dz’”~ c+dx ve o+dy” 
then will ad + bc + 6? +c =0. 


15. Eliminate a, y, z from the equations 
a Ye, ae ee ay 
tats pega eee a 


16. Eliminate BY 2 from the equations ba°+lz+c=0, 
cy? +my+a=0, az?+nz+b=0, ayz=1. 
17. Eliminate «x, y, z from the equations 
yYt+e=ayz, 2+a=bea, w+ y*=cay, 
xyz not being zero. 


18. Eliminate (i) a, y, 2 and (ii) a, 6, ¢ from the equations 
bec = =a, o- c— = +a-=b, and a— =+ 5% 
y z y 
19. Eliminate a, y, z from the equations 
ax+ye=be, by+zu=ca, cat+ey=ab, and xyz =abe. 


20. Eliminate a, y, z from the equations 
w'—xy—oz yi—yez—ye x —20—-—2y 
a ‘6 b ye c : 


and ax + by+cz=0, 


- 


EXAMPLES, 193 


91. From the equations a®yz= a" (y +2)", bse =P" (+ a)’, 
cay=y' (a+ y)*, deduce the relation 
& abe _ at ae es ne es 
aby a BY 
22. Prove that, if 
ytetyz=a, 2+2e+a=', et+ayt+y*=c* 
and yz+2e+ay=0; then willa+b+c=0, 


—4. 


beh Lae eee 1 : 
23. Prove that, if i + 5 = a = (@+b+0) A then will 
1 1 I 1 


aes 
Fike b2"*2 ert (a 4s b + eine 3 
where 7 is any positive integer. 


24. Shew that, if 
Bedi-@ d+ai—d: &4+0—C 
+ + = 


2be 2ca Dab a 
then (b+¢—a)(c+a—6)(a+b-c)=90, * 
and 
B24 c8@—ah\"*? 8 + gi — OV"? a? + b8— \"*? ; 
(3) +( 2ca ) +( Qab ) ca 
26.518) =: ara! + by? + c°2* =0, 
ava! + b*y® + c7z’ =0, 
and Le yest oor 
x % 
prove that atx? + biy’ + cz’ =0, 
and ava? + 0x + 082° = ata? + bry? + cz". 
ayz ase ay ‘ 
Soa te eo tis TORE? and a, y, zbe unequal; 
then each member of the equations is equal tox +y+2—a. 
Pr \s 
27. If x, y, » be unequal, and if 2a— 3y= ag) and 


y 
2  p\s 
2a - 32 = eae then will race 2), and 


et+yt+z=a. 
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yz— x : oh 
28. If «+ a OY SAP. be not altered in value by inter- 


yr t+ 2 
changing « and y, it will not be altered by interchanging « and 
z, and it will vanish if «+y+z=1, the letters being all 


unequal. 


29. Ifa, y, 2 be unequal, and 
Yte+m(yt+2z)a=e+a°+m(zt+a)=a+y7+m(x+y), 
then each will equal 2ayz. 


80. If x, y, z be unequal, and 
yr te + myz=2) + 2) + mex=a + y* + my, 
then each will equal $(a* + y’ +2’). 
p (2e@-y—2) _ (2y-z-a) 
x > 


31. If a, y be unequal, and i * 
Be 3 
then will each equal — : 


32. Shew that, if a, 6, c, d be all real quantities not zero, 
and (a? + 6°) (c? + d*)=4abed: then will a=+b and c==+d. 
33. Ifa, b, c, x be all real quantities, and 
(a? + b*) a? — 2b (a+c)a+b+c°=0; 
then. ae 
34, Shew that, if 
(x + y? +27) (a? + B° + c*) = (ax + by +2)", 
then ala =y/b=2/e, ; 
35. Prove the following: 
(i) If 2 (a? +0*) =(a+)’, then a=0. 
(i) If 3(a@°+0'+0*)=(a+6+0)%, then a=b =o. 
(ili) If 4 (a? +0°+0° +d?) =(a+6+¢+d)%, then 
a=b=c=d, 
and 
(iv) If n(a*+b?+e%+...... )=(at+b+e+...... )’, then 
a=b=c=.....: -, » being the number of the letters, 
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36. Prove that, if a, 6, c, d be all real and positive, and 
a‘ + b* + c4+ d* = 4abed ; 


then will @=0=c=a. 
37. Tf 
(n-1) a + 2x (a, —a,) +4,°+ 2a,° + 20,74... + 203, + a3 
= 2 (4,0, + 0,0, + ...0 + a,_,4, 


for real values of x, a,; @,,.-., @,; then will 
a, —@,=4,—4,=...=4,-@_,=m% 
Verify the following identities : 
38. a°(b+e)+6° (c+a)+c°? (a+ b)+ abe (a+b +0) 
= (a* + 6? +c*) (be + ca + ab). 
89. (b+c—a—d)*(b—c)(a—d)+(c+a—6—d)*(c—a)(b-d) 
+ (a+6-—e—d)* (a—6) (c—d) 
= 16 (6 —c) (c—a) (a—6) (d—a) (d—6) (d -). 
40. 8 (a+b+c)*—(b+c)*—(c+a)’-(a+b)? 
= 3 (2a+b +c) (a+ 2b+¢) (a+b + 2c). 
41. (a+b+ct+d)—(b+ce+d)'—(c+d+a)—(d+a+b)’ 
—(a+6b+c)'+(b+c)°+(c+a)°+ (a+b) + (a+) 
+(6 + d)’+(c+d)’—a’° —b°— c° —d° = 60abed (a+b +c+d). 
42. (a+6+c)’ abe — (bc + ca + ab)® = abc (a° + 8° +c’) 
— (b°c? + c’a? + a*b’), 
43, (a? +b*+0c’) +2 (bc + ca + ab)? 
— 3 (a? +B? +c?) (be + ca + ab)* = (a? + b° + c* — 3abc)’, 
44, (ca —6°) (ab —c’) + (ab —c’*) (bc — a”) + (be — a”) (ca — b’) 
= (be + ca + ab) (be + ca + ab — a? — 6° —c?), 
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45. 2 (c?+ca+a’) (a? + ab + b*) ~— (6? + be + ¢*)* 
+2 (a? +ab +b’) (b° + be +c”) —(c? + ca +.a*)? 
+2 (B + be +0”) (c? +ca + a*) — (a? + ab +b")? 
= 3 (bc + ca + ab)’. 
46. Shew that 
(3a —b —c)* + (36-—c—a)* + (8c —a@—b)® 
— 3 (3a—6 —c) (8b —¢ — a) (3c —a —b) = 16 (a + 0° + c* — Babe). 
47. Shew that 
(na —b—c)*°+ (nb —c—a)’?+(nce-a—b)® 
— 3 (na —b-—c) (nb—c—a) (ne-—a—6) 
= (n+ 1) (n—2) (a +B? + ? — 3abc). 
48, Shew that 
(a? + Qyz)? + (y* + Qa)? + (2° + Quy)? 
— 3 (a? + 2yz) (y* + Qe) (2° + Qay) = (a + y? + 2° — Bayz)’. 
49. Shew that 
(by + az)? + (bz + ax)’ + (bx + ay)® — 3 (by + az) (bz + ax) (bu + ay) 
= (a* + 6°) (a? + y? +2? — 3aryz). 
50. Shew that, if 1+0+0°=0, then 
[(6 —c) (e—a) + (c—a) (w~ 6) + w* (a —b) (w—c)}? 
+[(b—c) (@ +a) +.’ (e—a) (w—b) +0 (a—b) (w—c)) 
= 27 (b-—c) (c— a) (a—6) (w— a) (x — 6) (w—c). 
51. Shew that the product of any number of factors, each 


of which is the sum of two squares, can be expressed as the 
sum of two squares, 


52. Verify the identity 
(a? +B? +c? +.d*) (p* +g? + 7°+ 8) = (ap + bq + er + ds) 
+ (aq — bp + cs — dr)*+ (ar — bs — ep + dq)? 
+ (as + br — cq — dp)’. 
Hence shew that the product of any number of factors, 


each of which is the sum of four squares, can be expressed as 
the sum of four squares. 
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53. Shew that lied +axy + ¥") (a + ab + b’) can be expressed 
in the form X? + + ¥*. 


54. Shew that (a* + SEB Ee + pab +qb*) can be ex- 
pressed in the form X*7+pXY+q 
55. Shew that, if 2s=a+b+e, 
(i) a(s—b) (8—c)+6 (¢-c) (s -a)+c¢(s—a) (s —b) 
+2 (s—a) (s—b) (s—c)=abe. 
(ii) (s—a)’+(s— 6) + (8-0)? + 3abe= 8°, 
(iii) (6+¢)8 (s—a) +a (s— 6) (s—c) — 2sbe 
= (c+ a) s (s— 6) +6 (s—c) (s — a) — 2sca 
= (a+b) 8 (s—c)+¢(s—a)(s—6) — 2sadb. 
(iv) a(b-—c) (s—a)* + b (c—a) (s—b)* 
: +¢(a—b)(s—c)?=0 
(v) 8(s—)(s—c)+8(s—c) (s—a) +8 (s— a) (s —b) 
— (s —a) (8-6) (s—c) =abe. 
(vi) (s—a)* (s—6)* (s —c)*? +8° (8-6) (8 —c)? 
+ 8° (s—c)* (s—a)* + 8° (s — a)* (s — 6)? 
+8 (s—a)(s—b)(s—c)(a’?+ 0? +c) =ab*c*. 
56. Shew that, if 2s:=a+6b+c¢+d, 
4 (bc + ad)’ — (0° + c? — a’ — d*)’ = 16 (s — a)(s —b) (8 —c)(s—d). 
Shew also that 
a (s — b) (s —c)(s — d) + b(s — c) (s —d)(s — a) + c(s—d) (s—a) (s—b) 
+d (s—a) (s—6) (s—c) + 2 (s — a) (s—b) (s ~c) (s-d) 
— 8 (bed + cda + dab + abc) =— 2abed. 
57. Shew that, ifa+6+ c+d=0, then 
ad (a+ d)’ + be (a— d)’ + ab (a+ 6)’ +ed (a— 6)? 
+ ac (a+c)*+ bd (a—c)’ + 4abed = 0, 
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58. Shew that, if 


(a +8) (b+) (¢ +d) (d+a) 
=(a+b+c+d) (bed + eda + dab + abc) ; 


then ac= 6d. 
59. Shew that, if a+b+e=0 and x+y+2=0, then 
4 (ax + by + cz)® —3 (ax+ by + cz) (a? + bB° +.c*) (a? + y* + 2?) 
—2(b-c) (c—a) (a—5) (y —2) (x — ax) (a — y) = S4abcayz. 
60. Shew that, if@+6b+c=0; then 
(i) 2 (a7 +0" +c’) =Tabe (a* + b* +c). 
(ii) 6 (a7+0' +0’) =7 (a° +b? +0°) (a*+ Bt 40%). 
(iii) a° + b° + c° = 3a°b*c? + 4(a? +B? +07). 
(iv) 25 (a7 +07 +0’) (a? + 6° +0*)=21 (a +b 4 0°)% 
61. If a+b+c+d=0, prove*that 
(a? +b? +c? +d’)? = 9 (bed + cda + dab + abc)* 
= 9 (be — ad) (ca — bd) (ab — cd). 


62. Shew that, ifa@+b+¢=0, then 
bie ea Sasb Lt b , c 5 
( a b c tex c—a a ; 


63. Prove that, if 


(ar Aye oe a aie Gy BEON 
l+l+in l+miml ltnt+nm ” 
l ml 1 


and ’ 


Leluin Lena wianoaae 


« and none of the denominators be zero, then will J=m=n. 


64. Shew that 


a+(1—a)b+(1—a) (1—b)ce+(1-a) (1-8) (1-0) d 
+ LSTA 0 eee 
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65. Shew that 
1_1+42(1~—a)+3(1—a)(1-20)+.. 
F +{n(1—a) (1 -2a)... (1—n—Ia)} 
+= {(1-a) (1-22)... (1—na)}. 
66. Shew that 
a" +a" (1—a")+a"*(1—a") (l-a@ T*) ves 
+ {a (1-a") (l1—a"”) ... (1-@*)} + {(1-a")(1-a"") ... (1-a)} 
=], 5 


67. Shew that, if n be any positive integer, 


1—- , G-“)0- a an (1-a")(1- a®*) (1- sai Foe 
Se e%7 La: 
ai tie a") (1-a"").. (1-4) _ 
1-a@ 


68. Prove that, if 
a+b+c+d=0, 
et+yt+z2z+u=0, 
and ax+by+cz+du=03 
then 2 (ata + Bry + c*z + d*u) 
= (a’a + by + cz +d*u) (a? +b°+0° +a’). 


69. Prove that, if m be any positive integer, 


70. Prove that, if 
Pt 1 | 
v 


x a he, 
uta. v—-b uta v-b ff?’ 


then S? (ab! — a'b)? = aa'bb' (a — a’) (b-0'). 


CHAPTER XIII 


PoWERS AND Roots. FRACTIONAL AND NEGATIVE 
INDICES. 


159. THE process by which the powers of quantities 
are obtained is often called involution; and the inverse 
process, namely that by which the roots of quantities are 
obtained, is called evolution. 

We proceed to consider some cases of involution and 
of evolution. 


160. Index Laws. We have proved in Art. 31, that 
when m and n are any positive integers, 


OP SR ae RSE oaet cree chek (i). 
This result is called the Index Law. 
From the Index Law, we have 
a" xa*xaP=a™™ x gP= qm? 
and so on, however many factors there may be. 
Henoe.. a" x ou? x 1 ee a ees (ii). 


Thus the index of the product of any nwmber of powers 
of the same quantity is the sum of the indices of the factors. 


Also, a” xa™xa”™x... to n factors 
= gmtmtmt.,....to n terms 


mn 
=a . 
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Hence (a™)* = WI. .necnssseecosseeceess (iii). 


Thus, to raise any power of a quantity to any other 
power, its original index must be multiplied by the index of 
the power to which it ts to be raised. 


Again, to find (ab)™. 
(ab)™ =ab x ab x abx...... to m factors, by definition, 
=(a4XaXQ...... to m factors) x (b x b x b...... to 


=a” xb", by definition. 
Hence (aby” =a™ x b”. 
Similarly (abc...)"=a™ xb” x c™X ... oa (LY). 


Thus, the mth power of a product is the product of the 
mth powers of its factors. 


The most general case of a monomial expression is 


Now  (a7bYc"......)” = (a7)” OY)” (C)".+- from (iv) 
at lil i EEE from (i3). 
Hence (a7b¥c"...... hy Oe Canes INO 


Thus any power of an expression is obtained by taking 
each of its factors to a power whose index ts the product of 
its original index and the inden of the power to which the 
whole expression is to be ratsed. 


As a particular case 


a\” porous bess a Lae 

(5) =(«x5) =a x (5) =a x pm pms 
161. It follows from the Law of Signs that all powers 
of a positive quantity are positive, but that successive 


powers of a negative quantity are alternately positive and 
negative. For we have 
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(—a)’=(—a) (-a)=+0%, 
(— a)*=(— a)’ (—a) = (4-2) (-a)=—- 0%, 
(— a)*=(—a)’ (- a) =(-a°) (— a) = +4, 
and so on. 
Thus (—a)"=+a™, and (—a)”""* =— a7", 


Hence all even powers, whether of positive or of 
negatwe quantities, are positive; and all odd powers of 
any quantity have the same sign as the original quantity. 


162. Roots of Arithmetical numbers. The 
approximate value of the square or of any other root of 
an arithmetical number can always be found: this we 
proceed to prove. It will be seen that the process 
described would be an extremely laborious one; we are 
not however here concerned with the actual calculation 
of surds. ; 


Consider, for example, /62. First write down the 
squares of the numbers 1, 2, 3, &. until one is found 
which is greater than 62: it will then be seen that 7? is 
less and 8’ is greater than 62. Now write down the 
squares of the numbers 7:1, 7-2, 7°3, ..., 7-9: it will then 
be seen that (7'8)’ is less, and (7:9)* greater than 62. 
Now write down the squares of 7°81, 7:82, ..., 7°89: it will 
then be seen that (7:83)’ is less, and (7°84). greater 
than 62. 


By continuing this process, we get at every stage two 
numbers such that 62 is intermediate between. their 
squares, and such that their difference becomes smaller 
and smaller at every successive stage;. moreover, this 
difference can, by sufficiently continuing the process, be 
made less than any assigned quantity however small. 

Thus, although we can never find any number whose 
square is exactly equal to 62, we can find two numbers 
whose squares are the one greater and the other less than 
62, and whose difference is less than any assigned quantity 
however small. The limiting value of these two numbers, 


- 
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when the process is continued indefinitely, is called the 
square root of 62. 

The process above described for finding a square root 
can clearly be applied to find any other root. 

Thus an nth root of any integral or fractional number 
can always be found. 


163. Surds obey the Fundamental Laws of 
Algebra. The fundamental laws of Algebra were proved 
for integral or fractional values of the letters; and it can 
be proved that they are also true for surds. 

Consider, for example, the Commutative Law. 

We have to prove that 


a x /b =1/b X Va. 
We can find whole numbers or fractions a, y and p, ¢ 
such that 
Z>V/a>y, 
and p>vb> q; 
and the difference between # and y, and also the difference 


between p and gq, can be made less than any assigned 
quantity however small. 

Hence — axp>NVax/b>y xq, 

and pxa>wbx sa>qxy. 

But, since a, y, p, q are integral or fractional numbers, 
we know that «x p=pxa#, and yxq=qx/y; also the 
difference between px and qy can be made less than any 
assigned quantity however small. . 

It therefore follows that */a x %/b and %/b x xa, which 
are both always intermediate to xp and yq, must be equal. 

Thus the Commutative Law holds for Surds, and the 
other laws can be proved in a similar manner. 


164. We already know that there are two square 
roots, and three cube roots of every quantity; and we may 
remark that there are always n nth roots. Thus there is 


Ss. A. 15 
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an important difference between powers and roots; for 
there is only one nth power, but there is more than one 
nth root. , ; 


165. We have proved in Art. 160 that the mth power 
of a product is the product of the mth powers of its factors; 
and, since surds obey the fundamental laws of Algebra, the 
proposition holds good when all or any of the factors are 
irrational, Hence 


(Va x /b...)? = (Va)? x (1b)? ... = ad. 
Also (Jab...)*=ab..., by definition. 
(Va x V/b...)? = (Sab...) 


Hence Ja x Vb... must be equal to one of the square 
roots of ab.... 


We can write this 


Janda fad... 
meaning thereby that the continued product of either of 
the square roots of a, either of the square roots of 6, &c. is 
equal to one or other of the square roots of ab... 


Similarly we have, with a corresponding limitation, 


n ry ee eee Na _ "/ a 
We Sbo.. = abasand "1b Jee 


Also /a” ="\/a™, for their npth powers are both equal 
to a™, 3 


Again, since the nth power of a monomia: expression is 
obtained by multiplying the index of each of its factors by 
n, it follows conversely that an nth root of a monomial 
expression is obtained by dividing the index of each of its 
factors by n, provided the division can be performed. 


Thus one value of a‘ is a%, one value of ./a°b'c® is 
a’ b*c, and one value of x/a” b”8 oY is at bP cv. 
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Fractional and Negative Indices. 


166. We have hitherto supposed that an index was 
always a positive integer; and this is necessarily the case 


so long as we retain the definition of Art. 9; for, with that 


definition, such expressions as at 


and a” have no meaning 
whatever. 


We might extend the meaning of an index by assign- 
ing meanings to a” when n is fractional and negative. 
It is, however, essential that algebraical symbols should 
always obey the same laws whatever their values may be; 
we therefore do not begin by assigning any meaning to a” 
when n is not a positive integer, but we first impose the 
restriction that the meaning of a” must in all cases be such 
that the fundamental index law, namely 


a” xa*=a™™, 
shall always be true; and it will be found that the above 


restriction is of itself sufficient to define the meaning of a” 
in all cases, so that there is no further freedom of choice. 


For example, to find the meaning of ai, 


Since the meaning is to be consistent with the Index 
Law, we must have 


| 


a’? xa ata 


=q? ?7=q=a. 


Thus a? must be such that its square is a, that is a? 
must be ja. 

Again, to find the meaning of a”. 
By the index law 


; aa 1 
a? x &@ =a =a’; thereforea* = ae 


1 
Thus a? must be a 
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167. We now proceed to consider the most general 
cases. 


4 
I. To find the meaning of a", where n is any positive 
integer. 


By the index law, 


ae 
SCO Lae oseren to n factors 
Lars +. +...... to m terms us = 
=a" ™ =a"=a =a. 


Hence a must be such that its nth power is a, that is 


Il. To find the meaning of a”, * ahere m and n are any 
positive integers. 


By the index law, 


2 2 eas to m terms men 
A Moc caas to nfactors=a" * ~~ =q" =a", 


m 
Hence a” = Ja™. 
We have also 
1 1 11 m 


Soba geen pan to m terms — 
ae <x eene to m factors =a” ™ =a”, 


ee 
Hence a" = ee 


Thus we may consider that a” is an mth root of the 
mth power of a, or that it is the mth power of an nth root 
of a; which we express by 


a* = 3/(a") = (Va)”. 


With the above meaning of a” it follows from Art. 
mp 
165 that a* = a", 
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Note. It should be remarked that it is not strictly 
true that ./(a")=(x/a)” except with a limitation corre- 
sponding to that of Art. 165, or unless by the nth root of 
a quantity is meant only the arithmetical root. For 
example, 2/(a*) has two values, namely +a’, whereas ( A/a)‘ 
has only the value + a’. 


III. To find the meaning of a’. 


By the index law 


Thus a’ = 1, whatever a may be. 


IV. To find the meaning of a”, where m has any 
positive value. ! 


By the index law, 
a” xa"=a"™ =a"; and a’=1, by IIL. 


a 
en = 
Hence a” = ™ and a oe 


168. We have in the preceding Article found that in 
order that the fundamental index law, a” x a*= a", may 
always be obeyed, a” must have a definite meaning when 
n has any given positive or negative value. We have now 


to shew that, with the meanings thus obtained, 
a” xa" =a", (a™)*=a™, and (ab)" = a"d", 


are true for all values of m and n. When these have been 
proved, the final result of Art. 160 is easily seen to be true 
in all cases, 
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I. To prove that a"xa"=a™™", for all values of m 
and n. 


We already know that this is true when m and n are 


positive integers. Let m and m be any positive fractions = 


and” respectively. Then 


2 ie a,e@ 
Od" = Of Sa = ae Xa by definition 
= a Xin Oo a Ee [Art. 165] 
Dee Te 
aq by definition 
eee 
=af =a", 


Thus the proposition is true for all positive values of 
mand n. To shew that it is true also for negative values, 
it 1s necessary and sufficient to prove that 


a™“xa"=a"™ and @' xa "=a 2 
where m and n are positive. 


Tisud 1 
—m —n rs bs —n 
Now a”xa sar ay =a” 


a a 


And, if m — n be positive, 
a"* xa*=a", and a™xa”*xa"*=a"™; 
therefore « q *= a" xa: 


f : 1 
Hence, if m—n be negative, am * 
, 


that is, aL” %@ = Gur, 
Hence a” x a” =a", for all values of m and n. 


_ Cor. Since a”” x a"=a” for all values of m and n, 
it follows that a” +a" =a". 
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Il. To prove that (a")"=a™, for all values of m and n. 


First, let n be a positive integer, m having any value 
whatever. 


Then (a")*=a™ x a™ X a" X ...... to n factors, 
SS YIN TMAMT wroeey ton terms. by L 
— an 
Pp 


Next, let n be a positive fraction a where p and q are 

positive integers. 
P 

Then (a”)"=(a")!=/{(a")}, = Y/(@™), since p is an 

integer, 
mp 
=@4 7 = on. 
Finally, let n be negative, and equal to —p. 
1 E 
m\n __ (MP _ eee psy ee 
Then (a”)" = (a”™) (ay? = ar a a, 
Hence for all values of m and n we have 


( a)” = Gee 


III. To prove that (ab)” = a"b", for all values of n. 
We have proved in Art. 160 that (ab)"=a"b", where 
n is a positive integer. 
And, whatever m may be, provided that q is a positive 
integer, we have 
(a"b”)! = ab” x ab” x ... to g factors 
= qQntmt.. tog terms y bmtm+ «, to g terms 
= art b™. 
Let n be a positive fraction a where p and q are 


positive integers. Then 
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(ab)* = (ab)'=*/(aby? = //(a’b’), since p is a positive 
integer. i 
Also (a"b")' = a™b", since g is a positive integer. 
Hence a"b" = {/(a?b”) = (ab)". 
Thus (ab)" = a"b", for all positive values of n. 


Finally, if n be negative, and equal to — m, we have 
(ab)" = (ab) = —,, = —~ =a"b”=a'b". 


Ex. (i) Simplify a3xa~4, 


at caer teak, 


Ex. (ii). Simplify abbt x dps. 


abet x atot =a + $p6+$— aioe = 020, 


Ex. (iii). Simplify (a-204)-$. 


3 
(a-28) -3_,(-2) (-8) o8(-8) a= F. 


Ex. (iv). Simplify J/(a- 308 ~ 3)+ 4 (ab bte3), 
V(a oi FH% 7; 8)+A/(a2b4e-1) =a -3 bie iF Ssatyte -4 


=a~%b2e—% xq-ty- Fcs=F ‘gh, 


169. Rationalizing Factors. It is sometimes re- 
quired to find an expression which when multiplied by 
a given irrational expression will give a rational product. 
The following are examples of rationalizing factors. 

Since (a+,/b)(a—,/b)=a?-b, it follows that a+,/b is made 
rational by multiplying by a+,/b. 
So also a,/b +c ,/d is made rational by multiplying by a,/b--e,/d. 
Again from the known identity 
2b%c2 + 2c2a? +. 2a2b2— a4 — b4 — cA 
=(a+b+c)(-at+b+c)(a—b+c)(a+b-c), 
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it follows that the rationalizing factor of 
JPt lata is (~/p tnd tn/r) (VP -a ta/1) (VP +r/9- 0/1). 


The rationalizing factor of ,/p+,/q+,/7 may also be found as 
follows, 


(Vp +9 +n/7) (Vp +4 -N1)=p+9q-1+2n/pq, 


and 
(p+q-1r+2n/pq) (p+q-1-2n/pq) =(p+4-1)?—4p9. 
Thus the required rationalizing factor is 


(JP +n/9 -n/7) (pt+q-17- 2/79) 
which is the same as before. 
Again, from the identity 
(a +6) (a? - ab + b*) =a +83, 


the rationalizing factor of a+b is seen to be a?— ab? +03. 


170. To find the rationalizing factor of any binomial. 
27 eee 
Let the expression to be rationalized be aa’+ by*. 


Put-4 = ue, and Y= by! and let n be the L.c.M. of 
qg and s. 

Then it is easily seen that X" and Y" are both 
rational. 

Hence, from the identities 
(X+Y) Pate ae ACE Me ie (- Dt Yn = xe fe (- 1 
and (X — Y)(X""*+X*"*Y +......-+ Y"") = X*— Y*, 


the rationalizing factors of X + Y and X — ¥ are seen to 
be respectively 


eee tye ee (ay, 
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Ex. To find a factor which will rationalize 


a5 ays. 


Here X=23, Y=ay®, n=6. 


The factor required is therefore 


11. 


12. 


oP +anbyt 4 ara! +a@asy%4atxsy + aby e, 


EXAMPLES XVIL 
Simplify a3b® x a~4b-4, 


Simplify a? x a-? x (a*)-* x 


€ = 
Simplify (ab-*c*)$ x (a°%e~?) 
bte 1 eta 1 atb 1 
Simplify (ae a)a— dx (a=? b)b=< x (ab=e)e=a. 
Multiply al + oh yi + yi by at — y, 
Multiply 2°+1+a7* by a-l+am* 
Multiply 


Divide ##-2+a°% by af—arl. 

Divide at?—a by at¥—a, 

Divide a? - wy? + aby ~ ye by ot yh 

Shew that 
a3 — dost + Dock + dar — dad + ab = (a8 — Qt + oh? 


Multiply 40°-5ax-—4-—7a7'+6x2" by 3a—-4+42a71 


and divide the product by 3a—10+10a7'- 4a”, 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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Divide 
a—at—2 (ab —a- 4) 42 (a8 at) by at—a 3, 
ac +a7'a+2 


1 1 


Simplify ——_—_,__— : 
axe t+qa %xs—1] 


5 4 
OE pe BO 


+ 
ys xs ys PS 
Shew that 
3 
Aha = Eines = oe HeLik = Pe Ea 


Shew that 
(2a + y~*) (Qy +27") = (2aty? ef a 2y-2)*, 
Shew that 
a+6—a"-b* (a—a”")(b- 67") uy 


Gb ab a ab ay 


Shew that, if 


at+ye+e%=0, then (w+yt2)'=27ayz. 
Find factors which will rationalize the following 


expressions : 


al. 


(i) at +0}, (ii) ataxt + y?, 


(iii) a+ bat + cut, and (iv) at + yf +2, 


Shew that, if 


(1 —a°)8 (y 2) + (1-9) (2-2) + (1-2')8 (@=y) =0, 


and 2, y, & are all unequal, then 


(1-2) (1-y°) (1-2) =(1 ~ aya)’ 


CHAPTER XIV. 
Surps. IMAGINARY AND CoMPLEX QUANTITIES. 


171. Definitions. A surd isa root of an arithmetical 
number which can only be found approximately. 


An algebraical expression such as ,/a is also ofter 
called a surd, although a may have such a value that Ja 
is not in reality a surd. 


Surds are said to be of the same order when the same 
root is required to be taken. Thus /2 and V6 are called 
surds of the second order, or quadratic surds; also 3/4 is a 
surd of the third order, or a cubic surd; and %/a is a surd 
of the nth order. 


Two surds are said to be similar when they can be 
reduced so as to have the same irrational factors. Thus 
V8 and 18 are similar surds, for they are equivalent to 
2/2 and 3,/2 respectively. 


‘The rules for operations with surds follow at once from 
the principles established in the previous chapter. 


Note. It should be remarked that when a root symbol 
is placed before an arithmetical number it denotes only 
the arithmetical root, but when the root symbol is placed 
before an algebraical expression it denotes one of the roots. 
Thus. /a has two values but ,/2 is only supposed to denote 
the arithmetical root, unless it is written + /2. 
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172. Any rational quantity can be written in the form 
of asurd. For example, 


2 = 3/4 = 98 = 972", 
and a=/v= fv =a", 
Also, since Vax Vb =/ab [Art. 165], 
we have QW = f/4x f2= V/(4x 2) = V8, 

52/3 =95* x 3 = 4 (5° x 8) = 4375, 

and at/ab =2/a” x 2/ab = */(a" x ab) = “/a"™b. 
geareee, we have 18 =/(9 x 2)=V9 xX V2= 3,/2, 
and: 


4/135 4 9/40 = (3° x 5) + (2 x 5) = BY5 + 25 = 5/5. 


173. Any two surds can be reduced to surds of the 
same order. For if the surds be 7/a and ‘\/b, we have 
ya="Va", and V/b = m/b" (Art. 165]. 

Ex. Which is the greater, 2/14 or </6? 

The surds must be reduced to equivalent surds of the same order. 

Now 2/14=/147=,/196, and 2/6=/63=K/216. Hence, as 8/216 is 

greater than 4/196, 4/6 must be greater than 2/14. 


Thus we can determine which is the greater of two surds without 
finding either of them. 


174, The product of two surds of the same order can 
be written down at once, for we have %/a x %/b= A/ab. 
Hence, in order to find the product of any number of 
surds, the surds are first reduced to surds of the same 
order: their product is then given by the formula 


ax 2b x Ye..= abe... | 
Ex, 1. Multiply /5 by 9/2. 
n/BX 8/2 = 0/53 x 8/2? = Af (58 x 2?) = 4/500. 
Ex. 2. Multiply 3,/5 by 2,/2. 
3/5 x 28/2=8 x2 xn/5 x /2=6X 4/53 x 6/2? =6 4/500. 
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Ex. 8. Multiply ,/2 by 0/2. 
2x /2= 23 x YP=/ x = 4/32, 
Or thus: /2x 2/2=23 x 28-95 8-98 = 9/25, 


Ex. 4. Multiply ./2+,/3 by ./3+,/5. 
(3 +2) (6/3 +15) =/B XK /B + n/2 K/B+A/3 X/5 +4/2 x 5 
=3+/6+/15 +,/10. 
Ex. 5. Divide /4 by 2/8. 


yrys=yosye=/5= / 5. 


175. The determination of the approximate value of 
an expression containing surds is an arithmetical rather 
than an algebraical problem ; but an expression containing 
surds must always be reduced to the form most suitable 
for arithmetical calculation. For this reason when surds 
occur in the denominators of fractions, the denominators 
must be rationalized. [See Art. 169.] 


The following examples will illustrate the process; 
2 2x/5 _ = 
gan J5x/5 
A Rea CLS 2) Se, 
J5-1" (WJ/5-1) (541) 
i © il 
14/8 4+r/5+/15 (1+,/8) (1+,/5) 


3 
= (/5+1). 


= 5 (V3-1) (V5-1). 


176. The product and the quotient of two similar 
quadratic surds are both rational, 

This is obvious; for any two similar qusitatic surds 
can be reduced to the forms a/b and cn/b. 

Conversely, if the product of the quadratic surds /a 
and /b is rational and equal to a, we have =/ax vb; 
therefore a/b = /a x /b x Vb = bia, which shews that the 
surds are similar. So also, if ./a+/6 is rational, the surds 
must be similar, 
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177. The following theorem is important. 

Theorem. Jf a+ Vb=a+W/y, where a and w& are 
rational, and Vb and vy are irrational; then will a=a, 
and b=y. 

For we have a—a2+/b=ny. 

Square both sides; then, after transformation, we have 

2(a—2)/b=y—b—-(a— 2a)’. 

Hence, unless the coefficient of /b is zero, we must have 
an irrational quantity equal to a rational one, which is 
impossible. 

The coefficient of ./b in the last equation must there- 
fore be zero, so that a=a. And when a=a2, the given 
relation shews that ./b = /y, and therefore b=y. 

As a particular case of the above, 


Ja+ b+ ve, unless b=0 and a=c. 
Hence ./a ¥ ye can only be rational when it is zero. 


Ex.1. Shew that /a+,/b+,/c+0, unless the gurds are all similar. 

For we should have,/a+,/b=—,/¢; andthereforea+b+ 2,/a/b=c. 
Hence ,/a,/b is rational, which shews [Art. 176], that ,/a and ,/b are 
similar surds. 


178. The expressions a + /b and a— bare said to be 
conjugate quadratic surd expressions. 

Ii is clear that the sum and the product of two conju- 
gate quadratic surd expressions are both rational. 

Conversely, if the sum and the product of the expres- 
sions a+b and c+/d are both rational, then a =c and 
/b+/d =0, so that the two expressions are conjugate. 

For a+¢+/b + Vd can only be rational when Vb+Ad 

is zero. [Art. 177.] 

And, when Jd =—¥b, the product (a +-/b) (c+ Vd) 
= ac + (c—a) Vb —b, which cannot be rational unless c= a. 


179. In the expression 
. ae” + ba? +" +. 00. +k, 
where a, D, C,...++- k are all rational, let a+ 4/8 be substi- 
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tuted for #; and let P be the sum of all the rational terms 
in the result and Q/8 the sum of all the irrational terms. 
Then the given expression becomes P+ Q/8. 

Since P and Q are rational, they contain only squares 
and higher even powers of »/8, and hence P and Q will not 
be changed by changing the sign of /8. Therefore when 
a—wB8 is substituted for « in the given expression the 
result will be P—QA/B. 

If now the given expression vanish when a+4/f is 
substituted for a, we have 


P+QV/B=0. 


Hence, as P and Q are rational and 4/8 is irrational, 
we must have both P=0 and Q=0; and therefore 
P-QV/B=0. 

Therefore if the given expression vanish when a+ /8 
is substituted for # it will also vanish when a —4/8 is sub- 
stituted for 2. 

Hence [Art. 88], if e—a—W/B be a factor of the given 
expression, 7 —a+4/f will also be a factor. 

Thus, ¢f a rational and integral expression be divisible 
by either of two conjugate quadratic surd expressions tt 
will also be divisible by the other. 


180. The square root of a binomial expression 
which is the sum of a rational quantity and a quadratic 
surd can sometimes be found in a simple form. The pro- 
cess is as follows. ; 


To find /(a+/b), where’,/6 is a surd, 
Let Ma + fb) =f + a/ye 
Square both sides; then 
a+ V/b=at+y+2,/ay. 


Now, since /b is a surd, we can [Art. 177] equate the 
rational and irrational terms on the different sides of the - 
last equation; hence # + y =a, and 4xy = b. 
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Hence @ and y are the roots of the equation 


b 
ae =— 
a an +7 =0, 


and these roots are 


$ {a+ (a’—b)} and $ {a—/(a?—B)}. 
Thus V(atyb) =, /tt¥E—" ny Pet 


It is clear that, unless ./(a*—}) is rational, the right 
side of the last equation is less suitable for calculation than 
the left. Thus the above process fails entirely unless 
a* — b is a square number; and as this condition will not 
often be satisfied, the process has not much practical 
utility. 

It should be remarked that if w and y are really 
rational, they can generally be written down by inspection. 


Ex.1. Find ,/(6+2,/5). 

Let ,/(6+2,/5)=./z+,/y. Then, by squaring, we have 6+2,/5 
=2+y+2,/cy. Hence, equating the rational and irrational parts, 
e2+y=6 and zy=5. Whence obviously s=1 and y=5. Thus 
J(6+2,/5)=1+4+,/5. 

Ex. 2. Find ,/(28-5,/12). 

Let ,/(28-—5,/12)=,/x-,/y. Then, as before, 4ay=25 x 12, or 
azy=75 and 2+y=28; whence <=25 and y=3. Thus ,/(28-5,/12) 
=5-,/3. [If we had taken e=3 and y=25 we should have had the 
negative root, namely ,/3 —5.] 


Ex. 8. Find ,/(18+12,/3). 

In this case ,/(a?— b) is irrational and therefore the required root 
cannot be expressed in the form ,/a+,/y where x and y are rational. 
The root can however be expressed in the form J/x+J/y; for 
(18 + 12/8) =n/ {n/3 (12 + 64/8) } =A/3 X n/(12 + 6/3) = 9/3 x (3 +/3) 
= 4/243 + 9/27. 

Ex. 4. Find ,/(10+2,/6+2,/10+2,/15). 
Assume /(10-+2n/6 + 2x/10 + 24/15) =n/@ +a/y +/2; then 10 + 2,/6 
42/1042 /15=2tytzt2n/xy + 2/2 +2,/y2. We have now to 
find, if possible, rational values of a, y, z such that zy=6, cz=10, 
yz=15 and c+y+z=10. The first three equations are satisfied by 
the values c=2, y=3, z=5, and these values satisfy «+y+z2=10, 
Hence /(10 + 2n/6+ 2/10 + 24/15) =J/2+/3+,/0. 
8. A, 16 
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Ex: 5. Prove that, if {/(a+,/b)=2+,/y; then will Y/(a- Jb) =2-a/y. 
We have a+/b=(t+n/y)®=2 + Bay +r/y (827 +9). 
Hence, equating the rational and irrational parts, we have 
a=a3+8ay, and ,/b=,/y (327+). 


Hence a-/b=23 + 8ry —/y (Baz+y); 
“. 3(a-/b)=2-.J/y- 


EXAMPLES XVIIL 


Simplify the following : 


fied 2/5 
i. J/3+1° cs J5+,/3° 
1 1 
8 eet yeas * RO J3)2 +(24 /3) 


Ra 4/3 J6 
* -4f/8 45/6 e+ J2 J2+/3 ° 


6 (7 —2 /5) (5+ ,/7) (81 4+13 /5) 
* (6-2/7) (3+ /5) (11 +4 /7) * 


1 1 
yp St LU lg f aye 
J2+/3+,/5 ‘ J3+J/5-/2° 
. 1 
L flO4# (le a /1b eal 
1 
10. Ab 
Jo flO ae 
1 1 4 5 
vi: yeni + yaar: 12. Torit yous 
1 
13. & 


Tsyae yh 14 5 6+ 18: 


15. 
Le 
18. 


19. 


21. 


22. 


23. 


24. 
25. 
26. 
27. 


28. 
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J(101 — 28 /13). 16. /(28 — 5/12). 
J{11 4+ 2 (1+ /5) (1 +./7)}. 

J{6—4 J3 +/(16—8/3)}. 

‘(97 — 56 ,/3). a9, VIb+2./2)—/2 


ae J2-J(3-2,)2) * 
+ 


/3+/2 -/8 - 9/2 
J+ J2+i)8)~ J2-JC+ A)’ 
J +2 /6)- J (5-2/6) 

J(5 + 2,/6) + /(5 — 2/6) © 


J{6 + 2,/24+2,/3+2,/6}. 
J{114+6J/2+ 4/342 0/6}. ‘ 
V{174+4/2-4/3-4/6-4 /5-2,/10 + 2/30}. 
Shew that 

1 1 2 a5 
J(2—/140) V(8 60) J/(10+V84) 
Shew that 

1 : 3 4 


Nil = 2/30) ~ V7 — 210) ~ V(8 +43) 
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181. We have already seen that in order that the 
formula obtained in Art. 81 for the factors of a quadratic 
expression may be applicable to all cases, it is necessary 
to consider expressions of the form ,/—a, where a is 


16—2 
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positive, and to assume that such expressions obey all the 
fundamental laws of algebra. 


Since all squares, whether of positive or of negative 
quantities, are positive, it follows that J/—a cannot 
represent any positive or negative quantity; it is on this 
account called an imaginary quantity. Also expressions 
of the form a+b/—1 where a and 3 are real, are called 
complex quantities. 


182. The question now arises whether the meanings 
of the symbols of algebra can be so extended as to include 
these imaginary quantities. It is clear that nothing would 
be gained, and that very much would be lost, by extending 
the meanings of the symbols, except it be possible to do 
this consistently with all the fundamental laws remaining 
true. 


Now we have not to determine all the possible systems 
of meanings which might be assigned to algebraical 
symbols, both to the symbols which have hitherto been 
regarded as symbols of quantity and to the symbols of 
operation, subject only to the restriction that the funda- 
mental laws should be satisfied in appearance whatever the 
symbols may mean: our problem is the much simpler and 
more definite one of finding a meaning for the imaginary 
expression ./—a which is consistent with the truth of all 
the fundamental laws. 


183. We already know that — 1 is an operation which 
performed upon any quantity changes it into a magnitude 
of a diametrically opposite kind. And, if we suppose that 
/=1 obeys the law expressed by 1 x /—1 x /—1=—1, 
it follows that —1 must be an operation which when 
repeated is equivalent to a reversal. Pues 


Now any species of magnitude whatever can be re- 
presented by lengths set off along a straight line; and, 
when a magnitude is so represented, we may consider the 
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operation ./—1 to be a revolution through a right angle, 
for a repetition of the process will turn the line in the 
same direction through a second right angle, and the line 
will then be directly opposite to its original direction. 

Hence, when magnitudes are represented by lengths 
measured along a straight line, we see that /—1, regarded 
as a symbol of operation, has a perfectly definite meaning. 

The symbol ./—1 is generally for shortness denoted by 
i, and the operation denoted by ¢ is considered to be a 
revolution through a right angle counter-clockwise, —1 
denoting revolution through a right angle in the opposite 
direction. 


184, It is clear that to take a units of length and 
then rotate through a right angle counter-clockwise gives 
the same result as to rotate the unit through a right angle 
counter-clockwise and then multiply by a. Thus a1 = 1a. 

Again, to multiply az by 67 1s to do to ai what is done 
to the unit to obtain bi, that is to say we must multiply 
by 6 and then rotate through a right angle; we thus 
obtain ab units rotated through two right angles, so that 
at x bi=— ab= abu. 

From the above we see that the symbol 7 is commuta- 
tive with other symbols in a product. 

Since (at) x (ai) = aau =a’ (— 1) =—’, it follows that 
J—a'=ai; it is therefore only necessary to use one 
imaginary expression, namely J=1. 


185. Let XOX’, YOY’ be two rectangular axes. 
(See Chapter X*.] 


Then, any positive or negative real quantity @, is 
represented geometrically by choosing any fixed length 
for unit and laying off a length OM = units, measured 
from the fixed point O in the direction OX ox its opposite 
according as # is positive or negative; and we may con- 
sider that the quantity 7 1s represented either by the 
position of the point M, or by the straight line OM. 
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Again, any purely imaginary quantity ty, is represented 
by laying off a length ON =y units, measured from O in 
the direction OY or its opposite according as y is positive 
or negative; and we may consider that the imaginary 
quantity <y is represented by the point J, or by the 
length ON. 


In order to represent the complex quantity x + ty, 
complete the rectangle MONP, then we shall consider 
that the point P, as also the straight line OP, represents 
x + wy. 

Let r denote the absolute length of OP, and @ the 
angle XOP. [The angle AOB in Trigonometry always 
means the angle described by a line revolving from 0A to 


OB, the angle being positive when the revolution is in a 
counter-clock wise direction. ] 


Then «=r cos 6, y=rsin 0,x+%y =r (cos 6 +i sin 6). 
Also r = /(#+ y*) and @= tan Z. 


Thus the complex quantity s+iy can be obtained by taking a 
length equal to r units along OX, where r is the positive quantity 
J(2?+y*), and then turning through an angle tan—! y/z. 
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Definitions. The positive quantity r=/(a*+y’) is 
called the modulus and the angle @ is called the 
argument of the complex quantity #+1y. 


The addition of complex quantities. If two 
complex quantities 2+, L,+tY, are represented by 
OP, OQ, and OR is the diagonal of the parallelogram 
POQR, it is easily seen that the projection of OR on OX 
is x, + #, and the projection on OY is y+ y2; from which 
it follows that OR represents the sum of the complex 
quantities represented by OP and OQ. 


Since OR is less than the sum of OP and OQ unless OP and OQ 
coincide in direction, it follows that the modulus of the sum of two 
complex quantities is less than the sum of their moduli, unless their 
arguments are equal. 


Thus the sum of two complex quantities 1s obtained 
geometrically by adding the straight lines which represent 
them according to the parallelogram law. 


The multiplication of complex quantities. By 
the definition of multiplication, in’ order to multiply the 
complex quantity represented by OP by the complex 
quantity represented by OQ, we have to do to OP what 
was done to the unit to obtain OQ, that is to say we must 
multiply OP by the modulus of OQ and then turn OP 
through an angle equal to the argument of OQ. Thus 
the product of two complex quantities is the product of 
their moduli and the argument is the sum of ther argu- 
ments. 


With the above geometrical representation of complex 
quantities, due to Argand, it will be seen that they obey 
the fundamental laws of Algebra. 


Some of the results of the following Articles follow at 
once from this geometrical interpretation. 
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186. If a+6:=0, where a and 6 are real, we have 
a=-—l. But a real quantity cannot be equal to an im- 
aginary one, unless they are both zero, 


Hence, if a+ bi=0, we have both a=0 and b=0. 


Note. In future, when an expression is written in 
the form a + bi, it will always be understood that a and 6 
are both real. 


187. If at+bi=c+di, we have a—c+(b—d)i=0; 
and hence, from Art. 186, a—c=0 and b—d=0. 

Thus, two complea expressions cannot be equal to one 
another, unless the real and imaginary parts are separately 
equal. 


188, The expressions a+ bi and a—JWi are said to be 
conjugate complex expressions. 

The sum of the two conjugate complex expressions 
a+bi and a—i isa+a+(b—b)i=2a; also their pro- 
duct is aa+ abi — abi — b*? =a? + B, 

Hence the sum and the product of two conjugate complex 
expressions are both reql. 

Conversely, if the sum and the product of two complex 
expressions are both real, the expressions must be con- 
jugate. 

_ For let the expressions be a + bi and c¢+di. The sum 
isa+bt+c+di=a+c+ (b+d)i, which cannot be real 
unlessb+d=0. Again, . 


(a + bt) (¢ + dt) = ac+bei+adi+ bdi? = ac — bd + (be + ad)i, 
which cannot be real unless be- +ad=0, Now, ifb+d=0 
and also be-+ad=0, we have b (c—a)=0; whence 
a=c or b=0. If b=0,d is also zero, and both expres- 


sions are real; and, if b+0, we have a=c, which with 
6 = —d, shews that the expressions are conjugate. 


189. The modulus of the complex quantity a+<%b, 
namely the positive value of the square root of 4/(a?+ 0?) 
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is written mod (a + bz). Thus 
mod (a + bi) = + Va? +04 

It is clear that two conjugate complex expressions have 
the same modulus; also, since (a+ bt) (a—bi) =a’ +0" 
[Art. 188], the modulus of either of two conjugate complex 
expressions is equal to the positive square root of their 
product. 

Since a and 0 are both real, a? + b’ will be zero if, and 
cannot be zero unless, a and 6 are both zero. Thus the 
modulus of a complex expression vanishes if the expression 
vanishes, and conversely the expression will vanish if the 
modulus vanishes. 


If in mod (a+b) =+/a’+ 6’ we put b=0, we have 
mod a = + Ja’, so that the modulus of a real quantity is 
its absolute value. 


190. The product of a + bi and ¢+ di is 
ac + bei + adi + bd? = ac — bd + (be + ad) +. 

Hence the modulus of the product of a+bi and 
c+dz is 
V{(ac — bd)? + (bc + ad)"} = o/{(a? + b*) (c? + d®)} 

= /(a’ +b’) x /(e* + a’). 

Thus the modulus of the product of two complex 
expressions is equal to the product of their moduli 

The proposition can easily be extended to the case of 
the product of more than two complex expressions; and, 
since the modulus of a real quantity is its absolute value, 
we have the following 

Theorem. The modulus of the product of any number ° 
of quantities whether real or complex, is equal to the 
product of their modult. 


191. Since the modulus of the product of two com- 
plex expressions is equal to the product of their moduli, it 
follows conversely that the modulus of the quotient of two 
expressions is the quotient of their moduli This may 
also be proved directly as follows : 
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a+bi c-di 
(O40) 5 Ces = eee 
_a+bd+(be—ad)t 
c+ d° : 
~(a+bi) /{(ac + bd) + (bc — ad)’ 
Hence mod A atm oak 


_V{a* +6} _ mod (a + x) 
~ V{c?+d*}~ mod (¢+ dt)" 


192. It is obvious that in order that the product of 
any number of real factors may vanish, it is necessary 
and sufficient that one of the factors should be zero, and, 
by means of the theorem of Art. 190, the proposition can 
be proved to be true when all or any of the factors are 
complex quantities. 

For, since the modulus of a product of any number of 
factors is equal to the product of their moduli, and since 
the moduli are all real, it follows that the modulus of 
a product cannot vanish unless the modulus of one of its 
factors vanishes. 

Now if the product of any number of factors vanishes 
its modulus must vanish [Art. 189]; therefore the modu- 
lus of one of the factors must vanish, and therefore that 
factor must: itself vanish. Conversely, if one of the 
factors vanishes, its modulus will vanish; and therefore 
the modulus of the product and hence the product itself 
must vanish. 


193. In the expression 
a” + ba" + ca"? +...4 k, 
where a, 6, c,...k are all real, let a+ 87 be substituted for a, 
and let P be the sum of all real terms in the result, and 
Qi the sum of all the imaginary terms. Then the given 
expression becomes P + Qi. 
Since P and Q are both real, they can contain only 


MODULUS OF A PRODUCT. 227 


squares and higher even powers of ¢, and hence P and Q 
will not be changed by changing the sign of 1, Therefore 
when a—{i is substituted for # in the given expression 
the result will be P — Qi. 

If now the given expression vanishes when a+ ft is 
substituted for 2, we have P+ Qi=0. 

Hence, as P and Q are real, we must have both P=0 
and Q =0, and therefore P— Qi=0. 

Hence if the given expression vanishes when a+ Bi 
is substituted for a, it will also vanish when a — {2 is 
substituted for 2. 

Therefore [Art. 88] if «—a— i is a factor of the 
given expression, #—a + 8% will also be a factor. 

Thus, if any expression rational and integral wm «, 
and with all its coefficients real, be divisible by either of 
two conjugate complex expressions it will also be divisible 
by the other. 


CHAPTER XY, 
SQUARE AND Cuse Roots 


194, WE have already shewn how to find the square 
of a given algebraical expression; and we have now to 
shew how to perform the inverse operation, namely that 
of finding an expression whose square will be identically 
equal to a given algebraical expression. It will be seen 
that our knowledge of the mode of formation of squares 
will enable us in many cases to write down by inspection 
the square root of a given expression, 


195. From the identity 
a’ + 2ab+ B= (a + b)?, 


we see that when a trinomial expression consists of the 
sum of the squares of any two quantities plus (or minus) 
twice their product, it is equal to the square of their sum 
(or difference). 

Hence, to write down the square root of a trinomial ex- 
pression which is a perfect square, arrange the expression 
according to descending powers of some letter ; the square 
root of the whole expression will then be found by taking 
the square roots of the extreme terms with the same or 
with different signs according as the sign of the middle 
term is positive or negative. 

Thus, to find the square root of 


4a’ — 12a4b° + 90°, 
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The square roots of the extreme terms are + 2a* and 
+ 30°. Hence, the middle term being negative, the re- 
quired square root is + (2a*— 36°). 


Note. In future only one of the two square roots of 
an expression will be given, namely that one for which 
the sign of the first term is positive: to find the other 
root all the signs must be changed. 


196. When an expression which contains only two 
different powers of a particular letter is arranged accord- 
ing to ascending or descending powers of that letter, it will 
only consist of three terms. For example, the expression 
a? +b? +c? + 2bc + 2ca + 2ab when arranged according to 
powers of a is the trinomial 


a’? +2a(b+c)+ (+e + 2bc). 


It follows therefore from the preceding article that 
however many terms there may be in an expression which 
is a perfect square, the square root can be written down 
by inspection, provided that the expression contains only 
two different powers of some particular letter. 


Ex. 1. To find the square root of 
a?+b?+0¢2+42be + 2ca+2ab. 
Arranged according to powers of a, we have 
a?+2a(b+c)+(b+c)?, that is {a+(b+c)}%. 


Hence the required square root is a+b+c. 


Ex. 2. To find the square root of 
dart + 9y4 +1624 + 1207y? — 16272? — 24y%27, 
The given expression is 
Aah + 4:3 (By? — 422) + 9y4 — 24y?2? + 1624, 
that is, (22)2-+ 2 (2a?) (By? — 42%) + (By? - 4z2)3, 
which is ; {22+ (By? — 42%)}?. 
Hence the required square root is 22?+ 3y?— 42% 
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Ex. 3. To find the square root of 
a? + 2aba + (b2 + 2ac) 7 + 2bex? + cia, 
Arrange according to powers of a; we then have 
a? + 2a (bx + cx?) + bx? 4+ Qhea? + crt, 
that is, a? + 2a (bx + cx?) + (bx + cx?)?, 
Hence the required square root is a+ba+ ca, 


Ex. 4. To find the square root of : 
28 — 205 + 804+ a8 (y — 1) 4+ 27(1-2y) 4 2ry+y2. 
The expression only contains y? and y; we therefore arrange it 
according to powers of y, and have 
y2 + 2y (x3 — 274+) + 25-225 +4 Bat — 203 + 2, 


Now, if the expression is a complete square at all, the last of the 
three terms must be the square of half the coefficient of y; and it is 
easy to verify that 

(28 — a? + 2)? = 25 — a5 + 3a4~ 293 +4 23, 

Hence the required square root is y+a3—a?+2. 


197. To find the square root of any algebraical ex- 
pression. 


Suppose that we have to find the square root of (A + B)’, 
where A stands for any number of terms of the root, and B 
for the rest; the terms in A and B being arranged accord- 
ing to descending (or ascending) powers of some letter, so 
that every term in A is of higher (or lower) degree in that 
letter than any term of B. 


Also suppose that the terms in A are known, and that 
we have to find the terms in B, 


Subtracting A? from (A + B)*, we have the remainder 
(2A + B)B. 


Now from the mode of arrangement it follows that the 
term of the highest (or lowest) degree in the remainder is 
twice the product of the first term in A and the first term 
in B. 


Hence, to obtain the neat term of the required root, that 
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is, to obtain the highest (or lowest) term of B, we subtract 
from the whole expression the square of that part of the root 
which is already found, and divide the highest (or lowest) 
term of the remainder by twice the first term of the root. 


The first term of the root is clearly the square root of 
the first term of the given expression; and, when we have 
found the first term of the root, the second and other terms 
of the root can be obtained in succession by the above 
process. 


For example, to find the square root of 
oo — 445 + 6x4 — 823 + 9a? — 40 +4, 
The process is written as follows: 
28 — 445 4 624 — 823 + 9a? — 44 +4 ( a — 222 +H-2 
(a3)?= 28 
(23 — 2272)? = x8 — 4a° + 44 

(a? — 209+ 2)?= a5 — 40° + 6x4 — 423 +2? 

(a3 — 2a? + 2 —2)?= 2 - 4a +604 — 829 + 957-4044 


We first take the square root of the first term of the given 
expression, which must be arranged according to ascending or de- 
scending powers of some letter: we thus obtain «%, the jirst term of 
the required root. 

Now subtract the square of 2? from the given expression, and 
divide the first term of the remainder, namely —42°, by 22%: we 

- thus obtain — 222, the second term of the root. 

Now subtract the square of z3—2z? from the given expression, 
and divide the first term of the remainder, namely 2a‘, by 2x3: we 
thus obtain x, the third term of the root. 

Now subtract the square of a3 — 22+. from the given expression, 
and divide the first term of the remainder, namely — 42%, by 22°: we 
thus obtain —2, the fourth term of the root. ' 

Subtract the square of 23-2a?+-2 from the given expression 
and there is no remainder. 3 

Hence 23—222+.2-2 is the required square root. 

The squares of 2%, 3-2”, &c. are placed under the given 
expression, like terms being placed in the same column, so that in 
every case the first term of the remainder is obvious. 


198. The square root of an algebraical expression may 
also be obtained by means of the theorem of Art. 91. 


Take for example the case just considered, 


232 SQUARE ROOT. 


The required root will be aaz* + ba? + cx +d, provided 
that the given expression is equal to (aa* + ba’ + ca+d)’, 
that is equal to 


ara’ + 2aba’ + (2ac + b”) a +2 (ad + be) a 
+ (2bd + c”) 2 + 2cdx + ad. 


Hence, equating the coefficients of corresponding 
powers of « in the last expression and in the expression 
whose root is required, we have 


a@=1; 2ab=—4; 2ac+b?=6; 2ad+2be=-8; 
2bd+e?=9; 2cd=—4; P=4 


The first four of these equations are sufficient to 
determine the values of a, b, c,d; these values are (taking 
only the positive value of a), a=1, b=—2, c=1, d=—2. 


The last three equations will be satisfied by the values 
of a, b, c,d found from the first four, provided the given 
expression is a perfect square, which is really the case. 


Thus the required square root is 2° — 22° + # — 2. 


199. Extended Definition of Square Root. The 
definition of the Square Root of an algebraical expression 
may be extended so as to include the case of an expression 
which is not a perfect square. For, although an expres- 
sion may not be a perfect square, we can find, by the 
methods of Art. 197 or Art. 198, a second expression 
whose square is equal to the given expression so far as 
certain terms are concerned. 


Thus the square root of «*+2a may be said to be 
x+1,(x+1) being equal to a+ 2 so far as the terms 
which contain # are concerned. 


Again, the square root of 1+ may be said to be 
2 
1 +5 or 1+ 5 - > the square of the former differing from 


2 
1+a by = and the square of the latter differing by 


SQUARE ROOT. 233 


—}ta°+ 0°. Thus, provided x ts small, 1 fe is an. 


2 
approximation to the square root of 1+, and 1 +5 a 
is a closer approximation, and by continuing the process 
we can approximate as closely as we please to the square 
root of 1+; this however is by no means the case when 
2 is not a small quantity. 


200. When any number of terms of a square root have 
been obtained as many more can be found by ordinary 
division. 

For suppose the expression whose square root is to be 
found is the square of 
(a,2"°+ an" * + ...+0,0"°") + (a,,,0° + ...4+0,,0° °°") + BR. 

The coefficients a,, a,,...a@,, can be found by equating 
the coefficients of the first 2r powers of x in the square of 


the above to the coefficients of the corresponding powers 
of # in the given expression. 


The square of the above expression is 
(a,0" + 4,0" +...+4,0" ") 4+2(a,0"+...44,0") 
(Giz Ore Sa Ay, & 
t [Gag 0" Ho 0e +g 0 ONY + OR (a,0" +... + 4,0") 
+ 2R (a,,,0"7 +...+4,,0"°") + BY, 


r+1 


n 0) 


Now, since the highest power of # in Ff is a”, the 
highest power of # in the expression within square brackets 
is a*™, 

Hence the expression within square brackets will not 
affect any of the terms from which a,, a,, ...a,, are deter- 
mined, for the first 2r terms of the given expression ex- 
tend from #” to a"?"". 


It therefore follows that if the square of the sum of 
the first r terms of the root be subtracted from the given 
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expression, and the remainder be divided by twice the 
sum of the first r terms, the quotient will give the next 
r terms of the root. 


201. When n figures of a square root of a number 
have been found by the ordinary method, n—1 more figures 
can be found by division, provided that the number is a 
perfect square of 2n—1 figures; if however this be not the 
case, there may be an error in the last figure. 


Let N be the given number, which is the perfect 
square of a number containing 2n—1 figures, and let p 
be the number formed by the first n figures followed by 
n—1 zeros, and let g be the number formed by the 
remaining n — 1 figures. 


Then VN =p+q; 


“ (V— p)/2p = 9 + ¢'/2p. 
Now 2p ¢ 2.10"? and g + 10"". Hence q?/2p must be a 
fraction; whence it follows that if p* be subtracted from 


NV and the remainder be divided by 2p; the integral part 
of the quotient will be q. 


Next, let ./N contain m figures, where m is greater 
than 2n — 1. - 


Let p be the number formed by the first n figures of 
‘the root followed by m—n zeros, let gq be the number 
formed by the next n—1 figures followed by m—2n+1 
zeros, and let r be the number formed by the m—2n+1 
‘remaining figures. Then 


N= (pag try 
“. (NV —p*)/2p —¢ = (G+ 7° + 2qr)/2p +7, 
Now 10” > p + 10%, 


TO" > q + Lor 
and 1071 >r + 107: 
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whence it follows that (q?+7°+2gr)/2p is less than 


1 (Pome 5 


Hence (q°+ 7° + 2qr)/2p-+r is less than 2 x 10°", 
but it is not necessarily less than 10"°"*. Hence 
(N —p’)/2p may differ from q by more than 10°"; it 
must however differ by less than 2x 10"; so that the 
n—1 first figures of the quotient (V — p*)/2p are either 
the n—1 figures of gq or differ only in the last figure, 
and in that case by 1 in excess. 


CusE Root, 


202. From the identity 
(a+ b) = a* + 30°) + 38ab? + DB’, 
we see that the cube of a binomial expression has four 
terms, and that when the cube is arranged according to 
ascending or descending powers of some letter, the cube 
roots of its extreme terms are the terms of the original 
binomial. 


Hence the cube root of any perfect cube which has 
only four terms can be written down by inspection, for we 
have only to arrange the expression according to powers 
of some letter and then take the cube roots of its extreme 
terms. 

For example, if 27a6 — 54a) + 36a4b? — 8a%b® is a perfect cube its 


cube root must be 3a?-—2ab; and by forming the cube of 3a?-2ab 
it is seen that the given expression is really a perfect cube. 


When an expression which contains only three different 
powers of.a particular letter is arranged according to 
powers of that letter, there will be only four terms. 


It therefore follows that however many terms there 
may be in an expression which is a perfect cube, the cube 
root can be written down by inspection, provided that the 

17—2 
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expression contains only three different powers of some 
particular letter. 


For example, to find the cube root of 
a3 +b8 +c3 + 30% + 3a%c + Bab? + Bac? + babe + 3b7c + 3bc%, 
Arranged according to powers of a, we have 
a? + 3a? (b +c) + 8a (b? +07 + Qbc) + b8 + 65 + 3b%c + 3bc%, 
that is, a® + 8a7(b+c)+3a (b+c)?+(b+c)% 


Hence the required root is a+6+c. 


203. To find the cube root of any algebraical expression. 


Suppose we have to find the cube root of (A+B), 
where A stands for any number of terms of the root, and 
B for the rest; the terms in A and B being arranged 
according to descending (or ascending) powers of some 
letter, so that every term of A is of higher (or lower) 
degree in that letter than any term of B. 


Also suppose the terms in A are known, and that we 
have to find the terms in B. 


Subtracting A* from (4 + B)’, we have the remainder 
(84° + 3AB + B’) B. 


Now from the mode of arrangement it follows that the 
term of the highest (or lowest) degree in the remainder is 
3 x square of the first term of A x first term of B. 


Hence to obtain the next term of the required root, 
that is, to obtain the highest (or lowest) term of B we 
subtract from the whole expression the cube of that part 
of the root which is already found and divide the highest 
(or lowest) term of the remainder by three times the square 
of the first term of the root. 


This gives a method of finding the successive terms 
of the root after the first; and the first term of the root 
is clearly the cube root of the first term of the given 
expression. 
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For example, to find the cube root of 
a8 — Gaby + 2laty? — 4408y8 + 63x24 — 54ry? + 27y%. 
The process is written as follows: 
x6 — 6xdy + Qlaty? — 4428y8 + 63a%y4 — 54ay8 + 27y8 
(2?)3=26 
(a2 — 2ry)8 = 28 — Gary + 1224? — 8a8y3 

(a? — Qary + 8y2)® =a — Gary + Qlaty? — 44a%y3 + 63x%y4 — 54ary8 + 27y? 

Having arranged the given expression according to descending 


powers of x, we take the cube root of the first term: we thus obtain 
a”, the first term of the required root. 


We then subtract the cube of x? from the given expression, and 
divide the first term of the remainder, namely — 6x25y, by 3 x («*)?: 
we thus obtain —2sy, the second term of the root. 


We then subtract the cube of x?—2ay from the given expression, 
and divide the first term of the remainder by 3 x (2?)?: this will give 
the third term of the root. 


Note. The above rule for finding the cube root of an 
algebraical expression is rarely, if ever, necessary. 


In actual practice cube roots are found as follows. 


Take the case just considered ; the first and last terms 
of the root are a” and 3y’, the cube roots of the first and 
last terms of the given expression ; also the second term 
of the root will be found by dividing the second term of 
the given expression by 3 x (z’)’, so that the second term 
of the root is — 2ay. 


Hence, if the given eupression is really a perfect cube, 
it must be (a*—2xy+3y*)’, and it is easy to verify that 
(a? — 2ay + 3y’)’ is equal to the given expression. 


Again, to find the cube root of 
a? — Ga°y + 15a"y? — 29a°y? + Bla®y* — 60x*y’ + 640° 
— 63a%y' + 27ay? — 27y?. 
If the given expression is really a perfect. cube the 


first and last terms of the root must be {/a° and /— 27" 
respectively, that is #° and — 3y’*. 
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The second term of the root must be — 6a°y + 3 (a*)* 
=—2ay; and the term next to the last must be 
27 ay? + 3 (— 37°) = + ay’. 

Hence the given expression, if a cube at all, 
must be (a° — 2a*y + «y* — 3y*)*; and by expanding 
(a® — 2a*y + xy? — 3y*)° it will be found that the given 
expression is really a perfect cube. 


204. From the identity [see Art. 253] 
(a + b)* =a" + nab + terms of lower degree in a, 


it is easy to shew, as in Articles 197 and 203, that the 
n» root of any algebraical expression can be found by 
the following aie 


Rule. Arrange the expression according to descending 
or ascending powers of some letter, and take the n™ root of 
the first term: this gives the first term of the root. 

Also, having found any number of terms of the root, 
subtract from the given expression the n** power.of that 
part of the root which is already found, and dimnde the first 
term of the remainder by n times the (n—1)™ power of the 
first term of the root: this gives the neat term of the root. 


EXAMPLES XIX. 


Write down the square roots of the following expressions : 
Ll. 42° — 12a®y* + 9y*. 

2. 2° + Yarty"? — 6a®y’®. 

3. a? + 4b° + 9c + 12be— Bea — 4ad. . 

4. 25a‘ + 9b* + 4c* + 126°c? — 20c*a? — 30a7*b*, 
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Find the square roots of 

5. x + 2a + 3at4+ 4a°+ 3a7 + 241. 

6. 4a — Bay? + day? + y'*. 

7. 49411207 + 700° + 64a* + 800° + 250°. 
8 


at — Qo? + 5a® —6x4+8—-—6a 1+ 5a *- 20% + ag 


10. «t—4ab+ 20+ at +08, 
Ll. at—4at+ tot ee 
12. at - Qa7*t xe? + at at 2 ata = Jab ub ae as, 
Find the cube roots of 
13. «2° — 2427+ 192” — 512. 
14. a® — 3a°y + 6aty? — Ta®y® + 6a*y* -— Bay? + y°. 
15. 192° + 33a*— 632° + 660° — 362° + 8a". 
16. Find the square root of 
Qa? (b +c)? + 267 (c+) + 2c* (a +b)? + 4abe (a +b +), 
17. Find the square root of 
a(t yt+2)+yZ + Qa (y +%) (y2- 2’). 

18. Find the square root of 

 (a—b)'-2 (a +8’) (a—b)? +2 (a* +0"). 
19. Shew that («+ a) (w+ 2a) (x4 3a) (a + 4a) + a* is a 

perfect square. 


90. Prove that a*+pa*+ qu" +ra 48 is a square, if p’s=r" 
and p*— 4pq + 8r=0. 
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21. Find the values of A, B and C in order that 
4oc® — 240° + Ax* + Ba? + Ca*— 4004+ 25 

may be a perfect square. 

22. Shew that, if ax®+ba*?+cx+d be a perfect cube, then 
- 6° =3ac and c*= 3bd. 

23. Find the conditions that 

aa? + by’ + cz? + Afyz + 2gza + Zhay 

may be the square of an expression which is rational in 2, y 


and 2. 


24. Shew that if 
(@— X) w + (b— A) y? + (c—A) 2 + Bye + Agee + hay 


be the square of an expression which is rational in a, y and 2, 
then will 


25. Shew that when the first + terms of the cube root of 
an algebraical expression are known, r more terms can be 
found by ordinary division. 


26. When n+ 2 figures of the cube root of a number have 
been obtained by the ordinary method, n more can be obtained 


by ordinary division, provided the number is a perfect cube of 
2n + 2 figures. 


27. Shew that, if n+2 figures whose numerical value 
is @ have been found of a positive root of the equation 
a'+qe—r=0, g being supposed positive, then the result of 
dividing r—ga—a’ by 3a*+q will give at least »—1 more 
figures correctly. 


CHAPTER XVI. 
Ratio. PROPORTION. 


205. Definitions. The relative magnitude of two 
quantities, measured by the number of times the one 
contains the other, is called their ratio. 


Concrete quantities of different kinds can have no 
ratio to one another: we cannot, for example, compare 
with respect to magnitude miles and tons, or shillings 
and weeks. 


The ratio of a to b is expressed by the notation a : b; 
and a is called the first term, and b the second term, of the 
ratio. Sometimes the first and second terms of a ratio are 
called respectively the antecedent and the consequent. 


It is clear that a ratio is greater, equal or less than 
unity according as its first term is greater, equal or less 
than the second. A ratio which is greater than unity is 
sometimes called a ratio of greater inequality, and a ratio 
which is less than unity is similarly called a ratio of less 
mequality. 

The ratio of the product of the first terms of any 
number of ratios to the product of their second terms, is 
called the ratio compounded of the given ratios. 


Thus ac : bd is the ratio compounded of the two ratios a: band c: d. 


The ratio a? : 6? is sometimes called the duplicate ratio 
of a:b; so also a®: 6°, and »/a: V/b are called respectively 
the triplicate, and the sub-duplicate ratio of a : 6. 


242 RATIO. 


206. Magnitudes must always be expressed by means 
of numbers, and the number of times which one number 
contains another is found by dividing the one by the other. 


Thus ratios can be expressed as fractions. 


The principal properties of fractions and therefore of 
ratios have already been considered in Chapter VII. 


Thus, a ratio is unaltered in value by multiplying each 
of its terms by the same number. [Art. 107.] 


_ Different ratios can be compared by reducing to a, 
common denominator the fractions which express their 
values. [Art. 109.] 


The theorems of Art. 113 are also true for ratios. 


The following theorem is of importance : 


207. Theorem. Any ratio is made more nearly 
equal to unity by adding the same positive quantity to each 
of its terms. 


By adding « to each term of the ratio a: 6, the ratio 
a+a:b+@ is obtained. 


a a—b a+a a—b 

Noms. pod pe be pea et 
and it is clear that the absolute value of eee is less than 
that of ae , for the numerators are the same and the 


denominator of the former is the larger: this: proves the 
proposition. ; 
When « is very great, the fraction aa is very small ; 
a—b coe ; a+x 
and ae which is the difference between at and 1, 
can be made less than any assignable difference by taking 
x sufficiently great. 
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This is expressed by saying that the limiting value of 


faa , when @ is infinite, is unity. 


Now two quantities, whether finite or not, are equal 
to one another when their ratio ts unity. Thus a+ and ° 
b+. are equal to one another when z is infinite, a being 
- supposed not equal to b. [See Art. 118.] 


208. Since any ratio is made more nearly equal to 
unity by the addition of the same quantity to each of its 
terms, it follows that a ratio is diminished or increased by 
such addition according as it was originally greater or less 
than unity. This proposition is sometimes enunciated : 
A ratio of greater inequality is diminished and a ratio of 
less inequality is increased by the addition of the same 
quantity to each of tts terms. 


209. Incommensurable numbers. The ratio of 
two quantities cannot always be expressed by the ratio of 
two whole numbers; for example, the ratio of a diagonal 
to a side of a square cannot be so expressed, for this ratio 
is /2: 1, and we cannot find any fraction which is exactly 
equal to 4/2. 


Magnitudes whose ratio cannot be exactly expressed 
by the ratio of two whole numbers, are said to be in- 
commensurable. 


Although the ratio of two incommensurable numbers 
cannot be found exactly, the ratio can be found to any 
degree of approximation which may be desired; and the 
different theorems which have been proved with respect 
to ratios can, by the method of Art. 163, be proved to be 
true for the ratios of incommensurable numbers. 
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PROPORTION. se 


210. Four quantities are said to be proportional when 
the ratio of the first to the second is equal to the ratio of 
- the third to the fourth. 


Thus a, b, c, d are proportional, if 


a:b=c:d. 
This is sometimes expressed by the notation 
a o03: od, 


which is read “a is to b as c is to d.” 


The first and fourth of four quantities in proportion, 
are sometimes called the eatremes, and the second and 
third of the quantities are called the means. 


211. Ifthe four quantities a, b,c, d are proportional, 
we have by definition, 


ard 
Dy Bi 
Multiply each of these equals by bd; then 
ad = be. 


Thus the product of the extremes ts equal to the product 
of the means. 

Conversely, if ad = be, then a, b, c, d will be propor- 
tional. 


For, if ad = be, then 
ad _ be 
bd bd’ 
ep ae 
’ © Sb aha 
that is atb=c:d. 
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Hence also, the four relations 


a:b=c:d, 

a:c=b:d, 

bia=d<¢, 
and bed =a 70, - “s 


are all true, provided that ad = be. Hence the four 
proportions are all true when any one of them is true. 


Ex. If a:d=c:d, then willa+b: a—b=c+d:c-d. 
This has already been proved in Art. 113: it may also be proved 


as follows: 
a+b:a—b=c+d:c-d, fe 
if (a+) (c—d)=(a-b) (c+), 
that is, if ac — bd+be —ad=ac-bd-be+ad; 
or, if be=ad. 


But bc is equal to ad, gincea:b=c:d. 


212. Quantities are said to be in continued proportion 
when the ratios of the first to the second, of the second 
to the third, of the third tothe fourth, &c., are all equal. 


Thus a, b, c, d, &c. are in continued proportion if 
a:b=b:c=c:d=&e, 


that is, if io 


If a:b=6:¢, then b is called the mean proportional 
between a and ¢; also c is called the third proportional 


to a and b. 
If a, 6, c be in continued proportion, we have 
tbs 
bc? 


“.  =ac, or b= Jac. 
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Thus the mean proportional between two given quantities 
ts the square root of ther product. 


Also Retin Unt Mt 
b 30 -70~26 

2 a. a 
that is = oe 


Thus, if three quantities are in continued proportion, 
the ratvo of the first to the third 1s the duplicate ratio of the 
Jirst to the second. — 


213. The definition of proportion given in Euclid is 
as follows: Four quantities are proportionals, when if any 
equimultiples whatever be taken of the first and the third, 
and also any equimultiples whatever of the second and 
the fourth, the multiple of the third is always greater 
than, equal to or less than the multiple of the fourth, 
according as the multiple of the first is greater than, equal 
to or less than the multiple of the second. 


If the four quantities a, b, c, d satisfy the algebraical 
test of proportionality, we have re therefore for all 
ma me 


nb nd" 


values of m and n, 


> > 
Hence mc = nd, according as ma = nb. Thus a, b, c, d 
< < 


satisfy also Euclid’s test of proportionality. 


Next, suppose that a, 6, c, d satisfy Euclid’s definition 
of proportion. 


If a and 6 are commensurable, so that a:b=m:n, 
where m and m are whole numbers; then 


hae a na = mb. 
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But by definition 


> > 
nc = md according as na = mb, 


< 
Hence n= md; 
Re eerie 
i ieee ane 


Thus a, b, c, d satisfy the algebraical definition. 


If a and b are incommensurable we cannot find two 
whole numbers m and n such thata:b=m:n. But, if 
we take any multiple na of a, this must lie between two 
consecutive multiples, say mb and (m-+1)b of b, so that 


na>mb and na<(m-+1)0. 
Hence by the definition, 
ne>md and nc<(m+1)d. 


Hence both % and © lie between = and He af 


b d 


3 3 1 
Thus the difference between @ ond % is less than a and 


b d 


as this is the case however great n may be, < must be equal 


a Sih p 
to 5; for their difference can be made less than any 

assignable difference by sufficiently increasing 7. 
Ex. 1. For what value of x will the ratio 7+”: 12+a be equal to 
the ratio 5 : 6? Ans. 18, 


Ex. 2. If 62?+6y?=13xy, what is the ratio of « to y? 
; Ans. 2:30r3: 2. 


Ex. 3. What is the least integer which when added to both terms of 
the ratio 5 : 9 will make a ratio greater than 7: 10? Ans. 5. 


Ex. 4. Find zx in order that +1 : +6 may be the duplicate ratio of 
aes) 


8:5. Ans. 16° 
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Ex. 5, Shew that, if a :bite: d, then 
(i) at+ab+b?: c2?+cd+d9:: a?@—ab+b?: c8§—cd+ a, 
(ii) a+b: c+d:: ./(2a?—3b%) : ,/(2c?- 3d). 
(iii) a2+b?4+¢2+4d?: (a+6)?+(c+d)?:: (a+c)?+(b+d)? 
:(a+b+c+d)3. 
[See Art. 113.] 


Ex. 6. If a:b::c¢: d, then will ab+cd be a mean proportional 
between a?+c? and b?+ 4%, 


VARIATION. 


214. One magnitude is said to vary as another when 
the two are so related that the ratio of any two values of 
the one is equal to the ratio of the corresponding values 
of the other. 


Thus, if a,, a, be any two measures of one of the 
quantities, and b,, b, be the corresponding measures of the 
other, we have 


a, a 
= b ; and therefore i = 7" : 
a, 2 1 2 

Hence the measures of corresponding values of the two 
magnitudes are in a constant ratio. 


The symbol « is used for the words varies as: thus 
A «Bis read ‘A varies as B’. 


If acb, the ratio a:b is constant; and if we put m 
for this constant ratio, we have 


5x “. a=mb. 


To find the constant m in any case it is only necessary 
to know one set of corresponding values of a and b. 


For example, if a « b, and a is 15 when b is 5, we have p=m= 
*. @=3bd. 


. 
> 


ol 
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215. Definitions. One quantity is said to vary in- 
versely as another when the first varies as the reciprocal 
of the second. 


oh 7a 1 
Thus a varies inversely as b if the ratio a: > is constant, 


b 


and therefore ab =m. 


One quantity is said to vary as two others jointly when 
the first varies as the product of the other two. Thus a 
varies as 6 and ¢ jointly if a«bc, that is if a=mbec, 
where m is a constant. 


One quantity is said to vary directly as a second and 
inversely as a third when the ratio of the first to the 
product of the second and the reciprocal of the third is 
constant. 


Thus a is said to vary directly as b and inversely as c, 
Tg hee x= is constant, that is, if a=m- , where m is a 
constant. 


In all the different cases of variation defined above, 
the constant will be determined when any one set of 
corresponding values is given. 


For example, if a varies jointly as b and c; and if a is 6 when b 
is 4 and c is 3, we have 


a=mobc, 
and 6=mx4x3. 
1 1 
Hence m=5, and therefore a=5 be. 


216. Theorem. If a depends only on b and c, and 
if a varies as b when c ts constant, and varies as ¢ when 
b is constant; then, when both b and c vary, a will vary 
as be. 

Let a, b, c; a’, b', c and a’, b,c’ be three sets of 
corresponding values. 

S.A. 18 
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Then, since c is the same in the first and second, we 


wtb : 
have : aan) ee Bs hae Spee ta 7 
And, since b’ is the same in the second and third, we 
Cee as 
oat ae tore ak AA ied WS 
have ee (ii) 
; eT Lae 
Hence from (i) and (it), We? 


which proves the proposition. 


The following are examples of the above proposition. 


The cost [C] of a quantity of meat varies as the price [P] per 
pound if the weight [W] is constant, and the cost varies as the 
weight’ if the price per pound is constant. Hence, when both the 
weight and the price per pound change, the cost varies as the 
product of the weight and the price. 


Thus, if C « P, when W is constant, 
and Ca W, when P is constant; 
then C «a PW, when both P and W change. 


Again, the area of a triangle varies as the base when the height 
is constant; the area also varies as the height when the base is 
constant; hence, when both the height and the base change, the 
area will vary as the base and height jointly. 


Again, the pressure of a gas varies as the density when the 
temperature is constant; the pressure also varies as the absolute 
temperature when the density is constant; hence when both density 
and temperature change, the pressure will vary as the product of the 
density and absolute temperature. 


Ex. 1. The area of a circle varies as the square of its radius, 
and the area of a circle whose radius is 10 feet is 314:159 square 
feet. What is the area of a circle whose radius is 12 feet? 

Ans. 452°38896 feet. 

Ex, 2. The volume of a sphere varies as the cube of its radius, 
and the volume of a sphere whose radius is 1 foot is 4-188 cubic feet. 
What is the volume of a sphere of one yard radius? Ans, 113-076 feet. 

Ex. 3. The distance through which a heavy body falls from rest 
varies as the square of the time it falls; also a body falls 64 feet in 
2 seconds. How far does a body fallin 6 seconds? Ans. 576 feet. 


Ex. 4. The volume of a gas varies as the absolute temperature 
and inversely as the pressure; also when the pressure is 15 and the 
temperature 260 the volume is 200 cubic inches. What will the 
volume be when the pressure becomes 18 and the temperature 390? 

: Ans. 250 inches, 
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Ex. 5. The distance of the offing at sea varies as the square root 
ef the height of the eye above the sea level, and the distance is 
3 miles when the height is 6 feet: find the distance when the height 
is 72 yards. Ans, 18 miles. 


INDETERMINATE FORMS. 


217. <A ratio or fraction sometimes assumes an in- 
determinate form for some value or values of a contained 
letter. 


Thus, when z=0 both the numerator and the denominator of 


2-2 ‘ . : 
5 vanish, and the fraction assumes for this value of 


the fraction 


z the indeterminate form a5 and this is also the case when #=1. 


Again, when =o both the numerator and the denominator of 
the above fraction become infinitely great, and the fraction assumes 


the indeterminate form = A 


We proceed to shew how to find the limiting values 
of fractions which assume these indeterminate forms. 


2 — 
Consider, for example, the fraction oes which as- 


sumes the form : when «=1. 


g@—1 —(e¢-lI)(@+1) . 

a—1 («—1)(2+a+1)’ 

and, provided «—1 is not really zero, we may divide the 
numerator and denominator by w —1 without altering the 
value of the fraction, and we can do this however small 
z—1 may be. 


Now 


Gent epeteee 
a—1 a+a2+1’ 
and the limiting value of the latter fraction, as x ap- 


Hence, when 2—1 is very small, 


proaches indefinitely near to 1, is at once seen to be 3° 
; 18—2 
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ae as # approaches indefinitely near to ‘1, the 
fraction = 


2 
a approaches indefinitely near to the value 3° 
e—1l 2 
This is pave by the notation D,_, — Po173° 
Ex. 1. Find the limiting value of 2 —"+® when 2=2 
x. tL. im 6 limiting value 0 @—ir+16 © en r=4, 


It follows from Art. 88 that z—2 is a common factor of the 
numerator and denominator. 


L w?—5rt+6 (w~-2)(a@~-8)_> z-3 1 
e=9 23-102+16 “7? (¢—2)(c-8)  *"2 z-8 6 


Ex. 2. Find the limiting value of fa 


when x=0 and when 
3a 
@Z=0. 


L e420 _ @ (+2) _ z+2_ 2 
#0 Beit Be "9 2 (Qn43) #7? 2548 8° 


2 2 

*( a) e 
L 23422 =L “: as =L er 1 
t="8 9,29) 2 mc =Lyesn “5-5? 
Qu? + 32 a (242) a0 2 


/ 2 3 op & 3 
since 2 and - are both zero when 2 is infinite, 


Ex. 3. Find the limiting value of the ratio 1+2z7 : 2+32 when z 
increases without limit, 


1 1 
1420 _ #(2+3) a+r 8 
nme =Aeme Ss a a he 
Bik zx (8+5) ae 
z z 
2 
Ex. 4. Find the limiting value of pete when « becomes 
indefinitely great. 
100 500 
2241002 +500. a(2 wa Ts “7 ) 
Dose  bee—40 =Iene ee ae ee 


# (5-5) 
= Hi 
, 2 


=e Bgl a=" Be = 
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EXAMPLES XX. 


1. Shew that, ifa+6, 6+c,c+a are in continued propor- 
tion, then b+¢:c+a=c-—a:a—6. 


3. Shew that, ifw:a=y:b=2z: ¢, then 
a s ye _(a@t+y +2) 
a BF ce (at+b+eye 
8, ‘Shew that, if (a+b+ce+d)(a—b-c+d)=(a—b+c—d) 
(a+ b—c-—d), then a, 6, ¢, d are proportionals. 

4. Shew that, if b°+ c? =a’, then 

atb+e:ct+a—b=a+b-c:b+c-a. 

5. What number must be subtracted from each of the 
numbers 7, 10, 19, 31 in order that the remainders may be in 
proportion 4 

6. Find a: 6: ¢, having given 

6 at+ce-b at+b+t+e 


Fiabisb 4 e= Ges 2b + 20" 


aw ha 7] “i 2 
nop b+c-a c+a—-b at+b-c’ 


shew that (a+b + c) (yz+ za + xy) =(a+y +2) (aa + by + cz). 


8. If a(y+z2)=b (e+a)=¢(x+y), prove that 
y-@ BM BY 
a(b—c) b(c—a) c(a—6)’ 
9. Shew that the ratio 
La, + 1,0, + Uydig + ore ee 1,6, +: 1,6, +0,b, +--+ 
is intermediate to the greatest and least of the ratios a,: b,, 
a,:6,, &., the quantities being all positive. 
10. Ifa:bic: d, then 
a+b" +0"%+d0™ > 
rae aa ae ae 
11, Shew that, if (a +6) (6+¢) (¢+d) (d +a) 
=(a+b+e+d) (bed + cda + dab + abc), 
then a:b:iid:e. 
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12. If (bcd + cda + dab + abc)*—abed (a+b +¢+d)?=0, 
then it will be possible to arrange a, b, c, d so as to be propor- 
tionals. : 


ip SOP ee 
13. Shew that, Sar ar te ay a—2b+e’ 
a b . 


a+Qy+2 m—z x—Qyte 


then 


la. Shew that, if aa?+ by? + cz? + yz + 2gee4 2hay = 0 
and a+y+2=0 are only satisfied by one set of ratios x: Y : 2%, 
then bc —f* + ca — 9? + ab — h? +2 (gh—af) 

+ 2 (hf — bg) + 2 (fg — ch) =0. 


15. Shew that, if 


a b c 
P(pu-qy-r2) 9 (qy—r2—px) x (rz—pu—qy)’ 
p q - 


ae a (ax — by — cz) ~ b (by — ca ax) ~ ¢ (cz —am — by) 
16. Shew that, if ab =cd, then either of them is equal to 


(a+¢)(a+d)(b+c) (b+d)/(at+ b+ c+), 
Also, if a+ b=c¢ +d, then either of them is equal to 
d ele aLery . 
abed G tet 7) jas +d). 
17. Find the limiting values of the following fractions 
when «= 2, and when a=o, 
 @—Te+10 |... deta... of + Gn— 16 
© gooertd? |) Botese OH) Say 
18. Find the limiting values of the following when «=a, 
(i) Ja — Ja (ii) Je~Ja+/n~ao 
a fen? Vea") * 


CHAPTER XVIL 


ARITHMETICAL, GEOMETRICAL, AND HARMONICAL 
PROGRESSION. 


918. Series. A succession of quantities the members 
of which are formed in order according to some definite 
law is called a series. 


Thus 13.278; A,75 xs , in which each term exceeds the 
preceding by unity, is a series. 
So also 3, 6, 12, 24, ...... , in which each term is double 


the preceding, is a series. 

We shall in the present Chapter consider some very 
simple cases of, series, and shall return to the subject in a 
subsequent Chapter. 


ARITHMETICAL PROGRESSION. 


219. Definition. A series of quantities is said to be 
in Arithmetical Progression when the difference between 
any term and the preceding one is the same throughout 
the series. a 

Thus, a, b, c, d, &c. are in Arithmetical Progression 
[A. P.] ifb -a=c—b=d—c=k&e. 

The difference between each term of an A.P. and the 
preceding term is called the common difference. 
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The following are examples of Arithmetical progressions :— 
I; 3,1: 532 7; _&e: 
8, -1, -5, -9, &. 
a, a+2b, a+4b, &e. 
In the first series the common difference is 2, in the second it is 
-— 4, and in the last it is 2b. 


220. If the first term of an arithmetical progression 
be a, and the common difference d; then, by definition, 
the 2nd term will be a +d, 
OR 2° 4 hae ela ad: 
po kth 2 Se ae red, 
and so on, the coefficient of d being always less by unity 


than the number giving the position of the term in the 
series. 


Hence the nth term will be a+ (n —1)d. 
We can therefore write down any term of an AP. 
when the first term and the common difference are given. 


For example, in the 4, p. whose, first term is 5, and whose 
common difference is 4, the 10th term is 5+(10-—1)4=41, and the 
30th term is 5+29x4=121. 


221. An arithmetical progression is determined when 
any two of its terms are given. 


For, suppose we know that the mth term is a, and that 
the nth term is B. : 


Let a be the first term, and d the common difference; 
then the mth term will be a+(m—1)d, and the nth term 
will be a+ (n—1)d. a, 

Hence a+(m—1)d=a, 
and a+(n —1)d=8. 

Thus we have two equations of the first degree to 
determine a and d in terms of the known quantities m, n, 


a and £. 


ARITHMETICAL PROGRESSION. 257 


Ex. Find the 10th term of the a.p. whose 7th term is 15 and whose 
21st term is 22. 
If a be the first term, and d be the common difference, we have 


a+6d=16, and a+20d= 22. 
Hence a=5, a=12, The 10th term is therefore 12 +9=16}, 
222. When three quantities are in arithmetical pro- 
gression, the middle one is called the Arithmetic Mean of 
the other two. 


If a, b, c are in A.P., we have, by definition, 
b—a=c—b); and therefore b=3(a+c). 


Thus the arithmetic mean of two given quantities is half 
their sum. 

When any number of quantities are in arithmetical 
progression all the intermediate terms may be called 
arithmetic means of the two extreme terms. 

Between any two given quantities any number of arith- 
metic means may be inserted. 

Let a and b be the two given quantities, and let n be 
the number of terms to be inserted. 

Then 6 will be the n+ 2th term of the a.P. whose first 
term is a. 

Hence, if d be the common difference, b=a+(n+1)d; 


and therefore d AN : 
n+1 
Then the series is 
—a b—a 
Oe a+27 7 ke, 
the required arithmetic means being 
b-—a b-—a b—a 
Cae nln eM 
nat+b (n—1)a+2b (n—2)a+8b a + nb 


eee | 


n+1’ n+1 n+1 n+1 
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223. To find the sum of any number of terms of an 
arithmetical progression. 


Let a be the first term and d the common difference. 
Let n be the number of the terms whose sum is required, 
and let l be the last of them. 


Then, since / is the nth term, we have 


B= a+ (—1) d.......cececocceeeses (1). 
Hence, if S be the required sum, 
S=a+(at+d)+(a+2d)+...... +(l—2d)+(l—d) +1. 
Now write the series in the reverse order; then 
S=l+(l—d)+(U—2d)+...... +(a+2d)+(a+d)+a. 
Hence, by addition of corresponding terms, we have 
28=(a+l)+(a+l)+(atl)+...... to n terms 
=n(a+l); 
4 S=5(a+)) sah RRA noe ee ee (ii), 
or, from (1), 
S= 5 td CE gd peer Nae oa «as, bs (iii). - 


¥rom the formule (i), (ii), (iii) the value of all the 
quantities a, d, n, J, S can be found when any three are 
given. 


Ex. 1. Find the sum of 20 terms of the arithmetical progression 
3+64+9+4 &. 


Here a=3, d=3, n=20; 
2. S="P (6419 x3} =630. 
Ex. 2. Shew that the sum of any number of consecutive odd numbers, 


beginning with unity, is a square number, 
The series of odd numbers is 


Here a=1, d=2; hence the sum of n terms is given by 


S=5 {20+ (n-1) d}=o {24 (n—1) 2} =n. 
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Ex. 8. How many terms of the series 1+5+9+...... musi be taken 
in order that the sum may be 190? 


We have s=5 {2a+(n-1)d}, where S=190, a=1, d=4, 
Hence n is to be found from the quadratic equation 
190=5 {2+4(n-1)}, 


or 2n?-—n-—190=0, 
that is (n—10) (2n4+19)=0. 


Hence n=10. The value n= = is to be rejected for n must 


necessarily be a positive integer*. 


Ex. 4. How many terms of the series 5+7+9+...... must be taken 
in order that the sum may be 480? 


Here we have 
480=5 {10+ (n-1)2}5 
“, n'+4n—480=0, 
or (n— 20) (n+ 24)=0. 


Hence n must be 20, for the value n= — 24 must be rejected as a 
negative number of terms is altogether meaningless *. 


. 


Ex. 5. What is the 14th term of the s.r. whose 5th term is 11 and 
whose 9th term is 7? Ans, 2. 


Ex. 6. What is the 2nd term of the a.p. whose 4th term is b and 
whose 7th term is 3a+4b? Ans, —2a-—b. 


Ex. 7. Which term of the series 5, 8, 11, &c. is 320? 
: Ans. The 106th. 


Ex. 8. Shew that, if the same quantity be added to every term of an 
A.P., the sums will be in 4.P. 


Ex. 9. Shew that, if every term of an a.p. be multiplied by the same 
quantity, the products will be in a. Pp. 


* The inadmissible value is a root of the equation to which the 
problem leads, but it is not a solution of the problem. [See Chapter x1.] 
Tt should be remarked that a negative value of mn cannot mean a number 
of terms reckoned backwards. 
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Ex. 10. Shew that, if between every two consecutive terms of an 
A.P., @ fixed number of arithmetic means be inserted, the whole will 
form an arithmetical progression. 


Ex. 11. Find the sum of the following series; 
(i) 2$+444+62+...... to 23 terms. 
ste 1 
(ii) ate-ec to 12 terms. 
(iii) (a@+9b) + (a+7b) +(a+5d) +...... to 10 terms. 
(hy) Sepa hee E seas to n terms, 
Ans. (i) 621, (ii) -16, (ii) 10a, (iv) 3 (n—1). 


Ex. 12. The 7th term of an 4,p. is 15, and the 21st term is 8; find 
the sum of the first 13 terms. Ans. 195. 


Ex. 13. Find the sum of 21 terms of an a, P. whose 11th term is 20. 
Ans, 420. 


Ex. 14. Shew that, if any odd number of quantities are in a.P., the 
first, the middle and the last are in a. P. 


Ex. 15. Shew that, if unity be added to the sum of any number of 
terms of the series 8, 16, 24, &c., the result will be the square of an 
odd number. 


Ex. 16. How many terms of the series 154+11+7+...... must be 


taken in order that the sum may be 35? Ans. 6. 
Ex. 17. The sum of 5 terms of an a.p. is —5, and the 6th term is 
— 138; what is the common difference? Ans, —4, 
Ex. 18, Find the sum of all the numbers between 200 and 400 which 
are divisible by 7. Ans, 8729. 


Ex. 19. If a series of terms in a. Pp. be collected into groups of n terms, 
and the terms in each group be added together, the results form an 
ALP. whose common difference is to the original common difference as 
n31. 


GEOMETRICAL PROGRESSION, 
224. . Definition. A series of quantities is said to be 


in Geometrical Progression when the ratio of any term 
to the preceding one is the same throughout the series. 
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Thus a, , c, d, &. are in Geometrical Progression 
antes es 
id ic : 


The ratio of each term of a geometrical progression 
to the preceding term is called the common ratio. 


The following are examples of geometrical progressions: 
1; 3, , 9; 527;, ae. 
4, -2, 1, -%4, &o 
a, a, a’, a’, &. 


In the first series the common ratio is 8, in the second series it is 
— 4, and in the third series it is a?. 


225. If the first term of a G.P. be a, and the common 
ratio r; then, by definition, 


the 2nd term will be ar, 
»” 8rd. » o> ar’, 
”» 4th bed ” ar’, 


and so on, the index of r being always less by unity than 
the number giving the position of the term in the series. 


Hence the nth term will be ar"”. 


We can therefore write down any term of a G.P. when 
the first term and the common ratio are given. 


For example, in the ¢.P. whose first term is 2, and whose common 
ratio is 3, the 6th term is 2x 35, and the 20th term is 2x 3”. . 


226. A Geometrical Progression is determined when 
any two of its terms are given. 


For, suppose we know that the mth term is a, and 
that the nth term is £. 


Let a be the first term, and r the common ratio ; 
then the mth term will be ar”, and the nth term will 


be ar”. 
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cf = - a 
Hence ar™* = a, ar**= £8; and .. 1” Deh 
aes Fas 8 1l-n 1-m 
Hence r=a™-"8"-™, and therefore a = a™-"8"-™, 
Ex. Find the first term of the a.p. whose 38rd term is 18 and whose 
5th term is 404. 


If a be the first term, and r the common ratio, we have 


81 9 
ar?=18, oleae or r=7e 


Hence a=18~x 5=8, 


Thus the series is 8, 12, 18, &c. 


227. When three quantities are in a.p., the middle 
one is called the Geometric Mean of the other two. 


If a, b, c are in G.P., we have by definition 


i 
re ve b=+ s/ac. 
Thus the geometric mean of two given quantities ts 
a square root of their product. 


_When any number of quantities are in geometrical 
progression all the intermediate terms may be called 
geometric means of the two extreme terms. 


Between two given quantities any number of geometric 
means may be inserted. 


For let a and 6 be the two given quantities, and let n 
be the number of means to be inserted. 


Then b will be the (n+ 2)th term of a ap. of which a 
is the first term. Hence, if r be the common ratio, we 
have 

n+l /} 
b=ar; wo r= -. 
a 


Hence the required means are ar, ar’,......,ar", 


mi) (RE), Bere dissin 
that is, as tipetd, getipetl: 23. qr pert, 
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228. To find the sum of any number of terms in 
geometrical progression. 


Leta be the first term, and r the common ratio. Let 
n be the number of the terms whose sum is required, and 
let 2 be the last of them. 


Then, since J is the nth term, we have /=ar""7 
Hence, if S be the required sum, : 
SH= A+ Ort a7 + cccccccscees +ar"™, 
Multiply by r; then . 
Sr= ar+ar+ar'+...... ar"? + ar, 
Hence, by subtraction, 


S—Sr=a-—ar"; 


1-,r" 
= oO _ 
l-—r 
Ex. 1. Find the sum of 10 terms of the series 3, 6, 12, &a. 
Here a=3, r= 2, 2==10, 
1-210 ) 
Hence S=3 ae: =8 (210 -1)=3069. 


229. From the preceding article we have 

Pee Oe een 

l-r il-r 1-r 

Now when r is a proper fraction, whether positive or nega- 
tive, the absolute value of r” will decrease as n increases ; 


moreover the value of r* can be made as small as we 
please by sufficiently increasing the value of n. 


S=c 


Hence, when r is numerically less than unity, the sum 
of the series can be made to differ from a by as small 
a quantity as we please by taking a sufficient number of 
terms. 
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Thus the sum of an infinite number of terms of the 
geometrical progression a+ ar +ar*+......,in which r is 


a 
numerically less than unity, is ic 3 
Ex. 1. Find the sum of an infinite number of terms of the series 
9-64+4-...... 
Here =o. r= 2 
=9, r=—-3. 
Hence fe al a —-=7. 


Ex. 2. Find the geometrical progression whose sum to infinity is 44, 
and whose second term is — 2, 


Let a be the first term, and r be the common ratio. 


Then we have ar=-—2, and is = 2 


3° 

Whence 9r2 — 9r -4=0. 

1 4 
Hence 5) orr=z. 

1 2 
If : r= ~3 ’ a= =O} 

Lae 2 
and the series is 6, - -2, rt &e. 


The value r = is inadmissible, for r must be numerically less than 


unity. 


Ex. 3. The 3rd term of a a.p. is 2, and the 6th term is — Hy what is 
the 10th term? Ans. —dx. 


Ex. 4. Insert two geometric means between 8 and —1, and three 
means between 2 and 18. Ans. —4, 2; +2,/3, 6, +6,/3. 


Ex. 5. Shew that if all the terms of a a.p. be multiplied by the same 
quantity, the products will be in a.p. 


Ex. 6. Shew that the reciprocals of the terms of a a.p. are also in G.P. 
Ex. 7. Shew that, if between every two consecutive terms of a a.p., a 


fixed number of geometric means be inserted, the whole will form a 
geometrical progression. 
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Ex, 8. Find the sum of the following series; 


(i) 124+94+62+... to 20 terms. 
= 2 

(ii) 1-3 4+ Stew to 6 terms, 

(iii) 44°84++16+... to infinity. 


: 3\* Be LOS ers 
Ans, (i) 48 {1-(3) \, (i) Sra» (ii) 5. 
Ex. 9. Shew that the continued product of any number of quantities 
n 


in geometrical progression is equal to (gi)?, where n is the number of 
the quantities and g, J are the greatest and least of them. 


Ex. 10. Shew that the product of any odd number of terms of a G.P. 
will be equal to the nth power of the middle term, n being the number 
of the terms. 


Ex. 11. The sum of the first 10 terms of a certain a.P. is equal to 244 
times the sum of the first 6 terms. What is the common ratio? 
Ans. 3. 


Ex. 12. If the common ratio of a 4.p. be less than 4, shew that each 
term will be greater than the sum of all that follow it. 
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230. Definition. A series of quantities is said to be 
in Harmonical Progression when the difference between 
the first and the second of any three consecutive terms is 
to the difference between the second and the third as the 
first is to the third. 


Thus a, b, c, d &c., are in Harmonical Progression 
[H. P.], if 
Gab sb—6 34.0 46, 
b—c:c—d 3 0: d, 
and so on. 
If a, b, c be in harmonical progression, we have by 
definition 
a — bier ea): 0; 
“. ¢(a—b) =a(b—C). 
S, A. & 19 
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Hence, dividing by abc, we have 


perotl 
be ti nGee D 
Lis ae on. 
which shews that = Fi aete in arithmetical progression. 


Thus, if quantities are in harmonical progression, their 
reciprocals are in arithmetical progression. 


231. Harmonic Mean. If a, b,c be in harmonical 


progression, - < ; will be in arithmetical progression, 
Hence ; ae + . 
a ¢ 
aba 
a+e 


Thus the harmonic mean of two quantities is twice 
their product divided by their sum. 


If we put A, G, H for the arithmetic, the geometric, 
and the harmonic means respectively of any two quantities 
a and b, we have 


Mibka 4B Cm niet aH 


a+b 
A t= @ 


Thus the geometric mean of any two quantities is also 


the geometric mean of their arithmetic and harmonic 
means. 


232, Theorem. The arithmetic mean o7 two unequal 
positive quantities is greater than their geometric mean. 


; If a, b be the two positive quantities we have to shew 
‘that 


4 (a +b) > Jab, 
or 4 (va —bP >0. 
* 
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Now (/a — 4/6)’ is always positive, and therefore greater 
than zero, unless a = b. 


Since the arithmetic mean of two positive quantities is 
greater than their geometric mean, it follows from Art. 231 
that the geometric mean is greater than the harmonic. 


233. To insert n harmonic means between any two 
quantities a and b. 


Insert n arithmetic means between = and i and the 


reciprocals of these will be the required harmonic means. 
The arithmetic means are 


at asq(5-3) Avy 2 573) & 
a n+1\b a/’a Saad Gia 
Hence, by simplifying these terms and inverting them. 
the required harmonic means will be found to be 
(n+1)ab (n+1)ab (n+1) ab 
nmb+a ’(n—1)b+2a’""°” > b+na ~ 


234. Itis of importance to notice that no formula can 
be found which will give the sum of any number of terms 
in harmonical progression. ; 


EXAMPLES XXI. 


1. Shew that, if a, 6, c be in a.p., then will a’ (b+¢), 
b’ (c+), c’ (a+ 6) be in A.P. 


2. Find four numbers in A.P. such that the sum of their 
squares shall be 120, and that the product of the first and last 
shall be less than the product of the other two by 8. 


3. If a, b,c be in a.p., and 6, c, d be in P., then will 
@:b=c7d 


4. Find three numbers in G.P. such that their sum is 14, 
and the sum of their squares 84, 


19—2 
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5. Ifa, 6, ¢ be in arithmetical progression, and x be the 
geometric mean of a and }, and y be the geometric mean of b 
and ¢c; then will 2%, 6, y* be in arithmetical progression. 


6. Shew that, if a, 6, c be in harmonical progression, then 
x) 
b+c-a 
progression, 


will nd —°—, be also in harmonical 
a+b—ce 


—— a 
c+a—b 


7. Shew that, if a, 6, c¢, d be in harmonical progression, 
then will 


3 (6 — a) (d—c) = (c— 6) (d—a@). 
8. Shew that, if a, 6, c be in harmonical progression, 
21d 1 
b b-a b-—c 
9. Shew that, if a, 6, c be in H.P., then will 


b+a@ b+e_ 


Fa tte 


10. Ifa, b,c bein a.p., b,c,ding.P., and, d, ¢in H.P.; 
then will a, c, e be in GP. 


11. Ifa, b, c be in B.P., then will ee & o~¢ be in G.P. 


12. If a,b,c arein .P., then a, a—c, a—b are in ELP., 
and also c, c— a, c—6 are in H.P, 


13. If ~ a,, a,, y be in AP, @ 9, g, y in @P., and 
a, h,,h,, yin uP, then 


I1Ig _ % + % 
Thin agen 


14. The sum of the first, second, and third terms of a G.P. 
is to the sum of the third, fourth and fifth terms as 1: 4, and 
the seventh term is 384, Find the series. 
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15. TE/a, "6, G,, «0050 , a, be in harmonical progression, 


prove that a,a, + @,%, + @,0, + ...++ +a,_,a,=(n—-1)a,a,. 


16. If a, x, y, 6 be in arithmetical progression, and 
a, u, v, 6 be in harmonical progression, then av = yu = ab. 


17. Three numbers are in arithmetic progression, and the 
product of the extremes is 5 times the mean ; also the sum of 
the two largest is 8 times the least, Find the numbers. 


a+b b+e 


Is. If 7, 


in H.P. 


be in a.P.; then a, =. c will be 


19. If a, 6, ce bein a.P., and a’, 0’, c* be in H.P., prove 


that — 5 

_ 20. Ifa be any term of the arithmetical progression and y 
be the corresponding term of the harmonical progression whose 
first two terms are a, b, then willa—a:y—a::b: y. 


b, c are in G.P., or else a=b=c. 


21. Shew that, if a be the arithmetic mean between } and 
c, and 6 be the geometric mean between a and ¢, then will ¢ be 
the harmonic mean between a and 6. 


22. The series of natural numbers is divided into groups as 
follows: 1; 2,3; 4, 5, 6; 7, 8, 9, 10; and soon. Prove that 
the sum of the numbers in the &* group is $h (A + 1). 


23. Ana.P. and an H.P. have each the first term a, the 
same last term J, and the same number of terms n; prove that 
the product of the (r+1)" term of the one series and the 
(n —r)* term of the other is independent of r. 


24. Terms equidistant from a given term of an A.P. ara 
multiplied together ; shew that the differences of the successive 
terms of the series so formed are in 4.P. 


95. Shew that, if S,, S,,, S,, be the sum of nm terms, of 
Qn terms, and of 3n terms respectively of any @.P., then will 


8, (Son rs S,,) a (S,, i 8)’: 


26. Ifa, b,c be all positive and either in a.P., in G?., 
or in H.P., and n be any positive integer, then a” + "> 26", 
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27. If P,Q, & be respectively the p™, g, and r terms 
(i) of an a.P., (ii) of a @.P., and (iii) of an H.P., then will 


(i) P(g-r)+Q(r—p)+k(p-q)=9, 
Gi) Prt. Qo’. RP*=1, 
(iii) QR (q—r)+ KP (r—p)+PQ(p—g) =0. 


28. Shew that, if a,, a, dg, ...... , @, be in o.P., then 
thts oy der wut ST Oe Ss ee re pid Siaks neta ie 
G,+4,+...4+0,? @+4,+...4,” "a, +O,+...4+4,, 


will be in H.P. 


29. Shew that, if @,, a,, a, ...... , @, be all real, and if 


(G7 i Ae cass ne +) _,) (G7 +g) + reese +a@,") 
(4,0, + OG, + veeeee a 
then will a,, @,, d,, ...++ be in @.P. 


30. Shew that any even square, (2n)*, is equal to the sum 
of m terms of one series of integers in a.p., and that any odd 
square, (2n + 1)*, is equal to the sum of n terms of another a. P, 
increased by unity. 


31. Prove that any positive integral power (except the 
first) of any positive integer, p, is the sum of p consecutive 
terms of the series 1, 3, B, 7, &c.; and find ne first of the p 
terms when the sum is p’. 


32. Ifan a.p. and aa.P. have the same first term and the 
same second term, every other term of the a.p. will be less 
than the corresponding term of the @.Pp., the terms being all 
positive, 


CHAPTER XVIIL 
Systems or NUMERATION. 


235. IN arithmetic any number whatever is repre- 
sented by one or more of the ten symbols 0, 1, 2,3, 4, 5, 6, 
7, 8,9, called figures or digits, by means of the convention 
that every figure placed to the left of another represents 
ten times as much as if it were in the place of that other. 
The cipher, 0, which stands for nothing, is necessary 
because one or more of the denominations, units, tens, 
hundreds, &c., may be wanting. 


The above mode of representing numbers is called the 
common scale of notation, and 10 is said to be the radi or 
base. 


236. Instead of ten any other number might be used 
as the base of a System of Numeration, that is of a system 
by which numbers are named according to some definite 
plan, and of the corresponding Scale of Notation, that is 
of a system by which numbers are represented by a few 
signs according to some definite plan; and to express a 
number, NV, in the scale whose radix is r, is to write the 
number in the form ...... d,d,d,d,, where each of the digits 


gs 21° 0? 


O05 a, genes is less than r, and where d, stands for d, 


12.73? 


units, d, stands for d, x 7, d, for d, x r’, and so on. 
Thus N=d,+art+dy°+ eoecee 


Note. Throughout this chapter each letter stands for a 
positive integer, unless the contrary is stated. 


272 SYSTEMS OF NUMERATION. 


237. Theorem. Any positive integer can be expressed 
im any scale of notation, and this can be done in only one 
way. 

For divide NV by r, and let Q, be the quotient and d, 
the remainder, 

Then N=d,+rxQ,. 

Now divide Q, by r, and let Q, be the quotient and d, 
the remainder. 

Then Q,=d,+7rQ,; therefore V =d,+ rd, + 1°Q,. 

_ By proceeding in this way we must sooner or later 
come to a quotient, Q,=d,, which is less than r, when the 
process is completed, and we have 

N=d,+rd,+r'd,+7°d,+......1°d,, 

so that the number would in the scale of r be written 
d,....-.d,a,d,d, 

Each of the digits d,, d,, d,,...... is less than r, and any 
one or more of them, except the last, d,, may be zero. 

Since at every stage of the above process there is only 
one quotient and one remainder the transformation is 
unique. 

The given number NV may itself be expressed either in 
the common or in any other scale of notation. 


Ex. 1. Express 2157 in the scale of 6. 


The quotients and remainders of the successive divisions by 6 
are as under; 


6 | 2157 
6 |359 remainder 3=d, 
6 [59 revcersss Sd, 


Li cecstiaanee 3=d, 
Thus 2157 when expressed in the scale of 6 is 18553, 


Ex. 2. Change 13553 from the scale of 6 to the scale of 8. 


We have the following successive divisions by 8, remembering 
that since 13553 is in the scale of 6 each figure is siz times what 
it would be if it were moved one place to the left, so that to begin 
with we have to divide 1 x 6+3, and go on. 
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8 | 13558 
8 |1125 remainder 5 
aioe 5 
BP cc ceeeioren ow 1 


Hence the number required is 4155. 


Ex. 3. Change 4155 from the scale of 8 to the scale of 10, 
Proceeding as before, we have 


10 |4155 
10 [327 remainder 7 
10 [25 .ceceseeevee 5 
2 


eaactonssseme 
Thus 2157 is the number required. 
Or thus: 
Since 4155=4x 884+1x8?+5x8+5={(4x8+1) 8+5}8+65, 
the required result may be obtained as follows :— 
Multiply 4 by 8 and add 1; multiply this result by 8 and add 5: 
then multiply again by 8 and add 5. 


Ex. 4, Express 3166 in the scale of 12. [Represent ten by t, and 


eleven by e.] Ans. 19et. 
17. 101 

Ex. 5, Express a the scale of 4. Ans. Tii' 

Ex. 6. In what scale is 4950 written 20301? Ans. 7. 


938. Radix Fractions. Radix fractions in any scale 
correspond to decimal fractions in the ordinary scale, so that 


Gre1D, 26 
abc... stands for ao + A opiates 


To shew that any given fraction may be expressed by a 
series of radix fractions in any proposed scale. 
Let F be the given fraction; and suppose that, when 
expressed by radix fractions in the scale of r, we have 
AEN Bas 
f= BOCrs0es = r + r + ag eoenoey 


where each of a, b, ¢...... is a positive integer (including 
zero) less than r. 
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Multiply by r; then 
b ¢ 
PRr=At + GH seraee 


Hence a must be equal to the integral part, and 
b . 


oo 5 +...... must be equal to the fractional part of Fr. 


(If Fr be less than 1, @ is zero.) 
Let /, be the fractional part of Fr; then 


bv 
Bat at vee 


Multiply by 7; then 
Bx r= b+" +e 


Hence b must be equal to the integral part of F,r. 
Thus a, B, c,...... can be found in succession. 


Ex. 1, Express ¥ by a series of radix fractions in the scale of 6. 


1 6 6 9 9 
a7 * S=O+57» a7* S=1 +57» a7 Xo = 2. 


Hence :012 is the required result. 


Ex. 2. Express ; by a series of radix fractions in the seale of 3. 


1 


3 3 2 2 6 
q7x8=0+73 7X 8=14753 gn oe Oa 
6 4 4 5 5 1 
qx d=2+73 7x Salta qx =24ta- 


Hence -10212 is the required result. 
Ex. 3. Change 324:26 from the scala 8 to the scale 6, 


The integral and fractional parts must be considered separately, 
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6|43 remainder 2 
iG egecsanree cea 


S| | , 
| fo) bo 
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a bo 
~ bo 
for) ork) 


Fi 
=) 
S 


Thus the required result is 552°20213. 


ix. 4. In the seale of 8 express ‘16315 as a vulgar fraction. 
N=-16315; 
“. 8°N=16:315; 
¢. 8°N=16315-315; 
16315-16 16315-16 16277 
=—s5—68 77700 ~~ 77700" 
Ex. 5. In the scale of 7 express -23i as a vulgar fraction. 


Ans 


Taso! ny s'f 


ial) 
, . 330 ° 
Ex. 6. Change 31423 from the scale of 5 to the scale of 7. 
: Ans, 1503564. 


239. Theorem. The difference between any number 
and the sum of tts digits 1s divisible by r—1, where r 1s the 
radix of the scale in which the number ts expressed. 


Let WV be the number, S the sum of the digits, and let 


7 Bieas eps BaP be the digits. 
Then N=d, + 7rd, +7°d, + ore .+r'd,, 
and S=d,+d,+d,+...... + d,,. 
» N—S=(r—1)d,+(r—-1)d,+...... +(r*—1)d,, 


Now each of the terms on the right is divisible by 
r—1 [Art. 86]. 

Hence NV —S is divisible by r—1. 

Since NV —S is divisible by r—1, N and S must leave 
the same remainder when divided by r—1. 
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Ex. 1. The difference of any two numbers expressed by the same 
digits is divisible by r—1. 
For the sum of the digits is the same for both ; and since N,-S 
and N,—S are both divisible by r—1, it follows that Ni- Nn, is 
dive’ by r-1, 


Ex. 2, Shew that in the ordinary scale a number is divisible by 9 if 
the sum of its digits be divisible by 9, and by 3 if the sum of its digits 
is divisible by 3. 

N-S is a multiple of 9; hence, if S be a multiple of 9, so also is 
N; and, if § be a multiple of 3, so also is N. 


Ex. 3. Shew that any number is divisible by r+1 if the difference 
between the sum of the odd and the sum of the even digits is 
divisible by r+1. 

Let N=dy)+ dyr + dg? + dy +...... ’ 
and D=d,—d,+d,—-dgt....... 
Then N-D=d, (r+1) +d, (r?-1) +dy (18 +1) +....008 


Each of the terms on the right is divisible by r+1 [Art. 87]; 
.. N-—D is divisible by r+1. Hence if D is divisible by r+1 so also 
is N. 


Ex. 4. If N, and N, be any two whole ee and if the remainders 
left after dividing the sum of the digits in N,, N, and in N,xN, by 
9 be n, n, and p respectively; then will nyng be equal to p, or differ 
from p by. a multiple of 9. 

For N,=7,+a multiple of 9, and N,=ng+a multiple of 9; 
therefore N, x Ng=n, xn,+ a multiple of 9. Hence nyng+ a multiple 
of 9 is equal to p+ a multiple of 9. 

If the above is applied in any case of multiplication, and it is 
found that n,n, does not equal p, or differ from it by a multiple of 9, 
there must be some error in the process of multiplication. 


This gives a method of testing the accuracy of inuieiptiontiont 
the test is not however a complete one, for although it is certain that 
there must be an error if n, x n, does not equal p, or differ from it by 
s multiple of 9, there may be errors when the condition is satisfied, 
provided that the errors neutralize one another go far as the sum of 
the digits in the product is concerned. 


This is called the ‘‘Rule for casting out the nines.” 


Ex. 5. A number of three digits in the scale of 7 has the same digits 
in thes order when it is expressed in the scale of 9: find the 
number, 


Let a, b, c be the digits; then we have 
49a+7b+c=8lc+9b+a, 
where a, 6, c are positive integers less than 7. 
Hence 40c + b= 24a. 
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_ Now 40c and 24a are both divisible by 8; therefore b must be 
divisible by 8. But bd is less than 7: it must therefore be zero. And 
a b - = we have 5c=3a, which can only be satisfied when 
e=3 and a=5. 


Thus the number required is 503. 
Ex. 6. A number consisting of three digits is doubled by reversing the 
digits; prove that the same will hold for the number formed by the 


first and last digits, and also that such a number can be found in 
only one scale of notation out of every three. 


Let the number be abc in-the scale of r. 

Then we have (abc) x 2=cba. 

Since cba is greater than abc, c must be greater than a, 
Hence we must have the following equations : 


De = Get ec cecctsecet tcc seascape sastsnnes (i), 
OG Gas OE Ts eske vate resceiencteascnestne 4l2)s 
ZA LHC.....-..ecrerererssccsccccocces po casens (iii). 


From (i) and (iii) we see that the number represented by ca is 
double that represented by ac. 


Also : 4a+2=2c=a+tr; 
“ r—-2=3a. 


Hence, as a is an integer, r—2 must be a multiple of 3, so that 
the number must be in one of the scales 2, 5, 8, 11, &., the numbers 
corresponding to these scales being 011, 143, 275, 3¢7, &e. 


EXAMPLES XXII. 


1. Find the number which has the same two digits when 
expressed in the scales of 7 and 9, © 


2. In any given scale write down the greatest and the 
least number which has a given number of digits. 


3. A number of six digits is formed by writing down any 
three digits and then repeating them in the same order; shew 
that the number is divisible by 1001. 


4. Of the weights 1, 2, 4, 8, de. Ibs., which must be taken 
to weigh 1027 lbs. ? 
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5. Shew that the number represented in any scale by 144 
is a square number. 


6. Shew that the numbers represented in any scale by 
121, 12321, and 1234321 are perfect squares. 


7. Find a number of two digits, which are transposed by 
the addition of 18 to the number, or by converting it into the 
septenary scale. 


8. A number is denoted by 4:440 in the quinary scale, 
and by 4:54 in a certain other scale. What is the radix of 
that other scale? 


9. If S be the sum of the digits of a number J, and 2Q 
be the sum of the digits of 2V, the number being expressed in 
the ordinary scale, shew that S~Q is a multiple of 9. 


10. If a whole-number be expressed in a scale whose 
radix is odd, the sum of the digits will be even if the number 
be even, and odd if the number be odd. 


11. Prove that, in any scale of notation, the difference of 
the square of any number of three digits and the square of the 
number formed by reversing the digits is divisible by r?—1. 


12. Prove that, in any scale of notation, the difference of 
the square of any number and the square of the number formed 
by reversing the digits is divisible by r*—1. 


13. A number of three digits in the scale of 7, when 
expressed in the scale of 11 has the same digits in reversed 
order: find the number. 


14 Prove that all the numbers which are expressed in 
the scales of 5 and 9 by using the same digits, whether in the 


same order or in a different order, will leave the same remainder 
when divided by 4. 


15. There is a certain number which is expressed by 6 


digits in the scale of 3, and by the last three of those digits in 
the scale of 12. Find the number. 
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16. Find a number of four digits in the scale of 8 which 
when doubled will have the same digits in reverse order. 


17. The digits of a number of three digits are in A. P. 
The number when divided by the sum of its digits gives a 
quotient 15; and when 396 is added to the number, the sum 
has the same digits in inverted order. Find the number. 


18. Find the digits a, 6, c in order that the number 
13ab45c¢ may be divisible by 792. 


19. Prove that there is only one scale of notation in 
which the number represented by 1155 is divisible by that 
“represented by 12, and find that scale. 


20. Find a number of four digits in the ordinary scale 
which will nave its digits reversed in order by multiplying 
by 9. 


21. In the scale of notation whose radix is r, shew that 
the number (r?—1)(r"—1) when divided by r—1 will give a 
quotient with the same digits in the reverse order. 


22. Shew that, in any scale of notation, 


1 ; 
: Gay 0123...(r—3) (r—1), 
the circulating period consisting of all the figures in order 
except r—2 which is passed over. For example, in the 
ordinary scale, ,4 = 012345679. 


23. ‘There is a number of six digits such that when the 
extreme left-hand digit is transposed to the extreme right-hand, 
the rest being unaltered, the number is increased three-fold. 
Prove that the left-hand digit must be either 1 or 2, and find 
the number in either case. 


94. Find a number of three digits, the last two of which 
are alike, such that when multiplied by a certain number it 
still consists of three digits, the first two of which are alike 
and the same as the former repeated ones, and the third is the 
same ag the multiplier, 


CHAPTER XIX. 
PERMUTATIONS AND COMBINATIONS. 


240. Definition. The different ways in which r 
things can be taken from n things, regard being had to 
the order of selection or arrangement, are called the per- 
mutations of the n things r at a time. 

Thus two permutations will be different unless they 
contain the same objects arranged in the same order. 


For example, suppose we have four objects, represented 
by the letters a, b, c,d; the permutations two at a time 
are ab, ba, ac, ca, ad, da, bc, cb, bd, db, cd, and de. 

The number of permutations of n different things 
taken r at a time is denoted by the symbol ,P_. 


241. To find the number of permutations of n different 
things taken r at a tume. * 


Let the different things be represented by the letters 
a0, Car texe 

It is obvious that there are n permutations of the n 
things when taken one at a time, so that .P,=n. 


Now in the permutations of the n letters r together, 
the number of permutations in which a particular letter 
occurs first in order is equal to the number of permuta- 
tions of the remaining n — 1 letters r—1 at atime. This 
is true for each one of the n letters, and therefore 
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ea: =nx Ee: 


Since the above relation is true for all values of n 
and 7, we have in succession 


eed che = (n he 1) x sd ae 
pare’ = (n ie 2) x Sines 


Poo =(W— 17+ 2) x, L. 


m—r42° r—r+2 n-rtl” rit? 
But arta = (n—r+1). 


Multiply all the corresponding members of the above 
equalities, and cancel all the common factors; we then 
have 


we, =n(n—1)(n —2)...... (n—r+1). 


If all the n things are to be taken, r is equal to n, and 
we have 
al, =n(n—1)(n—2)...... Donen ls 


Definitions. The product n(n—1)(n—-2)...2.1 
is denoted by the symbol |n or by n! The symbols |n 


and n! are read ‘ factorial n.’ 


The continued product of the r quantities n,n—1, 
1 — 2,.0000. (n—r+1), n not being necessarily an integer 
in this case, is denoted by n,. Thus n,=n(n—1)(n— 2). 


Hence we have ,P,=|n, and ,P.=n,. 


242. To find the number of permutations of n things 
taken all together, when the things are not all different. 


Let the n things be represented by letters; and sup- 
pose p of them to be a’s, ¢ of them to be b’s, r of them to 
be c’s, and so on. Let P be the required number of per- 
mutations. 


S. A. . 20 
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If in any one of the actual permutations we suppose 
that the a’s are all changed into p letters different from . 
each other and from all the rest; then, by changing only 
the arrangement of these p new letters, we should, instead 
of a single permutation, have |p different permutations. 


Hence, if the a’s were all changed into p letters 
different from each other and from all the rest, the 0’s, c’s, 
&c. being unaltered, there would be P x |p permutations. 

Similarly, if in any one of these new permutations we 
suppose that the 0’s are all changed into gq letters different 
from each other and from all the rest, we should obtain 
|g permutations by changing the order of these g new 
letters. Hence the whole number of permutations would 


now be P x |p x |g. 


By proceeding in this way we see that if all the letters 
were changed so that no two were alike, the total number 
of permutations would be Px|p x |q x |r... 


But the number of permutations all together of n 
different things is |n. Hence P x |p x |q x |r..= |”; 


“PP 
Ex.1. Find ,P,, ,P, and ,P,.’ Ans. 120, 120, 5040. 
Ex. 2. Shew that .).P,=,P,. 
Hx. 3. If ,P,=12x,,P,, find n. Ans, 7. 
Ex. 4. If.,P;=100x,P,, find n. j Ans. 13. 
Hix. 5. If,,P3=2x,,P, find n. Ans. 8. 


Ex. 6. Find the number of permutations of all the letters of each of 
the words acacia, hannah, success’and mississippt. 


Ans. 60, 90, 420, 34650. 


Ex. 7. In how many ways may a party of 8 take their places at a 
round table; and in how many ways can 8 different beads be strung 
on a necklace ? Ans. |7, 3[7. 


Ex. 8. In how many ways may a party of 4 ladies and 4 gentlemen be 
arranged at a round table, the ladies and gentlemen being placed 
alternately ? Ans. 144, 
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Ex, 9. The number of permutations of n things all together in which 
r specified things are to be in an assigned order though not necessarily 
consecutive is |n/[r. 


Ex. 10. The number of ways in which n books can be arranged on a 
shelf so that two particular books shall not be together is (n — 2) |jn—1,. 


Ex. 11, Find the number of permutations of n things r together, when 
each thing can be repeated any number of times. 


Here any one of the n things can be put in the first place; and, . 
however the first place is filled, any one of the n things can be put in 
the second place; and soon. Hence the number required 


=UXUX 1%... —=1'. 


COMBINATIONS. 


243. Definition. The different ways in which a 
selection of r things can be made from n things, without 
regard to the order of selection or arrangement, are called 
the combinations of the n things r at a time. 


Thus the different combinations of the letters a, b, c, d 
three at a time are abc, abd, acd and bcd. 


The number of combinations of n different things r ab 
a time is denoted by the symbol ,C_. 


244. To find the number of combinations of n different 
things taken r at a tume. 


Let the different things be represented by the letters 
B,D, Op abs 


Now in the combinations of the n letters r together 
the number in which a particular letter occurs is equal to 
the number of combinations of the remaining n —1 letters 
x —l1at.atime. Hence in the whole number of combina- 
tions r together every letter occurs ,,C_, times, and 
therefore the total number of letters is n x ,_,C_,; but, 
since there are r letters in each combination, the total 
number of the letters must be r x ,C,. 

20—2 


1 ~ 
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Hence rx CO =n x0 


Since the above relation is ais for ‘all values of n and 
of 7, we have in succession 
(r—1)x,,6.,=@ 4) GL 
(r in 2) x wey 7 (n = 2) x ee 
2X nag Oq = (— 042) K wpa 
Also C=n—r+l1. 


n—r+1~ 1 


Hence, by multiplying corresponding members of the 
above equations and cancelling the common factors, we 
have 

Ir x ,C, =n (nm — 1) (n— 2)... (n—r+1), 


n(n —1)(n—2)...a—r+1)_%, aS F 
r ues 


By multiplying the numerator and denominator of the 
fraction on the right by |n—7, we have 


_ n(n— 1)(n —2)...m—r+1)x |n—r 
va rae 
= i — in sido ie v 0160.06 Ct.cle eles ese onvecieeiesenre ns (i1). 


Ti — 7 


that is ,C, = 


By comparing the above result with that obtained in 
Art. 242, it will be seen that .P,=,C, x |r. The relation 
.P, =,C, x |r can however be at once obtained from the 
consideration that every combination of r different things 
would give rise to |r permutations, if the order of the 
letters were altered in every possible way. 


Note. In order that the formula (ii) may be true 
when r=n, we must suppose that |0=1, since ,C,=1. 
We should also obtain the result |(0 =1 by putting n=1 in 
the relation m=n |n—1. i 
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_ 245. Theorem. The number of combinations of n 
different things r together is equal to the number of the 
combinations n — r together. 


The proposition follows at once from the fact that 
whenever r things are taken out of n things, n—r must 
be left, and if every set of r things differs in some par- 
ticular from every other, the corresponding set of n—r 
things will also differ in some particular from every other ; 
and therefore the number of different ways of taking r 
things must be just the same as the number of different 
ways of leaving or taking n—r things. 


The result can also be obtained from the formula 
(ii) of the last Article. 


|n 


fis. [n 
For Or inae’ and One = Ther 
It should be remarked that the first method of proof 


holds good when the n things are not all different, to which 
case the formulae of Art. 244 are not applicable. 


Ex. 1. Find Cj, .Cy and Cy. ; Ans. 210, 220, 1140. 
Ex, 2. If ,Cg=,,Cyg, find ,C,,. Ans. 153. 
Ex, 8. Find n, having given that ,C,;=,,C,. Ans. 11. 
Ex, 4. Find n, having given- that 3x ,C,=5 x y_,Cs. Ans. 10. 
Ex. 5. Find n, having given that ,C,=210. Ans. 10. 


Ex, 6. Find n and r having given that ,P,=272 and ,C,=136. 
Ans. n=17, r=2. 
Ex, 7. Find n and r having given ,C,, : nC: pCryi 23 2:3: 4. 
Ans. n=34, r=14, 
Ex. 8. How many words each containing 3 consonants and 2 vowels 
can be formed from 6 consonants and 4 vowels? 


The consonants can be chosen in ,C,=20 ways; the vowels can be 
chosen in ,C,=6 ways; hence 20x6 different sets of letters can be 
chosen, and each of these sets can be arranged in ,P;=120 ways. 
Hence the required number is 20 x 6 x 120. 
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Ex. 9. How many different sums can be formed with a sovereign, 8 
half-sovereign, a crown, a half-crown, a shilling and a sixpence ? 

Number required =_C,+6Cy+6C3+6CstoCs+6Ce= 53. 

Ex. 10. Shew that, in the combinations of 2n different things n 
together, the number of combinations in which a particular thing 
occurs is equal to the number in which it does not occur. 

Ex. 11. Shew that, in the combinations of 4n different things n 
together, the number of combinations in which a particular thing 
occurs is equal to one-third of the number in which it does not 
occur. 

Ex, 12. Out of a party of 4 ladies and 3 gentlemen one game at lawn- 
tennis is to be arranged, each side consisting of one lady and one 
gentleman. In how many ways can this be done? Ans, 36. 

Ex. 13. The figures 1, 2, 3, 4, 5 are written down in every possible 
order: how many of the numbers so formed will be greater than 23000? 

Ans. 90. 


Fix. 14. At an election there are four candidates and three members 
to be elected, and an elector may vote for any number of candidates 
not greater than the number to be elected. In how many ways may 
an elector vote? ? Ans, 14. 
246. Greatest value of ,C,. To find the greatest 

value of ,C, for a given value of n. 


From the formulae of Art. 244 we have 


CeO e n—r+1 


> E = : 
Hence ,0, = ,0,_,, according asn—r+1=7; that is, 
< < 


according as ne 4 (n+ 1). 
> 


Thus the number of combination of n things r together 
increases with r so long as r is less than 4 (n+ 1). 


If then n be even, ,C, is greatest when r= 5 F 


ew n 
C., when r=4}(n+1). Thus, when n is odd, 


a tm 


Chev = nCitary and these are the greatest values of ,C_. 


If nm be odd,-,C.7,C,., 38 rS4(n+1), and ,C0,= 
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For example, if n=10, ,C, is greatest when r=5. Also if n=11, 
«C, is the same for the values 5 and 6 of r,and,C, is greater for these 
values than for any other value. 


247. To prove that ,C, + .Cra= nae 

Tf the total number of combinations of (n+ 1) things r 
together be divided into two groups according as they do or 
do not contain a certain particular letter, it is clear that the 
number of the combinations which do not contain the 
letter is the number of combinations r together of the 
remaining n things, and the number of the combinations 
which do contain the letter is the number of ways in which 
r—1 of the remaining n things can be taken, ‘Thus 


wn’, = ,C, + nCp-1° 
The above result can also be proved as follows: 
From Art. 244 we have 


_n(n—1)...Qn—r+1) n(n—1)...(n—r+ 2) 
et DS oe lee ea dtd) 


{n—r+1+r} 


(n+1)n(n—1)...(n—7r+2) _ 0 
"a ~ Tl sceattst 
Ex. To prove that yi:Pp=nPpt7-nPy—e 
A particular thing is absent in ,P, of the permutations of the 
(n+1) things and occurs in ,P,_; also when it does occur it can be 
in either of r places. Hence 
nttPr=nb et? wr: 


248, Theorem. 1o prove that, if # and y be any two 
positive integers such that e+y=m, then will 


uG3 a AGE as BOS = a =F LONI a pit Hose a Aus 5 Aes 5% a 


Suppose that m letters a, b,.--) DP) Gee are divided 
into two groups 4, ),..., and p, q,..., there bemg # and 
y letters respectively in these groups. Then the whole 
number of sets of n out of the m things will clearly be 
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equal to the sum of the number of sets formed by taking 
n out of the first group and none out of the second, »—1 
out of the first group and one out of the second, n—2 
out of the first group and 2 out of the second, and so on. 


Now n can be chosen from the first group in ,C, ways. 
Also n—1 can be chosen from the first group in ,C,_, 
ways, and any one of these sets of n—1 things can be 
taken with any one of the ,C, sets of 1 from the second 
group, so that the number of sets formed by taking n—1 
from the first group and 1 from the second is ,C,_, x ,C;. 

Similarly, the number of sets formed by taking n — 2 
from the first group and 2 from the second is ,C,,_, x ,C,. 

And, in general, the number of sets formed by taking 
n—r from the first group and r from the second is ,C,,_, x ,C. 


Hence we have 
wayCn= Cnt Cuca ry-s taW, C. 


c-na-2* us 
+... + 20,,-yO +... +,0,. 
If « or y be less than n some of the terms on the right 
will vanish; for ,C,=0 ifr>n. 


* 


249. Wandermonde’s Theorem. From the last 
Article, if a, y and n be any positive integers such that 


a+y is greater than n, we have, since mie 
(@+Y)y a 4 Fret Jr 4 Ons Yay 
Seis Meal EN RB ty Ey sp Cyn 
etsy ares 


ia 


Multiply each side of the last equation by |n, and we 


have 
n(n —1) 


(x + Y)n = 2, +2, Y, + 1 . 9 


LY, Tt sesecvece +9, 


Sos + eee eee, 
|r|n—r 
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The above has been proved on the supposition that 
and y are positive integers such that «+ y 1s greater than 
n; and by means of the theorem of Art. 91, the proposi- 
tion can be proved to be true for all values of x and y. 

For the two expressions which are to be proved 
identical are only of the nth degree in w and y. But, if 
y has any particular integral value greater than n, the 
equation is known to be true for any positive integral 
value of «#, and thus for more than n values; and 
hence it must be true for that value of y and any value 
whatever of w Hence the proposition is true for any 
particular value whatever of x, and for more than n values 
of y; it must therefore be true for all values of « and for 
all values of y. 


This proves Vandermonde’s theorem, namely :— 


If n be any positive integer, and x, y have any values 
whatever ; then will 
n(n—1) 


(2+ Y)q = Fy tN. Bq Y, + 1.2 Ly Yat vee 
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250. The number of different products each of r 
letters which can be made from n letters, when each 
letter may be repeated any number of times, is denoted 
by the symbol ,H,. 

For example, the homogeneous products of two dimensions formed 
by the three letters a, b, ¢ are a, b,c, be, ca, ab. 


' To find ,H,. 

Since in each of the r-dimensional products of n 
things there are r letters, the total number of letters in all 
the products will be ,H, x r; and, as each of the n letters 
occurs the same number of times, it follows that the 
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number of times any particular letter, @ suppose, occurs is 
i: fie 

Now consider all the terms which contain a at least 
once. If any one of these terms be divided by a the 
quotient will be of r—1 dimensions; and, when all 
the terms which contain a are so divided, we shall obtain 
without repetition all the possible homogeneous products 
of the n letters of r—1 dimensions. Now the homogeneous 
products of r—1 dimensions are in number ,H,,; and, 
by the above, the number of a’s they contain is 
—- : x ,,.,- Hence, taking into account the a which is 
a factor of each of the ,H,_, terms, the total number of a’s 
which occur in all the r-dimensional products of the n letters 
is 


| i ti 
c x ,H,-, that is UN ule. 
n 


mF a oF ais 


Hence equating the two expressions for the number 
of a’s, we have 


ney ae es a 
nv n 
7 
“ aie a hens 


Since the above relation is true for all values of n and 
r, we have in succession 


MO os al oe 


Be TN an r—l1 x haces 
n+r—3 
wl a= pp cet ha x pea fea 
n 41 
H,="t) 5H, 


Also ,,7, is obviously equal to n. 
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Hence, by multiplying and cancelling common factors, 
we have 


Fis n(n +1)... (ntr—1) [See also Art. 293}. 


arin SDs st r 
Ex. 1. Find the number of combinations three at a time of the letters 
a, b, c, d when the letters may be repeated. Ans. 20. 
Ex. 2. Find the number of different combinations six at a time which 
can be formed from 6 a’s, 6 b’s, 6 c’s and 6 d’s, Ans, 84 
Ex. 3. Shew that ol & Pe Sos Parnas Fey 
and deduce that 
oid a 8 hee Seal S ne Bes erie Doreiieco +,H,_}> 
Ex. 4. Shew that 
n=, + n-1 4 +i F cesses Fn- 1, +1, 


251. Many theorems relating to permutations and 
combinations are best proved by means of the binomial 
theorem: examples will be found in subsequent chapters. 
[See Art. 292.] 


Ex. 1. Find the number of ways in which mn different things can be 
divided among n persons so that each may have m of them. 


The number of ways in which the first set of m things can be 
Ziven i8 maCy,; and, whatever set is given to the first, the second 
set can be given in ..,-mCm Way8; so also, whatever sets are given 
to the first and second, the third set can be given in ,,,-amC,, WAYS; 
and so on. 


Hence the required number is 


ann Cm * m(n—1) Con ¥ en tn—a) Corn % 220 «0 ire Cm Oh ae Cra 
_ wo mio) | mio d) 2m im 
= XX reves KI X — 
[m [m(n—1) * [m fm(n—2) © [mjm(n—8) ™ beim * ims 


|mn 


~ (m)r" 
Ex. 2. Prove that 
1 40) - Hy + nCa+nHe- nCe-nHs+ seeeee +(- 1)" 40 n+ nn=O. 
n(n—1).....(n—7r+1) n(n+1)...(n+7-1) 
ty tihag aor f Ir 
QP LT) (rat) 
4 i RT ce 


Since ,C,.,H,= 
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we have to prove that 
nn? n2(n?—1%) — n(n? — 1%) (n? - 24) 


l- + p97 a 38 sme 
n2(n9—1?)...(n?@-n—1*) _ 
TE a ae ol ee 
a2 
Now the first two terms = -~ Zz} 
2 _ 42) (n?— 22 
RAT gets three......=+ raiser 
(n? — 12) (n? - 2) (n? - 3°) 
ee occcce OUI cee rs La Mae Cr 
and so on. 
Hence the sum of all the terms on the left 
2 42 2_ 93 2 M3 
=(-1p% 12) (n? — 24) ...... (n' nm) _o. 


13,273 ke 


Ex. 8. Shew that n straight lines, no two of which are parallel and 
no three of which meet in a point, divide a plane into 4n(n+1)+1 
parts. 


The nth straight line is cut by each of the other n—1 lines; and 
hence it is divided into n portions. Now there are two parts of the 
plane on the two sides of each of these portions of the nth line which 
would become one part if the nth line were away. Hence the plane is 
divided by n lines into n more parts than it is divided by n—1 lines. 


Hence, if F(x) be put for the number of parts into which the 
plane is divided by x straight lines, we have 


F(n)=F (n—-1) +n. 


Similarly F (n-1)=F (n-2)+(n-1), 
and F (2)=F (1) +2. 
But obviously de (Ly == 2, 
Hence F(n)=2+2+4+3+444......40 
=1+ 4n(n+1). 


Ex. 4, Suppose n things to be given in a certain order of succession. 
Shew that the number of ways of taking a set of three things out of 
these, with the condition that no set shall contain any two things 
which were originally contiguous to each other is 4 (n — 2) (n — 3) (n— 4). 
Shew also that if the n given things are arranged cyclically, so that 
the nth is taken to be contiguous to the first, the number of sets is 
reduced to $n (n-4)(n —5). 
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Consider the second case first. 
Let the different things be represented by the letters a, b, ¢,...... 
k, 1. 


? 


Suppose that a is taken first. Then, if either of the two letters 
next but one to a be taken second, any one of n—65 letters can be 
taken for the third of the set. If, however, the second letter is not 
next but one to a, but in either of the ~—5 other possible places, 
there would be a choice of n—6 places for the third letter of the set. 
Hence the total number of ways of taking 3 letters in order a being 
first is 2(n—5)+(n—5)(n—-6), that is (n—4)(n—5). There is the 
same number when any one of the other letters is taken first; hence, 
as the order in which the three letters in a set are taken is indifferent, 
the total number of sets is $n (n — 4) (nh—5). 


In order to obtain the first case from the second, we have only to 
suppose that a and J are no longer contiguous. Hence the number 
in the first case is the same as that in the second with the addition 
of those sets which contain a and l, and there are n—4 of these. 
Hence the number in the first case is 


4n (n— 4) (n— 5) + (w— 4) =4 (n — 2) (n-3) (n—4). 


Ex. 5. There are n letters and n directed envelopes: in how many 
ways could all the letters be put into the wrong envelopes? 


Let the letters be denoted by the letiers a, b, c... and the corre- 
sponding envelopes by a’, 0’, c’,...... 


Let F (n) be the required number of ways. 


Then a can be put into any one of the n—1 envelopes 0’, ¢’,...... 
Suppose a is put into k’; then k may be put into a’, in which case 
there will be F (n—2) ways of putting all the others wrong. Also if 
a is put into k’, the number of ways of disposing of the letters so that 
k is not put in a’, b not in 0, &o, is F(n—1). . 

Hence the number of ways of satisfying the conditions when ais ~ 
put into # is F pe 1)+F(n-2). The same is true when a is put 
into any other of the envelopes b’, c’,... Hence we have 

F (n)=(n-1){F (n-1)+F (n—2)}; 
a F (n) —nF(n-1)= — {F (n-1) -(n-1) F(n-2)}. 
Similarly F(n-1)-(n—1) F (n—2)= —- {F (n- 2) —(n—2) F(n-3)} 
F (8) - 8F (2)= -{F (2) -2F (1)}. 
But obviously #(2)=1 and F (1)=0; 

F (n) —nF(n-—1)=(-1)". 

Bln), oF (wed): pag. god 

Ae ed =(-1)". 


in 


Hence 


294 EXAMPLES. 


Similarly 


n—1 a nt 
vo ge 
and haa i Oa 


Hence, by addition, 
F(n)= 1 - 1 + a + 
(n)=|n is (atefa bis ; 


the number required. 
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1. In how many different ways may twenty different things 
be divided among five persons so that each may have four? 


2. A crew of an eight-oar has to be chosen out of eleven 
men, five of whom can row on the stroke side only, four on the 
-bow-side only, and the remaining two on either side. How 
many different selections can be made? 


8. There are three candidates for a certain office and twelve 
electors. In how many different ways is it possible for them 
all to vote; and in how many of these ways will the votes be 
equally divided between the candidates ? 


4. Shew that , C0, : ..C. is equal to 


4n~ 2n gn an 


5. Find the number of significant numbers which can be 
formed by using any number of the digits 0, 1, 2, 3, 4, but 
using each not more than once in each number. 


6. Shew that in the permutations of n things r - together, 
the number of permutations in which p particular things occur 
VT Ae sal Sg 


n—p r—p Fr 
7. There are m points in a plane, no three of which are in 
the same straight line ; find the number of straight lines formed 
by joining them. 


8. There are m points in a plane, of which no three are on 
a straight line except m which are all on the same straight line. 
Find the number of straight lines formed by joining the points, 
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9. There are m points in a plane, of which no three are on 
a straight line except m which are all on a straight line, Find 
the number of triangles formed by joining the points. 


10. Shew that the number of different n-sided polygons 
formed by » straight lines in a plane, no three of which meet 
in a point, is $|n—1. 


ll. There are m points in a plane which are joined in all 
possible ways by indefinite straight lines, and no two of these 
joining lines are parallel and no three of them meet in a point. 
Find the number of points of intersection, exclusive of the » 
given points. 


12. Through each of the angular points of a triangle m 
straight lines are drawn, and no two of the 3m lines are parallel ; 
also no three, one from each angular point, meet in a point. 
Find the number of points of intersection. 


13. The streets of a city are arranged like the lines of a 
chess-board. There are m streets running north and south, 
and nm east and west. Find the number of ways in which a 
man can travel from the N.W. corner to the 8.E. corner, going 
the shortest possible distance. 


14. How many triangles are there whose angular points 
are at the angular points of a given polygon of sides but none 
of whose sides are sides of the polygon? 


15. Shew that 2n persons may be seated at two round 
an 
tables, m persons being seated at each, in i different ways. 


16. A parallelogram is cut by two sets of m lines parallel 
to its sides: shew that the number of parallelograms thus 
formed is } (m+ 1)?(m + 2)’. 


17. Find the number of ways in which p positive signs 
and negative signs may be placed in a row so that no two 
negative signs shall be together. 


18. Shew that the number of ways of putting m things in 
n+l1 places, there being no restriction as to the number in each 
place, is (m+n) !/m!n! 
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19. Shew that 2n things can be divided into groups of n 
ST peli 
pairs in Pin ways. 
20, Find the number of ways in which mn things can be 
divided into m sets each of m things. 


21. Shew that n planes through the centre of a sphere, no 
three of which pass through the same diameter, will divide the 
surface of the sphere into n’-— + 2 parts. 


22. Shew that the number of parts into which an infinite 
plane is divided by m+n straight lines, m of which pass 
through one point and the remaining m through another, is 
mn +2m+2n—1, provided no two of the lines be parallel or 
coincident. 


93. Find the number of parts into which a sphere is 
divided by m+n planes through its centre, m of which pass 
through one diameter and the remaining n through another, 
no plane passing through both these diameters. 


24. Find the number of parts into which a sphere is 
divided by a+6+c+... planes through the centre, a of the 
planes passing through one given diameter, 6 through a second, 
c through a third, and so on; and no plane passing through 
more than one of these given diameters, 


25. Shew that n planes, no four of which meet in a point, 
divide infinite space into 4 (n*+ 5n+ 6) different regions. 


26. Prove that if each of m points in one straight line be 
joined to each of n points in another, by straight lines termin- 
ated by the points; then, excluding the given points, the lines 
will intersect fmn (m — 1) (n—1) times, 


27. No four of m points lying in a plane are on the same 
circle. Through every three of the points a circle is drawn, 
and no three of the circles have a common point other than one 
of the original n points. Shew that the circles intersect in 
pen (n — 1) (n—- 2) (n-—3) (n— 4) (2n—1) points besides the 
original m points, assuming that every circle intersects every 
other circle in two points. 


CHAPTER XxX. 
THE BINoMIAL THEOREM. 


252. We have already [Art. 67] proved that the con- 
tinued product of any number of algebraical expressions is 
the sum of all the partial products which can be obtained 
by multiplying any term of the first, any term of the second, 
any term of the third, &c. 


253. Binomial Theorem. Suppose that we have n 
factors each of which is a+. 


If we take a letter from each of the factors of 
(a +b) (a+b) (a+ D)...... 


and multiply them all together, we shall obtain a term of 
the continued product; and if we do this in every possible 
way we shall obtain all the terms of the continued pro- 
duct. [Art. 67.] 

Now we can take the letter a every time, and this can 
be done in only one way; hence a® is a term of the 
product. 

The letter 6 can be taken once, and a the remaining 
(n —1) times, and the number of ways in which one 6 can 
be taken is the number of ways of taking 1 out of n things, 
so that the number is ,C,: hence we have 

nO, a" 0. 
8, A, 21 
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Again, the letter b can be taken twice, and a the 
remaining (n — 2) times, and the number of ways in which 
two b’s can be taken is the number of ways of taking 2 out 
of n things, so that the number is ,C,: hence we have 


n-2 7.2 
EC sa Oe 


And, in general, 6 can be taken r times (where r is 
any positive integer not greater than nm) and a the re- 
maining n—r times, and the number of ways in which r 
b’s can be taken is the number of ways of taking r out of 
n things, so that the number is ,C,: hence we have 


UG oO 
Thus (a+ b)(a+b)(a+0)...... to n factors 
=a"+,0,.0"7b+,0,.a° 7b +...... +,C,.a" 7b + 2 


the last term being ,C,a"b", i.e. b”. 
Hence, when n is any positive integer, we have 
(a+b)*=a"+,C,.a"*b+,C,.a"70' +... 
wot CL. ao +... +O" 
The above formula is called the Binomial Theorem. 


If we substitute the known values [see Art. 244] of 
nO,» nC» »Cg+-- in the series on the right, we obtain the 
form in which the theorem is usually given, namely 


(a+ by at nab + MOD gape nk 


|” aor pr n 

Se: [r par B+ oe +O" 

The series on the right is called the expansion of 
(a +b)”. . . 


254, Proof by Induction. The Binomial Theorem 
may also be proved by induction, as follows. 
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We have to prove that, when n is any positive integer, 


(a+ b)*=a"+na"*b+ ais! Ciel ie Sa oy 


ae eee 


or that 
(a+b) =a"+ Ca" 'b+,C,a" 70? +... +,C.0" 7" +... +0". 
Now if we assume that the theorem is true when the 


index is n, and multiply by another factor a + b, we have, 
when like terms of the product are collected, 


(a+ byt =a""+(14+,C,)a%4+(,0,4+,C) a" +... 
; et (CO _+.C) arr +... +0" 
Now 1+ ,0,=1+n=,,,¢, 


n+1~1? 
n(n—1 n+l1)n 
Ais "7 nC =r foe a ete ASK, 
and, in general, 
nOra + nly = anC, (Art. 247]. 


Hence 
(a+b) =a" +, .0,. a+ .4,0,.0° D+... 
+ 0 ; Guba aan fb ba 


nt+1l-r 

Thus if the theorem be true for any value of n, it will 
be true for the next greater value. 

Now the theorem is obviously true whenn=1. Hence 
it must be true when n=2; and being true when n= 2, 
it must be true when n=3; and so on indefinitely. The 
theorem is therefore true for all positive integral values 
of n. 


Ex. 1. Expand (a+6)4. 


We have 
4.3 AS. 458,201 
—gi 3 kd 242 3 Faas 
(a+0)*=at+4a%+7 4 +7 9 5+ 934 


=a‘+4a3b + 6a7b? + 4ab3 + b4. 


be 


21—2 
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Ex. 2. Expand (22 -y)’. 
Put 2« for a, and —y for b in the general formula: then 


(22 - y)P= (22)°+8 (20)? (—y) +9" (2x) (—y) 455-5 (-9)? 


= 823 — 122°y + Gry? — y?, 


Ex. 8. Expand (a—b)*. 
Change the sign of } in the general formula; then we have 


(a- by=ar+nar (—2) += 2) a"? (—b)?+ 


\n ; 
oe toe a" (—B) +......4+(—5)* 


seeeee 


sar — nar OD gerry... 


sarees +(-1)" a®-Tb" + ......+(— 1)". 


ln 
[yada 
255. General term. By the preceding articles we 


see that any term of the expansion of (a+6)" by the 
Binomial Theorem will be found by giving a suitable 


value to r in 
|” 0% 
|r |n—r : 
On this account the above is called the general term 


of the series. It should be noticed that the term is the 
(r+ 1)th term from the beginning. [See Note Art. 244.] 


256. Coefficients of terms equidistant respec- 
tively from the beginning and the end are equal. 
In the expansion of (a +)" by the Binomial Theorem, — 
the (r+1)th term from the beginning and the (r+1)th 
term from the end are respectively 


sO cat. Do And eOS abe 


But nCr= nn (Art. 245.] 
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Hence, in the expansion of (a + 6)", the coefficients of 
any two terms equidistant respectively from the beginning 
and the end are equal. 


This result follows, however, at once from the fact that 
(a +6)", and therefore also its expansion, would be unaltered 
by an interchange of the letters a and 6; and hence the co- 
efficient of a**b’ must be equal to the coefficient of 6" a’, 


257. If, in the formula of Art. 253, we put a = 1 and 
b=2, we have 


Cpede n (n cae 1) |n r n 
(l+a)"=1ltne+—l>o— Otter seremups San oy tiie 
This is the most simple form of the Binomial Theorem, 
and the one which is generally employed. 


The above form includes all possible cases: if, for 
example, we want to find (a +b)” by means of it, we have 


(a+ by’ = {a (a + o)Fmar(1 +2)" 


mits ee Xcess a 


=a" +na"?b+ eee a” *b? f ... 


258. Greatest term of a binomial expansion. 
In the expansion of (1+ )®, the (r +1)th term is formed 


from the rth by multiplying by nee &. 


Dead Ji ee * clearly 


-1) a, and 
n—-r+1 
r 


n+1 
r 


diminishes as r increases; hence a diminishes 


as r is increased. If 


nant} x be less than 1 for any 
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value of 7, the (r+ 1)th term will be less than the rth. 
In order therefore that the rth term of the expansion may 
be the greatest we must have 


n—-r+1 n—-r—1+l1 


«<1, and ——~—,-— #>1. 
(n+1)a (n+1)z 
Hence r> pand r < +1. 


The absolute values of the terms in the expansion of 
(1 +a)" will not be altered by changing the sign of #; and 
hence the rth term of (1—~«)" will also be greatest in 
absolute magnitude if 


(n+ 1)a nde eels 
x 


Ifr= 


is no-one term which is the greatest, but the rth and 


r+ 1|th terms are equal, and these are greater than any of 
the other terms, 


sorte a =1; and hence there 


7 a\" 
Since (a+2)"=a (142) ; 
the rth term of (a+2)" is the greatest when 
(n+1) = (n+1) = 
rT> and < = +L 
—+1 at 1 


Ex. 1. Find the greatest term in the expansion of (1+ 2), when 
1 


t=. 


4 
The rth term is the greatest, if r> - and r<1 +2 . Hence 
the fifth term is the greatest. 


Tix, 2, Find the greatest term in the expansion of (1+ )!*, when 


=a. 


6 


The rth term is the greatest, if r>5 and <6. Thus there is no 
one term which is the greatest, but the 5th and 6th terms of the 
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expansion are equal to one another and greater than any of the 
other terms. 


Ex. 3. Find the greatest term in the expansion of As 32)5 when 
ao=4. Ans, ‘The ninth term. 


The greatest coefficient of a binomial expansion can 
be found in a similar manner. For in the expansion of 
(1 + a)" the coefficient of the (r + 1)th term is formed from 


that of the rth by multiplying by + = = 1 Hence the 


rth coefficient will be the greatest in absolute magnitude, 
¢ nortl 2) ang MTT 


n+ and <14t* 


Hence when n is even, the coefficient of the rth term 


> 1% 


That isif r> 


is the greatest when r=5 +1; and when n is odd, the 


n+3 


— th terms are equal 


1 ‘ 
9 th and 


to one another and are greater than any of the other terms. 


coefficients of the 


For example, in (1+2)” the coefficient of the 11th term is the 
greatest; and in (1+2)4 the coefficients of the 6th and 7th terms 
are greater than any of the others. 


EXAMPLES XXIV. 


Write out the following expansions: 

_ (atay’. 2. (20-2) 3. (1-2) 
(2a—3a’)*. 5. (2a? — 3)". 6. (a* — 2y’)’. 
Find the third term of (a - 3y)”. 

Find the fifth term of (3x —4)”. 

Find the twenty-first term of (2 —«x)". 

10 Find the fortieth term of (x — yy. 


oii uns Roe 
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11, Find the middle term of (1 +2)". 

12. Find the middle terms of (1 +2)”. 
18. Find the general term of (a — 3y)*. 
14, Find the general term of (a* + y’)". 


15, Write down the first three terms and the last three 
terms of (3a — 2y)". 


16. Find the term of (1+) which has the greatest 
coefficient. 


17. Find the two terms of (1 + x)’* which have the greatest 
coefiicients. 


18. Shew that the coefficient of 2* in the expansion of 
(1 + x)* is double the coefficient of x" in the expansion of 


(l+a)"™. 
19. Shew that the middle term of (1 +a)” is 
1.3.5... (2n—1) Ona 
Ls 
20. Employ the binomial theorem to find 99*, 51* and 
999°. 


21. Shew that the coefficient of # in the expansion of 
(« #e, =) 1s eh ike ae 
a | (m+r) [4 (n-7)° 
gn 
22. Find the middle term of (« _ *) A 
23. The coefficients of the 5th, 6th and 7th terms of the 


expansion of (1 +x)" are in arithmetical progression; find n. 


24, For what value of m are the coefficients of the second, 
third and fourth terms of the expansion of (1+)" in arith- 
metical progression 4 


25. If a@ be the sum of the odd terms and 6 the sum of the 
even terms of the expansion of (1 + x)", shew that 


(1 —a%)" =a?— 0°. 
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259. Properties of the coefficients of a binomial 
expansion. 


: It will be convenient to write the Binomial Theorem 
in the form 


re 2 7 
(1 +2)" =6, + 6,0 + C0" + 000 $6,207 + 20. 6,0" oo05e (i), 
where, as we have seen, c, =c,=1; ¢,=¢,. =} 


and, in general, c¢,=c,_,= ae F 


I. Put e=1 in (i); then 
2" =C, +6, +6, +... + Cy. 

Thus the swm of the coefficients in the expansion of 
(1 +2)" ts 2”. . 

II. Put «=—1 in (i); then 

eh LY 330, 0-0, — as oe en +(—1)"¢,; 
0=(,+¢,+6,+.---)—(C,+6,+ 6, +...) 

Thus the sum of the coefficients of the odd terms of a 
binomial expansion is equal to the sum of the coefficients 
of the even terms. 

III. Since c,=c,_,, we have 

(1 +a)"=¢,+¢6,0+ 007 +... +0620" +... +60", 
and  (L4+.@)" = 6, + Cy + Cy gl $ ooe Cy ig” + o0e + Cg” 


The coefficient of a” in the product of the two series 
on the right is equal to 


Hence [Art. 91] of +¢7%+...+6% + 00+ +c," 


is equal to the coefficient of 2” in (1+)" x (1 +2)’, that 
ey 


we 


is in (1 +2)"; and this coefficient is 
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Hence the swm of the ee of the coefficients in the 


ee 
nie? 
IV. As in III, we have 
(1 +a)" =0,+6,04+6,2' +... +6,2", 
and. (1 — #)"=6,— 64.8 + Cpa +... +(— 1)", 


expansion of (1 +a)" is ——— 


The coefficient of x” in the product of the two series 
on the right is equal to 


(— 1)" {02 — 6,7 + 6, — eee +(—1)*c,;}. 
The coefficient of a in (1+a)"x(1—2)", that is in 
(1 — 2*)", is zero if n be odd, and is equal to (— Dt. ae 
if n be even. 
Hence ¢,2—¢,2+06,—.-.+(—1)"c,' is zero 
or (— 1)n! /(4n}, according as n is odd or even. 


Ex. 1, Shew that 


Cy + 2Cq+ Bly + ce FTC pH v0e $ NC, =NI 


We have Cy + 2eq+ Beg +. +My 
ute = n(n—-1)(n—2) 
n+-2—-— + 3 1.2.3 +... toes iistecn aan 
a _ ay, (= 1)(n- 2) \n—1 
ite 14 tet earl 
=n(14¢1)*72=n2"1, 
Ex.2, Shew that c —5e Sone: +(-1)"—. = iS 
DR eA at Bs 2227 ta n+l" 
yee iz 2k n(n—1) 
We have Co- gat gay &.=1-5n nts 7) — &0, 
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eee _(mt+ijn (n+1)n(n—1) 

att ap a ested Te + (-ut 

S65 Se. (nt1)n_ (nt+1)n(n-1) nt 

ati il Ooh Res rye 2 ans Ren eh } 
ul 1 1 

SS Lie 

n+1 pratt! a n+1° 


fx. 3. Shew that, if n be any positive integer, 


a. Cars ae aN por ees LA 
Sera Bere wees t(-1) z+n @(@+1)..(2+2)- 
Assume that 
A nO. ym Sees, Fate Ren sa 
al etn @(a+1)...(c+n)’ 


a z+1l 2£+2 
for all values of x, and for any particular value of n. 
Change z into +1; then 
1 ni , nOo 


C. 
3a A Re —_1\* n=n 
z+1 +2) x43 vereenres + (-T) z+n+1 


[n 
= (e+1) (+2)... (e+n4+1)° 
Hence, by subtraction, 


1 Qt] , nCatnGr p nCrtnOr-1 
Fo pee + re seseee + (—1) ice AP gases 
in+1 
oy ak fn tee ae eee 
ztnt+l = a(r+1)...... (x+n-+1) 


But aCp+nCpi=ntiCr> for all yalues of r [Art. 247]. 
Hence we have 


1 whi nto _ +(-1)"41 ee 9 2 Ose were 
ee eee ey ae z+n+l a (e+1)...(e+n+1)° 


Hence if the theorem be true for any particular value of n it will 
be true for the next greater value. But the theorem is obviously true 
for all values of « when n=1: it is therefore true for all positive 
integral values of n. [See also Art, 297, Ex. 3.] 


By giving particular values to x we obtain relations between 
Co» C1, &e. For example: 


Put z=1; then we have 
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al Cy Cy ‘s 2" |n 
aay ate SG. " —F8.b .. Ont lie 


Hix. 4. Shew that 
Cy@—¢, (a—1) +c, (a— 2) —¢,(a—3) +...-.. +(—1)"c,, (a—n)=0, 


and that 
27 — c, (a — 1)? +c, (a - 2)? -—c, (@— 3)? +...... +(—1)"c,, (a—n)?=0, 

We have from IL., if n be any positive integer, 
BY n(n-1) n(n-1)(n—- S) <= 2 

i ACR CB a Peet oe Oe at oseces +(-—1)*=0...............(i). 
Hence, ifn>1 

1-(n-1)+ Ma = Esece se) 82 = 05 deavecdeus(tl)e i 

Multiply (i) by @ and (ii) by n and add; then 

a—n(a- 1) 4-2 i 2) = cc ( od lan) Oe (iii), 


where n is > 1. 


: Change a into a—1 and n into n—1 in (iii); then, n being > 2, we 
ave 


a-14(n-1) (a—2)+......+(—1)""1(a—n)=0 ........(iv). 
Now multiply (iii) by @ and (iv) by n and add; then 


a las Ps 


a?—n(a—1)?+ (a-2)?—......4(-—1)"(a—n)?=0, 


provided n is greater than 2. 
By proceeding in this way we may prove that 
aP—n(a-— je eae) (a —2)?—......+(—1)* (a—n)?=0, 


provided that p is any positive integer less than n. 
[See also Art, 305.] 


260. Continued product of n binomial factors of 
the form «+a, «+b,a%+¢, &c. 
It will be convenient to use the following notation : 


S, is written for a+6+c+..., the sum of all the 
letters taken one at a time. S, is written for ab+ac+-..., 
the sum of all the products which can be obtained by 


4 
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taking the letters two at a time. And, in general, S, is 
written for the sum of all the products which can be 
obtained by taking the letters r at a time. 


Now, if we take a letter from each of the binomial 


factors of 
(a +a) (a+b) (w@+c)(w+d)...... ‘ 


and multiply them all together, we shall obtain a term 
of the continued product; and, if we do this in every 
possible way, we shall obtain all the terms of the con- 
tinued product. 


We can take @ every time, and this can be done in 
only one way; hence 2” is a term of the continued 
product. 


We can take any one of the letters a, }, ¢..., and @ 
from all the remaining n—1 binomial factors; we thus 
have the terms az”, bx", ca", &., and on the whole 
Bete 

Again, we can take any two of the letters a, b, ¢..., 
and g from all the remaining »—2 binomial factors ; 
we thus have the terms aba", aca*™’*, &c., and on the 
whole S,.2"™*. 


And, in general, we can take any r of the letters 
a, 6, c..., and # from all the remaining n—r binomial 


n-r 
. 


factors; and we thus have S,.# 


Hence (x + a) (a+b) (@+0)....+ 
=a" +S,.a°*+ 8,0" + FSO + wee 
the last term being abcd...... , the product of all the 


letters a, b, c; d, &c. 

By changing the signs of a, b, c, &c., the signs of 
S,, S,, S,, &e. will be changed, but the signs of 8,, S,, 8,, 
&c. will be unaltered. 

Hence we have 


(a — a) (a —b)(@ —C)-+e00e 
= o"— S,.0" 1+ S,.40" 7 — ot (— 1S, eet (— 1)*abed... 
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261. Vandermonde’s Theorem. The following 
proof of Vandermonde’s Theorem is due to Professor 
Cayley*. [See also Art. 249.] 


We have to prove that if n be any positive integer, 
and a and 6 have any values whatever; then will 


n(n—1) 


12 n90, +00 


(a oh b),, = a,, =F Ny _sD, + 
+ ror ore Ses b,. 


Assume the theorem to be true for any particular value 
ofn. Multiply the left side bya+6—n; it will then become 
(a+b),,,. Multiply the successive terms of the series on 
the right also by a+6 —n but arranged as follows :— 


for the first term {(a—n) +}; 
for the second {(a—n+1)+(6-1)}; 
and forthe rth {(a—n+r—1)+(b—r+l])}. 
We shall then have 
(a + b)a41 =, {(a —n) +b} + ,C,. 0,15, (a—n+1)+(-1)} 
+,,C,. 0,26, ((a—n + 2)+(b—2)} +... 
+ Opa Gyn On (@— +r —1)+ O—r +} 
+ 40, y--b, (a—n +7) +(0=7)} 
+...+6, {a+ (b—n)}. 
Now a, {(a—n) + b} =a,,, +4, 5,, 
nO,» Oy10, ((a—n +1) + (6 —1)} =,C, (a,b, + 41,), 
Cra: Gurbys (nr 1) 4—r+)} 
= Cpa (Unrjn Opa + Gnnir On)s 
Cp Anny (A — M+ 7) + (6 —r)} = CO, (pints Oe + One Ops) 


b, {a + (b—n)} = a,b, + Bare 
* Messenger of Mathematics, Vol. v. 
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Hence (a4 b)i3=Gnu + (1 + 2G) a,,0, + * 

Be CO EHOG,) Ghats On Ferenc t Ong 
“3 Brisa 3 ni a,b, Feet ws Bnis—r Op + ees +r Baas 
since Be Us al, 

Thus, if the theorem be true for any particular value 
of n, it will also be true for the next greater value. But 
it is obviously true when n=1; it must therefore be true 
when n=2; and so on indefinitely. Thus the theorem is 
true for all positive integral values of n. 


962. The Multinomial Theorem. The expansion of 
the nth power of the multinomial expression @+6+¢+ +. 
can be found by means of the Binomial Theorem. 


For the general term in the expansion of 
(a+b+e+d+...)", that is of {a +(b+e+d+...)}5 
by the Binomial Theorem is 
uae a’ (b+ce+d+...)"™ 
bepieaa 
Similarly the general term in the expansion of 
(b+ce+d+...)"" 
by the Binomial Theorem is 
Me ord tert 
|s|n—r—-s 


The general term in the expansion of (¢+d+...)""" by. 
the Binomial Theorem is 


ee as 7 n—7—a—t 

TCE eae ; 

Hence the general term in the expansion of 
(a+b+c+d+t...) 


pitas eee OE Oe acy os, 
r\n—r |s |[p—r—s jj|jn—r—e-% 
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that is a’ b’c’ 


qe 


where each of 7, s, ... 18 zero or a positive integer, and 
r+st+tt+...= 


The above result can however be at once obtained by 
the method of Art. 2538, as follows. 


We know [Art. 67] that the continued product 
(at+tb+c+...)(at+b+c+...)(at+b+ce4...)... 


is the sum of all the different partial products which can 
be obtained by multiplying any term from the first multi- 
nomial factor, any term from the second, any term from 
the third, &c. 


The term a’ b’c' ... will therefore be obtained by taking 
a from any r of the n factors, which can be done in ,C, 
different ways; then taking 6b from any s of the remaining 
n—r factors, which can be done in ,_,C, different ways; 
then taking c from any ¢ of the remaining n — r —s factors, 
which can be done in ,_,,C, different ways; and so on. 
Hence the total number of ways in which the term 
a’ b' cc’... will be obtained, which is the coefficient of the 
term in the required expansion, must be 
ACLS pti Gee CA Rrwsas 


u—-F—8& 


that is 
eee a oe ———— feeds es 2 
lr |p—r [s|e—r—s |t |p—r—s—t N—r—s (rst... 
Hence the general term in the expansion of (a+6+¢+...)” 
is 
E 
eee: 


Pee ays Sp 
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Ex. 1. Find the coefficient of abc in the expansion of (a+b+c)§. 


[oo 


The required coefficient = =6, 


Le 
Ex, 2. Find the coefficients of a?b2, bed? and abcd in the expansion 
of (a+b+c+d)*. ‘ 
We have the terms 


ene a is 
pe?’ pap “the 


Thus the required coefficients are 6, 12 and 24 respectively. 


abed, 


263. By the previous Article, the general term of the 
expansion of (a + bx + ca* + da? + ......)" 18 


ez : 2 2\t 8\u 
Sg a aa 


|n 
ie eles 
Hence to find the coefficient of any particular power of a, 
say of a*, in the expansion, we must find all the different 
sets of positive integral values of 1, s, t,... which satisfy 
the equations 


that is TARR cs haa ae fhe 


s+ 26+ 3u4+..... =a, 
PHESATHUT -oeeee al 


The required coefficient will then be the sum of the 
coefficients corresponding to each set of values. 


Ex. 1. Find the coefficient of «° in the expansion of (14+22432%)4, 
(4 
Ir |s |t 
those for which s+ 2t=5 and r+s+t=4. 


The general term is Qs3tg!t%, and the terms required are 


Since each of the quantities r, s and ¢ must be zero or a positive 
integer, the only possible sets of values are t=2, s=1, r=1 and 


Eo. 
[i[b 2° 
4 


t=1, s=3, r=0, the corresponding coefficients being 


8. A. 2 
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and 


ae 

228, 6 respectively. Hence the 
OBE 23.3, that is 216 and 96 respectively 
required coefficient is 312. 


In simple cases the result can be. readily obtained by actual 
expansion. We have 


(1+ 2a 4 802)4=1 44 (2x + 82%) +6 (2a 3a)? +4 (Qe + B29)8 + (22+ 82%), 


Only the last two terms will contain 25 and the coefficients of 2° in 
these terms will be found to be 216 and 96 respectively, so that the 
required coefficient is 312. 


Ex. 2. Find the coefficient of 2‘ in the expansion of (1+ 2+27)%. 


Ans. 6. 
Ex. 3. Find the coefficient of x5 in the expansion of (1+2+27)*. 
Ans. 16. 
Ex, 4. Find the coefficient of x® in the expansion of (2+ 2 -<%)5. 
Ans. 0 
Ex. 5. Find the coefficient of x! in the expansion of 
(T+ a+23+ 23+ 444 75)3, Ans. 39. 
Ex. 6. Find the coeflicient of the middle term of the expansion of 
(l4+a+a°+25+ 24)5, Ans. 381, 
EXAMPLES XXV. 
1. Prove that 
¢, — 2c, + 3c, —...... +(— 1)" (n +1) ¢,=0. 
2. Prove that, 
c, — 2c, + 3c, —...... + (— 1)" ne, =0. 
3. Prove that 
¢, + 2c, + 3c, + ...... weet (n+ 1)¢,=2"" (n+ 2). 
4, Prove that : 
c, + 2c, + 3¢,+......+(n—1) ce =14(n—2) 2" 
5. Prove that 
c, + 3c, +5c,+...... + (2n+1)e,=(n+1) 2" 


6. Prove that 
3c, + 7c, + lle, +......+ (4n—1)c¢,=1+(2n—-1) 2% 
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7. Prove that 


Sy 2 epee 2 
itgt gto Nae Pee ae We 
8. Prove that 
Co fs 1% 4% 2" 
Ttetetate ae 
9. Prove that 
Ay ete 
9 4 6 riche Muy ceed baad 
10. Prove that 
% 1% 1% Hea i en 
Bt tee dss = a eC Led) 
11. Prove that 
ay We, Ve, B at rk ee laihge 1 
17at .+(-1) fa et +-. 
12. Prove that 
3" | 
ES aed as ay, eee Perera SS aa BEL A 
iB sag Wik male oleae TAs Tle ey 


13. Prove that 
[2n 
ain tener 


CC, +6,6,4, + verre $6 


14. Prove that, if 


(1 +)" =¢, 46,04 0,00" + .s00e cape C My 
then n(1+a)*-? =c, + 2¢,0 + 30,0" + .+-sereeers +ne,a"~, 
and {1+(n+1)a}(1+a)""'=¢,+ 26,0 +... +(mt1)ea" 
Hence prove that, 
7+ 2c? + 36" + +ne,* = ae 
; i Aa Wain vars och aig incl Peel? 
(n+ 2)|2n-1 
and 6,7 + 20,7 + 30," + seereeseeees +(n+1)¢%=———_ 7: 
[w|n=1 


22—2 
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15. Shew, by expanding {(1+x)"—1}", where m and n 
are positive integers, that 


Ot 0 (OD CLE 0 Oe ee ae 
16. Prove that, if n> 3, 
(i) a—n(a-1)+22—) (@—2)— id +(-I) (a-n)=0. 
(i) ab—n(a-1) 6-1) +* 259 (@-2)6-2)-..... 
apes + (—1)" (a—n) (6-n) =9. 
(ii) abo —n (a1) (6-1) e-1) +22) (a- 2) (6-2)(¢-2) 
ee +(-1" eee 


17. Shew that, if there be a middle term in a binomial 
expansion, its coefficient will be even. 


18. Shew that the coefficient of 2" in the nth power of 
a’ +(a+b)x+ ab is 
a+ Cia" b+ Cfa 7b +... +6". 


19. If nm be a positive integer and P, denote the product of 
all the coefficients in the eran of (1 +)", shew that 


hasltia (n+ 1) + 1)" 
: ft hae | © 
20. Shew that 


(1—a)" =(1 + a)" — 2no (1 + x)" + eS a0 (14 7)" — wscee 
21. Shew that, if n be a positive integer, 
l+a ft m(n—1) 1+2x 
l+nz 1.2 (i+nz)* 
_n(n—1)(n—2) 14+32 
MER NERO Lo 
22. Shew that 
(a+b+c+d+e)’= a’ +53a‘b + 1030°b* + 2030%e 
+ 3030°b%c + 603a*bcd + 120abede, 
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prove that a, — na, 


‘v—1 [2 r—2 — oeeeee 


unless r is a multiple of 3. 


94. Shew that, in the expansion of (l+v+a"+...... +a)", 
where n is a positive integer, the coefficients of terms equi- 
distant from the beginning and the end are equal. 


25. If a,, @,, Gyy--+-s- be the coefficients in the expansion of 
(1+a+.°*)" in ascending powers of «, prove that 
Uy — G2 + Cig) — veo ees +a,,'=a@,, and that 
a, a a,” 53 a, sree es 1 = 1)y"a,_"= 3{4, a - 1)’ a, }- 
26. If (l+c+2%"=a, +4," + 0,0 + Gf + ooey 
prove that 
Ag, — 4,0 + Vyby~ veeeveeee =O. 


27. Shew that, in the expansion of (4,+4@,+4,+...+ a,)", 
where n is a whole number less than 1, the coefficient of any 
term in which none of the quantities a,, a,, &c. appears more 


than once is 7! 


(L4+e+a? +... +2") be multiplied together, the coefficients 
of terms equidistant from the beginning and ‘end will be equal ; 
and that the sum ofall the odd coefficients will be equal to the 
sum of all the even, each being $(n+ 1)! 


29. Shew that the coefficient of 2a” in, the expansion of 
(1+”+2")" is 


1e2@cD, s@-Ne—De-” 
n(n—1)(n—2)(n—3)(n — 4)(m — 5) 
pete ii) ae) ee ee )( TP. 2. us + seccee . 


30. Shew that 18 can be made up of 8 odd numbers in 
792 different ways, where repetitions are allowed and the order 
of addition is taken into account. 


CHAPTER XXII. 
CONVERGENCY AND DIvEeRGENCY oF SERIES. 


264, A series is a succession of quantities which are 
formed in order according to some definite law. When a 
series terminates after a certain number of terms it is said 
to be a finite series, and when there is an endless succession 
of terms the series is said to be infinite. 


We have already found that when the common ratio of 
a geometrical progression is humerically less than unity 
the sum of nm terms will not increase indefinitely, but that 
the sum will become more and-more nearly equal to a 
fixed finite quantity as n is increased without limit. Thus 
the sum of an infinite series is not in all cases infinitely 
great. 


When the sum of the first n terms of a series tends to 
a finite limit S, so that the sum can, by sufficiently 
increasing n, be made to differ from S by less than any 
assignable quantity, however small, the series is said to be 
convergent, and S is called its swum. Thus 1+4+4 +34... 
is a convergent series whose sumis2. 


When the sum of the first n terms of a series increases 
numerically without limit as n is increased indefinitely, the 
series is said to be divergent. Thus1+2+3+4+... isa 
divergent series. 


CONVERGENCY AND DIVERGENCY. 319 


When the sum of the n first terms of a series does not 
increase indefinitely as n is increased without limit, and yet 
does not approach to any determinate limit, the series is 
neither convergent nor divergent. Such a series 1s some- 
times called an indeterminate or a neutral series, or the 
series is said to osctllate. 

For example, the series 1-1+1—1+... is an oscilla- 
tory series, for the sum of n terms is 1 or 0 according as 
n is odd or even. 

It is clear that a series whose terms are all of the same 
sign cannot be indeterminate, but must either be conver- 
gent or divergent. For unless the sum of terms increases 
without limit as n is increased without limit, there must 
be some finite limit which the sum can never exceed, but 
to which it approaches indefinitely near. 


265. If each term of a series be finite, and all the terms 
have the same sign, the series must be divergent. For, if 
each term be not less than a, the sum of n terms will be 
not less than na, and na can be made greater than any 
finite quantity, however large, by sufficiently increasing n. 


266. The successive terms of a series will be denoted 
Dy U,, Uys Ugoees 3 and, since it is impossible to write down all 
the terms of an infinite series, it is necessary to know how 
to express the general term, Up, in terms of n. 

The sum of the n first terms will be denoted by U,,; 
and the sum of the whole series, supposed convergent, in 
which case alone it has a sum, will be denoted by U. 


Thus U =U, + Uy + Ug toe + Un Hota Fee 
and U,, =U, +U,t Ut. +, 
267. In order that the series U,, U,, Uy, Uys eres Un, 


U,,,, &e. may be convergent it is by definition necessary 
and sufficient that the sum 


U;, =U, + Uy + Ug + 02 + Un 
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should converge indefinitely to some finite limit U as n is 
indefinitely increased. 


Hence U,, U,,,, U,,,, &c.... must differ from U, and 
therefore from one another, by quantities which diminish 


indefinitely as m is increased without limit, 


Now ope aA U,, = Une 
(oes U, a Unis ar Uns99 


U= U,, 7 Unser i Unto + Unis F vee 


Hence, in order that a series may be convergent, the 
(n+ 1)th term must decrease indefinitely as n is increased 
indefinitely, and also the sum of any number of terms 
beginning at the (n+1)th must become less than any 
assignable quantity, however small, when n is indefinitely 
increased, 

1 


J 1 
For example, the. series atgtghets +... cannot be con- 


vergent, although the nth term diminishes indefinitely as nis increased 
indefinitely; for the sum of n terms beginning at the (n+1)th is 
1 


i RC ALe 1 2 
ore ae no a which is greater than mn ™ that is, greater 


than 3 ' 


268. We shall for the present consider series in which 
all the terms have the same sign; and as it is clear that 
the convergency or divergency of such a series does not 
depend on whether the signs are all positive or all negative, 
we shall consider all the signs to be positive. 


The convergency or divergency of series can generally 
be determined by means of the following theorems. 


269. Theorem I. A series is convergent if all tts 
terms are less than the corresponding terms of a second 
series which 1s known to be convergent. 
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Let the two series be respectively 
U =U, + U, + Ug t ore 
and V=0, + Uy + zy t verre 


Then, since u, <¥, for all values of 1, it follows that U 
is less than V. Hence, as V is finite, U must also be 
finite: this proves the theorem, for a series must be 
convergent when its sum is finite and all the terms have 
the same sign. 


It can be proved in a similar manner that a series 
is divergent if all its terms are greater than the 
corresponding terms of a divergent series. 


~ borle =i 1 1 F 
Ex. (i). To shew that the series itz + Ta.3¢ tat is 


convergent. 


The terms of the series are less than the terms of the series 
x 1 
TTT es 12 


3 & sea! are ke 
metrical progression whose common ratio is 9? which is therefore 


..., and this latter series is & geo- 


known to be a convergent series. The given series must therefore 
also be convergent. 


Ex. (ii). Shew that the series 


(at2) , (at) (2a+2) , (a+2) 2a+2) (3a +2) 
(b+a) * (b+a)(20+a) | (b+2) (2b +2) (30+2) 


is convergent if a, b and z are all positive, and a <b. 


eanee < 


The terms of the given series are less than the corresponding 
3 a+az (a+)? (a+=)3 
terms of the series er + (+a)? * (O+a)° Es 


ee Ot? itr> 1, a, b and « being positive and b> al. 


rob+a2 b4+2% 
The latter series is convergent, and therefore also the given series. 


[since 


T'o ensure the convergency of the first series it is not 
necessary that all its terms should be less than the 
corresponding terms of the second series, it will be 
sufficient if all the terms except a finite number of them 
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be less than the corresponding terms of the second, for the 
sum of a finite number of terms of any series must be 
finite. 
- Ci ae ek ee 
Ex. Shew that the series gino ei E bie 3 + [6 i he is con- 


vergent, 
From the sixth term onwards, each term is less than the corre- 
: NA aa 38 48 s 
sponding term of the series et ae +.... Hence the series 
beginning at the sixth term is convergent, and therefore the whole 
Series is convergent. 


_ 270, Theorem II: Jf the ratio of the corresponding 
terms of two series be always finite, the series will both be 
convergent or both divergent. 


Let the series be respectively 
U =U, tu, t Uy t ecoeee, 
and V=v,4+0, +, +... 


Then, since the quantities are all positive, g must lie 


V 
between the greatest and least of the fractions “ [Art. 113]. 


Hence U: V is finite. Ib therefore follows that if U is 
finite so also is V, and if U is infinite so also is V. 


Rei: 16 8n 
th a 2k 
For example, on series 5 = + <4 2 Be ah mri) med) eae 
and at : naieeaigen + ris .. are both convergent or both divergent, 


For io ratio of the rth terms, namely FOGEy : - is equal to 
8 


(r+1)(r+2) 
already proved that the second series is divergent: the first series is 
therefore also divergent. 


, which is >1 and <8 for all values of r. Now we have 


271. Theorem III. A series is convergent tj, after 
any particular term, the ratio of each term to the preceding 
is always less than some fixed quantity which is itself less 
than unity. 
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Let the ratio of each term after the r® to the preceding 
term be less than &, where k < 1. 


: u U, 
Then, since tek, H<k,....05 


r +1 
we have 


Up + Upgs + Upag T vvevee< Up (L+kh+h +...,..) 
eae s 
< TLR? since & is less than 1. 
Hence the sum of the series beginning at the r* term 


is finite, and the sum of any finite number of terms is 
finite ; therefore the whole series must be convergent. 


272. Theorem IV. A series is divergent if, after 
any particular term, the ratio of each term to the preceding 
is either equal to unity or greater than unity. 

First, let all the terms after the r” be equal to u,; 
then u,,,+ Upag tees + Unie = U,, and nu, can be made 
greater than any finite quantity by sufficiently increasing 
n. The series must therefore be divergent. 

Next, let the ratio of each term, after the r+, to the 
preceding term be greater than 1. 


Then 2p, > Upy Upyy > Ungy > Ups SEC. 


Hence yyy Uryg + vee + Unger > U5 the series must 
therefore be divergent. 


. 2 2 28 Pipers ‘1 
Ex. 1. In the series i+gtgtat oaanes tt esesees the ratio 
Sr aed which is greater than 1; the series is therefore 
Uy, n+l’ 
divergent. 
a 
Ex. 2. In the series 17+2%%+37x?+...... , the test ratio is om) x, 


2 
that is (a + x. Now, if « be less than 1, and any fixed quantity k 


be chosen between x and 1, the test ratio will be less than k for all 
terms after the first which makes 


(145) Ja <sJk, ie. n> ae. 


$24 CONVERGENCY AND DIVERGENCY. 


Hence the series is convergent if s <1. 

If e=1 the series is 12+ 274 3?+...... which is obviously divergent, 
and if x>1 the series is greater than 174 2?+37+....... 

Thus the series 17+ 27x +3%z7+...... is divergent except when x 
is less than unity, 


273. When a series is such that after a finite number 
of terms the ratio a is always less than unity but 


becomes indefinitely nearly equal to unity as n is in- 
definitely increased, the test contained in Theorem III. 
fails to give any result; and in this case, which is a 
very common one, it is often difficult to determine whether 
a series is convergent or divergent, 


For example, in the series 


1 1 1 1 
pet get get Gat ecveess 


i be! een 
the ratio ena G oy 
nN 


Hence, if & be positive, the test ratio is less than 
unity, but becomes more and more nearly equal to unity 
as n is increased. 


We cannot therefore determine from Theorem III. 
whether the series in question is convergent or divergent. 


274. To shew that the series ae = + - +... %8 con- 


vergent when k ts greater than unity, and is divergent when 
k is equal to wnity or less than unity. 


First, let & be greater than unity. 


Since each term of the series is less than the pre- 
ceding term, we have the following relations: 


pS tino. 3 
Qt BS 
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142k vit 
7 a a a 
1 A 1 oy 
and tea pt caerses + Oi <29" 
Hence the whole series is less than 
; 1S 4S oF 
TE +o + + t sseeee + Graz T ooes 
that is, less than 


1 1 1 L u 
{tg + pea t gn Fee + HaHa Foes 


But this latter series is a geometrical progression 
to ee : : 
whose common ratio, gri> is less than unity, since k>1. 


Hence the given series is convergent. 


Next, let &=1; then we can group the series as 
follows : 


Week scrape bb Te Bye 


Ase Sioa a bey roped ese oy 
wT] eg thon es 


therefore, as each group of terms in brackets is greater 
than 4, the given series taken to 2" terms is greater 


than 1+4+4+4+...... taken to n+1 terms, that is, 
greater than 1 +n, which increases indefinitely with n. 
i et lea Neuet 
Hence 5 +5 +3 +++ is divergent. 


Lastly, let & be less than unity; then each term of the 


series a is greater than the corresponding 


term of the divergent series te Seu aans ; the series is 


therefore divergent when &<1. 
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275. The convergency or divergency of many series 
can be determined by means of Theorems I. and IL, using 
the series of the last Article as a standard series. The 
method will be seen from the following examples. 


% 2n 
Ex. 1. Is the ‘series whose general term is 7 convergent or 


+1 
divergent? J 
, 2n Lee i 2n 1 1 
Since mi Maree if n>1, it follows that = qi a° But a. 
is divergent; therefore = Pa is also divergent. 
Ex. 2. Is the series whose general term is as convergent or 
divergent? 
n+2 n+2 3n 3 n+2 1 1 
Now os a <a <m* Hence 2 yi <2 Butz 
n+2 


is convergent [Art. 274]; therefore = is also convergent, 


n§ +1 

276. We have hitherto supposed that the terms of the 
series whose convergency or divergency was to be deter- 
mined were all of the same sign. When, however, some 
terms are positive and others negative, we first see whether 
the series which would be obtained by making all the 
signs positive is convergent; and, if this is the case, it 
follows that the given series is also convergent; for a con- 
vergent series, all of whose terms are positive, would 
clearly remain convergent when the signs of some of its 
terms were changed. If, however, the series obtained by 
making all the signs positive is a divergent series it does 
not necessarily follow that the given series is divergent. 
For example, it will be proved in the next Article that 
the series }—$+4-—44+... is convergent, although the 
series ++}$+4+4+... is divergent. ‘ 


A series which would be convergent if all the terms 


had the same sign is called an absolutely convergent 
series. 


277. Many series whose terms are alternately positive 
and negative are at once seen to be convergent by means of 
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Theorem V. A series is convergent when its terms 
are alternately positive and negative, provided each term is 
less than the preceding, and that the terms decrease without 
limit in absolute magnitude. 


Let the series be 
U, — Uy + Uy — Uy eee EU, F Unar E Ugig F cveeee 
By writing the series in the forms 
U, — Uq + (Uy — Uy) + (Ug — Ug) + oer 
and U, — (Uy — Uy) — (Uy — Ug) — veeree : 


we see that, since each term is less than the preceding, the 
sum of the series must be intermediate to u,—u, and w, ; 
and hence the sum of the series is finite. It is also similarly 
clear that the absolute value of U— U,, is intermediate to 
the absolute values of w,,,—Us,, and w,,,, and therefore 
U—U, becomes indefinitely small when 1 is increased 
without limit. The series must therefore be convergent. 


Pye la ee! 
For example, the series tee tera qt 


the terms are alternately positive and‘negative and decrease without 


is convergent, since 


limit. The series tee We al senites is not however a convergent 


series although its sum is a finite quantity between ; and 2, for the 


nth term, namely wee does not diminish indefinitely as n is 


indefinitely increased. 


278. We will now apply the preceding tests of con- 
vergency to three series of very great importance. 


I. The Binomial Series. In the binomial series, 
namely 

m(m—1) . 

1+maz+ tas bs WP adaaes 

PLM el BIE (m—n+1) 1 


in + very 
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the number of terms is finite when m is a positive 
integer; but when m is not a positive integer no one 
of the factors m, m—1, m—2, &c. can be zero, and 
hence the series must be endless. 


To determine the convergency of the series when m 
is not a positive integer we must consider the ratio 


u, 
Ue tha. Now See RO ae a (= 
nm 


Hence, for all values of n greater than m+1, u,,,, and 
u,, have different signs when @ is positive, and have the 
same sign when @ is negative. Moreover, as n is in- 
creased, the absolute value of w,,,/u, becomes more and 
more nearly equal to w If therefore « be numerically 
less than unity, the ratio w,,,/u, will, either from the 
beginning, or after a finite number of terms, be numeri- 
cally less than unity. Hence by Art. 271 the series 
formed by adding the absolute values of the successive 
terms will be convergent, and therefore also the series 
itself must be convergent, whether its terms have all 
the same sign or are alternately positive and negative. 


Thus the binomial series is convergent, if # is numeri- 
cally less than unity*. 


I]. The Exponential Series. In the exponential 
series, namely 
1l+a+ ae oh e + se os + 
[2 |3 eeeeee n ese "2 


e 


the ratio u,,,/u, is #/n. Hence the ratio w,,,/u, is nu- 
merically less than unity for all terms after the first for 
which n is numerically greater than w The series is 


therefore convergent for all values of a. 


* The series is also convergent when a=1, provided n> —1; and it is 
convergent when a= —1, provided n>0. [See Art, 338,] | 


CONVERGENCY AND DIVERGENCY. 329 


III. The Logarithmic Series. In the logarithmic 
series, namely 


oe Pan 
ake te ee OD) Ne) 
é : 1 
the rat 34 ide hem ( -—5); 
e ratio w,,,/u, 18 er a {1 ae Oe and hence 


U,,,/U, Will be numerically less than unity provided # 
is numerically less than unity. The logarithmic series 
is therefore convergent when # has any value between 
—land +1. 

If x=1, the series becomes 1—$+4-..., which is 
convergent by Theorem V. : 

If « =—1, the series becomes —(1+4+$+...), which 
is known to be divergent. [Art. 274.] 


979, The condition for the convergency of the product 
of an infinite number of factors, and also some other 
theorems in convergency, will be proved in a subsequent 
chapter. [See Art. 337.] The two important theorems 
which follow cannot however be deferred. 


280. If the two series 
U =u, +U,0 + Uf" + 0000 + U2" + 00, 
and Vi=0, $0,024 Vo + verre + 0,2" + .005 
be both convergent, and the third series 
P= Uv, st (Ur, a UU) L + (UU, = UY, 24 U,U,) on 
eb siseys + (Upp + Ugg t oveees + U,0,) "+ os 


be formed, in which the coefficient of any power of a is 
the same as in the product of the two first series; then 
P will be a convergent series equal to Ux JV, provided 
(1) that the series U. and V have all their terms positive, 
or (2) that the series U and V would not lose their con- 
vergency if the signs were all made positive *. 


* This Article, and in fact the whole of this Chapter, is taken with 
slight modifications from Cauchy’s Analyse Algébrique, 


S. A. 23 
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First, suppose that all the terms in U and V are 
positive. 

Then Us, X Von = Pon +terms containing 2" and 
higher powers of # Hence Us X Van > Pan. 

Also P,, =U, x V,+ other terms. Hence P,,>U, x V,. 

Hence P,, is intermediate to U, x V, and U,, x V,,. 


Now, the series Uand V being convergent, U,, and U, 
both approach indefinitely near to U, also V,, and V, both 
approach indefinitely near to V, when n is indefinitely 
increased. Hence U,, x V,, and U, x V,, and therefore 
also P,, which is intermediate to them, will in the limit be 
equal to Ux V. Hence, when all the terms are positive, 


Pal x V. 


Next, let the signs in the two series be not all positive, 
and let U’ and V’ be the series obtained by making all the 
signs positive in U and V; and let P’ be the series formed 
from U’ and V’ in the same way as P is formed from 


U and V. 


Then U,, x V,, —P,, cannot be numerically greater 
than U’,, x V’,,—P’,,, for the terms in the latter expres- 
sion are the same as those in the former but with all the 
signs positive. 

Now, provided the series U and V do not lose their 
convergency when the signs of all the terms are made 
positive, it follows from the first case that U’,, x V’,, — P’,,, 
and therefore also U,, x.V,,, —P,, which is not numerically 
greater, must diminish indefinitely when n is increased 
without limit. Hence the limit of P,, is equal to the 
limit of U,, x V,,; so that P must be a convergent series 
equal to the product of U and V. 


If the series U and V are convergent, but are such 
that they would lose their convergency by making the 
signs of all the terms positive, the series P may or may 
not be convergent; and, when P is not convergent, the 
relation Ux V=P does not hold good, for P has no 
definite value and cannot therefore be equal to U x V, 
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although the coefficient of any particular power of @ in 
the series P is always equal to the coefficient of the same 
power of z in the product of the series U and V*. 


281. If the two series 
A, + 0,0 + A," + O° + e006 ; 
and b, + bw + bya* + ba + «00.0. ; 
be equal to one another for all values of @ for which they 
are convergent; then will a,=6,, 4,=),, 4,=),, &. 

For if the series are both convergent, their difference 
will be convergent. Hence 

a, — b, + (a, — 5.) @ + (4, — B,) B+ ree aa Users ik 6) S 
for all values of # for which the series is convergent. 

The last series is clearly convergent when « =0; and 
putting # = 0 we have a,—6,=0. Hence a, =),. 

We now have 

a {a, — b, + (a, —b,) + (a, — B,) @* + «00s =a ease (ii).° 

Now for any value «, for which the series in (i) is 
convergent, a, — b, + (a, — by) ©, + --+++ 18 equal to a finite 
limit, J, suppose. 

Hence (ii) may be written 2, {a,—b, +4, L,} =0; and, 
since this is true for all values of *w,, however small, it 
follows that a,—6,, must be numerically indefinitely small 
compared with L,; that is, a, —b, must be zero. It can 
now be proved in a similar manner that a, — b, = 0, 
a, — 6, =9, &. 

Hence if two series which contain « be equal to one 
another for all values of x for which the series are conver- 
gent, we may equate the coefficients of the same powers of « 
an the two series. 

The particular case of two series which have a finite 
number of terms was proved in Art, 91. 


* It can be proved that P is convergent if either U or V is absolutely 
convergent. See Chrystal’s Algebra, Part u., p. 127. 
23—2 
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EXAMPLES XXVI. 


Determine whether the following series are convergent or 
divergent: 


ie 1 1 1 4 
Fn Oe Wen er he NS YE em) 
2 : +5 pel Piped + 
" a(a+b) (a+ 26) (a+ 36) * (a+ 4b) (a+ Bb) " 
ooo ot See 8.4.(n+2) 
Th 6. 2.608 < &. 6. n ed 
Fae | Ca 3.5. 7..(20+1) | 
Madi dt) oe Ot ae 
Pad i tea Le Ae a emer ets ety. 
ae fat We eat er WM wee eg MCT me 
gt le ed 1 
cin ude Lae wae ea ee 
7 se ae . + : + 
* T4u 5 142u” 1482 

1 1 1 
e. {px lees ia 
9 1 A x ‘i a? 

lew, lig lots ea es 

1 1 1 1 
10: l+a noe Ty se ewig deen 
11 : pian af + eee eras Se 
".1.2°2.3 3.4. (+1) (n+ 2) 

c Os motes 
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1+2 1+3 l+n 
itty 143" ern 
o*_15 3°29? n?—(n—1) 
14. ot a te 
l+oypt pet tem 
ee ee 

z2+m “2+2m “x+3m 
16. peer ae lit ge 

z+1 “2+m x+m’ 

L4a)(1+b) , (2+a)(2+9) (n +a) (n+) 
ae eye ee 
Scene vay ak ae ier CRS VICES) 
18 : + 2 + : + eee 
ia tee ya. 148th jen gnele 
Tic gaa pita pice he 


aie ooo 


20. 50-7) 40- ge) ta)? 
al. (/2-1)+(J5-2)+-. + (Jn? + 1-1) + v0 


ee ac” 
22. et get pet: + Gne ly 
23. ee cer ee as 
pg eee MW) ni+1 
24. a lat igatt es ee REE ee 
25. Shew that the series 
i) 1 1 1 
aes ees 


is convergent for all values of a, except only when « is the 
square of an integer. 


1 ae 
28. 3(sq=1) aay -3,)" 2. 
Q7. snk {J(n-1)-2,/(n- 2) + /(m— 3)} 2 


CHAPTER XXII 
THE BINOMIAL THEOREM. ANY INDEX. 


282. IT was proved in Chapter xx. that, when n is 
any positive integer, 


—1 
(L+ay=1tne +2 OO) oy ieee : 
on Smart 


We now proceed to prove that the above formula is 
true for all values of n, provided that the series on the 
right is convergent. 


When n is a positive integer the above series stops, as 
we have already seen, at the (n+1)th term; but when 
n is not a positive integer the series is endless, for no one 


of the factors n,n—1, n—2, &c. can in this case be zero. 
It should be noticed that the general term of the 
binomial series, namely wae eee ax", 


n 
cannot be written in the shortened form APNE unless 
|r n—?Tr 
n is a positive integer; we may however employ the 
notation of Art. 241, and write the series in the form 


n,. 


if 


1 noe 2 att ie eee Seg 
eae 
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283. Proof of the Binomial Theorem. Represent, 


for shortness, any series of the form 1 + i x +i + ote 


™m, + 
Bice +... by f(m). Thus 


fmalrqiet pet An nalts Weeds ; 
= es ee 
JR pee ae See ies peace : 
and 
_1 (mtn), (mtn), (m+n), 5 
f(m+nj=1+ Tr te+4 2 we ae ee 


Now the coefficient of a” in the product f(m) x f(n) is 


nN, 


are Mm, 1% = M, 9% a ae m,_,%, se 2b 
eieeesbig e222 Tec les pole 


that is 


[r M, + ose Ir—s aime etn 


And, by Vandermonde’s Theorem [Art. 249 or 261], 


(m+™+ which is the coefficient 


this coefficient is equal to 


of a in f(m+7). 


Thus the coefficient of any power of # in f(m+n) is 
equal to the coefficient of the same power of # in the 
product f(m) x f(n); also the series «f(m), f() and 
J (m+ n) are convergent, for all values of m and n, when 
is numerically less than unity [Art. 278]. It therefore 
follows from Art. 280 that 


fm) x fn) =f (MFM). voeeee(® 
for all values of m and n, provided that # is numerically 
less than unity. 
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Now it is obvious that f(0) = 1, and that f(1) =(1+ 2); 
we also know that if r be a positive integer f(r) = (l+ay’. 
Hence, by continued application of (a), we have 
f(m) xf (n) x f(p) x =f (m+n) x f (p) x. 
=f(m+n+pt...). 
Now let m=n=p=...= , where r and are positive 


integers; then taking s factors, we have 


{rf =rE)=20 


But, since r is a positive integer, f(r) is (1 +2)"; 


”. | r(z)h= (14a; 


( +ayay(*). 


This proves the Binomial Theorem for a positive 
fractional exponent: the theorem is therefore true for 
any positive index. 


And, assuming that the binomial theorem is true for 
any positive index, it can be proved to be true also for any 
negative index. For, from (a), 


S(— 0) xf(n)=f (—n+ n)=f (0). 
Hence, as f(0) = 1, we have 
S(-n)= ea =Gaay , since n is positive, | 
=(1+2)*. 


Hence (1+a)"=f/(—n), which proves the theorem 
for any negative index. 


284, Euler’s Proof. Euler’s proof of the Binomial 
Theorem is as follows. 
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Represent, for shortness, any series of the form 


1 me MD) op 3 See at 4... 


by J (m): thus 


Sm) alt met e+ tT fe ETT EL (i), 
feline + Batt Tt OF Aoecenes (ii), 


and, 


f(m4+nye=l4+(mt+n)e+ 


ea a 5 Ee or. Bee 
E (i 

Now, if the series on the right of (i) and (ii) be multi- 
plied, and the product bé arranged according to ascending 
powers of a, the result must involve m and n in the same 
way whatever their values may be. But, when m and n 
are positive integers, we know that f(m) is (1 +a)”, and 
that f(n) is (1+.)*, and the product Ft (m) x f (n) is there- 
fore (1 +2)", which again, as m+n is a positive integer, 
is f(m+n). Hence when m and n are positive integers 
the product f(m) x f(n) is f(m +n); and, as the form of 
the product is the same for all values of m and n it follows 


that 
Sf (m) x f (n) =f (M$ N).correrreees (a), 


for all values of m and n provided f(m) and f(n) are 
absolutely convergent. [Art. 280.] 


From this point the proof is the same as in Art. 288. - 


Ex.1. Expand (1+<2)"?. 
Put n= —1 in the above formula; then we have 


G+s)ta14(-n2+ C4) ae OE at 


AGS Bae 


=1—2+a2-2?+...... +(—l)Ta" + 2000 
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This example illustrates the necessity of some limitation in the 
value of x; for we know [Art. 229] that 1-w+a?-...... is not 


equal to Ets unless # is between —1 and +1, 
l+e 


Ex, 2. Expand (1-2)~*. 
We have 
(1-2-2214 (— 2) (- 2) ¢ EA (_ ayn PRD (_ gs 


race Mies sl gry 


=1422+4802+ 408+ ......4(r41) a7+...... 
Here again it is clear that the result cannot be true for all values 
of x; if z=2, for example, we should have 
1=142.243.2744.23+...... ; 
which is absurd, 


Ex. 3. Expand (1+ xa. 


Eb: ibe ee 3). 
We have (14+2)'= re prt = 2) te 


if 


the general term being 


wf haba (= tt eae 


QP |r 
Hence (Qtejbatee- aw? + Fle 


1.8.5...(2r—3) 
— 1)r—1 fee are tL 
At EG deg SE 


BT + secces 


Ex. 4. Expand (1- 2)~4, 


We have (1-2)74=14(-4)(-2)+ wer (—@)? + reve. 


Hence 
1.3.5...... (2r—1) 
a ya Te 


All the terms are positive, for in the general term there are 2r 
negative factors. 


(tao) Fatt get SE att et 
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Ex. 5. Expand (a?- 3a%x)3 according to ascending powers of 2. 


wr-adata fr (1-G)}aa(2-) 


=a [1-7 eee Dt eps ey 
‘ [l°a |2 \a 8 \@ 


eB tA Te WED) (2) 4 a] 


After the second, all the signs are positive; for in the general term 
there are r—2+r7, that is an even number, of negative factors. 


285. The (r+1)th term of the expansion of (1 +2)" 


:s obtained from the rth by multiplying by ae 
that is by (-1 + nt ie Now -—1 ae is always 


negative if n+1 is negative; and, whatever n +1 may be, 
n+1 
—1+ 
r 
which r>n+1. 

Hence, if x be positive, the ratio of the r+ 1th and rth 
terms will be always negative when r >n+ 1. The terms 
of the expansion of (1 +)" will therefore be alternately 
positive and negative after r terms, where r is the first 
positive integer greater than n +1. 

If w be negative, the ratio of the (r+1)th and rth 
terms will be always positive when r>n +1. The terms 
of the expansion of (1—2)* will therefore be all of the 
same sign as the rth term, where r is the first positive 
integer greater than n+1; and, as a particular case, all 
the terms of the expansion of (1 — a)" are positive when n 
is negative. 


will be negative for all terms after the first for 
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For example, all the terms in the expansion of (1- a)t are of the 
same sign as the rth, where r is the integer pext greater than $+1, 
so that ris 3. Also, after the ninth, the terms of the expansion of 


(1 +2) are alternately positive and negative. 


286. Greatest Term. In the expansion of (1 +z)" 
by the binomial theorem, we know that the ratio of the 
(r+1)th term to the rth is + aartt a, that is 


at"); we also know that a must be numeri- 


+a (1 - 
cally less than 1, unless n is a positive integer. 


First suppose that +1 is negative, and equal to 
—m. Then the absolute value of the ratio of the (r +1)th 


term to the rth term is a (1 +m), Hence the rth term 


: < ; 
is S(r +1)th term according as « (2 SI =) 2 1; that is, 


according as SIM Lal , that is 2—Q+n)e 
<l-—« < l-a@ 


Hence, if eae be an integer, r suppose, the rth 
term will be equal to the (r+ 1)th term, and these will 


be greater than any other terms. But, if ats 
be not an integer, the rth term will be the greatest when 
r is the integer next above —— 


_ Next, suppose that +1 is positive, and let & be the 
integer next greater than n+1. Then, if r be equal or 
greater than k, aa! —1 will be negative and less than 
unity ; hence, as 2 must be less than unity, each term 
after the kth will be less than the one before it, and 
therefore the greatest term must precede the kth. And 


ee —  l~will be 


since, for values of r less than n+1, 
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positive; the rth term will be = (r+ 1)th according as 


( - 1) Ment ; that is, according as r ea rial) 2 : 
ip > < 1l+2 


z 1 
Hence, if ete be an integer, r suppose, the rth 


term will be equal to the (r+1)th, and these will be 
(n+1)a@ 
l+a 
integer, the rth term will be the greatest when r is the 
(n+1)a@ 
etl ~ 
Ex. 1. Find the greatest term in the expansion of (1—2) "2, when 
~(+n)z _4*8_4 Hence the 
l-a 1-37 * 


fourth and fifth terms are equal to one another, and are greater 
than any other terms. 


greater than any other terms. But, if be not an 


integer next above 
8 = 3 
z=—. Here n+1 is negative, and 


Ex. 2. Find when the expansion of (1-2) begins to converge, if 


3 
zr=7- 


4 


os 5 3 
Here n+1 is negative, and =Use* = = ta 


convergence begins after the 23rd term. 


= 224. Hence the 

Ex, 3. Find the greatest term in the expansion of (a+2)*, when 
4a = 3a. 

: ) a\* Me 
Since (a+2)%=0% (a +3) , the greatest term required is the 
; «\¥ 
term corresponding to the greatest term in (a + =) . Now 
z g\ee al 8 aia ‘ : 
(n+1) a+ (1+2) =3:°49t273) hence r must be the integer next 


greater than - go that the 5th term is the greatest. 


EXAMPLES XXVII. 


1. Find the general term in the expansion of each of the 
following expressions by the binomial theorem. 


(Gj) (-#)%, (i) (l-a)y% (ai) (l-a)™ 
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(iv) (L+ay3, (v) (+a), (vi) (+a), 
(vii) (1—5ax)-#, (viii) (1-5a)#, (ix) (1-a)->, 
(x) (2a+3a)-#, (xi) (a*—2aa)f, and 
(xii) (4-7x)?. 
2. Find the first negative term in the expansion (i) of 
(1 +42), and (ii) of (1 + 2a)*. 
8. Find the greatest term in the expansion of (1+2)* 
when # ={. 
4. Find the greatest term in the expansion of (1 —2a)~* 
when a = 3. 
5. After what term will the expansion of (1 —2)*#* begin 


to converge, when x = ? 


6. Shew that the coefficients of the first 19 terms in the 


expansion of aa are all positive, and that the greatest 


of them is 100. 
7. If a,,,,a,, a, be any four coefficients of consecutive 
terms of an expanded binomial, prove that 
a a 2a, 


1 + Cae a 
a+, @,+Q@, a,t+a, 


8. Find the general term in the expansion by the binomial 
theorem of each of the following expressions according to 
ascending powers of x: 


: a vey OH ie +a\a 
O vera wT. ay GE), 
(iv) (a+ 2)t (a-a)-4, (v) (a+ a)? (a—-2)~*, and 
(vi) (a—a)*(a+a)"%, 
9. Shew that the coefficient of x" in the expansion of 
(1 + 27)? (1 —a°)~* is Qn. 


10. Shew that the coefficient of x" in the expansion of 
(1 + 2x)* (1 —a)~? is 27 (n-1), n+ 3. 
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287. Sum of coefficients. The sum of the first 
r + 1 coefficients of the expansion of (1 —«)" can be ob- 
tained as follows. 


. We have 
(l—a)!"=1—-Sa+ at—...4(-lY Cat 
. Bee ey oe 
also (—-a2)*=1+ae4+a+...+a07+... 
From [Art. 281] the coefficient of 2” in the product 


of the two series is equal to the coefficient of a in 
(1 —ay x (1—2)*, that is in (1 — z)**; hence we have 


n 


Ue re ge ma Ie ype 


= coefficient of 2” in (1—a#)**=(-1 ein Ly. 
Ir 
Similarly, if f(a) =a,+4,0+ 40° +...+4,27 +... the 
$ (2) 
l-a 
Thus, to find the sum of the first r+1 coefficients in the 
expansion of ¢ (a), we have only to find the coefficient of 


sum a,+a,+---+4, Will be the coefficient of a” in 


: < x 
a’ in the expansion of a : ; 
Ex.1, Find the sum of the first r coefficients in the expansion of 
(l-2)7%. Ans. ¥r(r+1)(r+2). 


The sum required is the coefficient of xt) in (1-«)-4. 


Fx. 2. Find the sum of n terms of the series 
1.2.34+2.3.4+3.4.5+...... 


1 
Since (1-2)-*=7—g—gll-2-84+2-8. dr 8.4. bart ee ]; the 


sum required =6 x sum of the first n coefficients in the expansion of 
(l= z)~*= 6 x coefficient of 2*1 in (1- ay *=3 n(n+1) (n+2) (n+3). 


Ex. 3. Find the sum of the first n+r coefficients in the expansion of 
(l+2)" 
(1- 2)?" 
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The sum required = coefficient of 2*t"! in the expansion of 
(1+<2)" 
(L-2)8° 


Now (1+2)"=(2— 1-2)" =2"—n. 2") (1-2) 


+ le 9n-3 (1 — 2)2+higher powers of (l-z). + 
a ~ Qn-3 
(1+ 2)" a" ee’ we ee +an integral 
expression of the (n — 3)th degree. 
The coefficients of 2*+-1 in (1—«)-8, (1-2)? and (1-2)~* re- 
spectively are 2 (n+r)(n+r+1), n+r, and 1; hence the coefficient of 
oy. (LF a)* 
ntr—l 
a in (i-a) is 
29-1 (n+1) (n+r+1) —2%1n (n+1r) +2" $n (n—1). 
Ex. 4. Find the sum of n terms of the series 


2 
rene Q Pel mI) 49), 


Ans. (2n—1)!/n! (n-1)l. 


288. Binomial Series. Series which are derived 
from the expansion of (1 +4)” by giving particular values 
to x and n are of frequent occurrence: it is therefore of 
importance to be able to determine at once when a given 
series is a binomial series. 


The case in which the index is a positive integer needs 
no remark. 


When the index is a negative integer, we have 


(l—a)*=1l+nz sa ~ 
Pepalgnsth wane +r—1) wae 


\r 


and it should be carefully noticed that ‘this expansion can 
be written in the form 


(10) = AG [D2 “DFR. Beet} Ot oe 
wet f{(r+1)...r+n—1)} a+...) 
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When the index is fractional, — p/g suppose, we have 


Ft PPT” (2) 
(1 + 2) mange 2 (“) 
_ p(p +q) (pt 29) (x \" 
F 3 (‘) Eh cote enenrere C8) 


Here we notice that (i) there is an additional factor 
both in the numerator and in the denominator for every 
successive term, (ii) the successive factors of the numerator 
are in an A.P. whose common difference is the denominator 
of the indea, (iii) the successive factors of the denominator 
are 1, 2, 3, 4, &c., or multiples of these. 

Bearing in mind the above laws, there will be no 
difficulty in determining the expression which will pro- 
duce a given binomial series. 


Ex. 1. Find the sum of the series 
in 1 oe 2826 
313.6°3.6.9 

Writing the series in the form 
1 tes i Tab t 


+...... to infinity. 


PPec TE ig ae ee ac 
we see from (A) that it is obtained from the expansion of (1 -x) 3 
by giving to z the value found from 5 = = 
1 3 
iz $a, 3°23 0%* 
Thus (1-3) =1+5 3 +53 (3) A Vescens =1+S; therefore 


Ex, 2. Find the sum of the geries 
1 2 2.5 2.5.8 
+¢+6§.191 6.12.18 
Writing the series in the form 
eo io abd. Bie OO 
ace oe iB ‘gat opEn0 ; 


+....., to infinity. 


we see from (A) that it is obtained from the expansion of (1 -x) 3 


SmrAc 24 
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Hence the sum required is 


by ce to a the value a= a: 


(0-3) 


Ex. 8. Find the sum of the series : + oe seeeth 


ie+ie.o4+is.o4.30°"" © 


infinit 

In This case the factors of the denominator, although multiples of 
1, 2, 8, 4, &c., do not begin at the beginning. Additional factors 
must therefore ‘be introduced in the denominator, and corresponding 
additional factors in the numerator. We then have 


(-5)(-1)3 1 Hits 5)(-1)3. 71 
Sema a Te a cect aie 7 ge bee: 
nor the terms of this latter series are terms of (A), if g=4, p= —5, 


1 
and i=E 


We can therefore find the required sum, as follows: 


oat Bal lb ed Ode gos Lene 
(1) tbat og at Ee ete at 


oe 5 f 5 [it 3.7 “A 3 Teak “ ; 
Py Ae Oe teglieay mits ake y Gira ayy GS iE 
1\t fb), 8 
. G) = a aA 
Whence S = 5 lig 4/27 -17}. 
; 3.455 Bin: BO Oe: BA.é 
Ex. 4. Find the es the series 7 +7 gt 9. Tecat seats to infinity. 
1\- 
[ From (1-5) |: Ans, 3,/2-1, 
Ex, 5. Find the sum to infinity of the series 
1 Rane SE Bb 
w3- Hat or ae : 
23-2 
[From (1+1)!]. Ans. 57 — 3/2 
154 oh me he tt, 10 
E th in- 
x.6. Shew at l+7+ Tae he et @. 12. i2.16t °° to in 
2.5 2. in 8 Ziel : 
finity =14+5 + 2" ele tae 12. ie *@.12.18.04¢°"" to infinity. 


[ Since (a = (1-3) ah 
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289. We know from Art. 281 that if any expression 
containing # be expanded in two different convergent 
series arranged according to ascending powers of a, the 
coefficients of like powers of # in the two series will be 


equal. By means of this very important principle many 
theorems can be proved. 


Ex. 1. Shew that, ifn be any positive integer, 


nt ni(n?—1*) _ n3{(n*- 1%) (n? — 23) 7: 


pt pa 17.22.33 0 


We have (1-ayra1—nep 24) poninet ie!) +... 


n(n—1)...(n—n—-1) 
oe 1. 9.an a 
Also, provided z > 1, we have 
(1-2) "=1 1 n(ntt) 1s ant d (nt) 2 
x 


is Se eae one ae TR 
n(nt1)...(etn—1) 1 
5: 1.2..n get cree 
2 (2 — 12 2(m2 —1? asf ni — n—1)? 
Hence pane MPT (ye Be 


i\e* é 
is equal to the coefficient of x? in (l—-ax)*x{1 = , that is equal 


to the coefficient of 2° in (-1)"2", which is zero, [See also Art. 
251, Ex. 3.] 


Ex. 2. Find the sum of 

1.3.6... (2n-1) 
ee a ee 
[Equate coefficients of x* in (1 —x)74 x (1—2)—? and in (1 -2)"3,] 
5.7...(2n+8) 
Gua one, 


1 1.3 
(ntl)t+n.5+ (n-1) gate tl 5 


Ans. 


—1)(8n-2 
Ex. 3. Shew that 1-3n4On—2Gn—7)_ (1s 
et ee 
{-x+22 1-2(1-2)’ 
Hence (1+2){1-28+2%...+(—1)0"+...} , 
=1+e(1—2)+22(1-a)?+...+0"7) (1-414... 
The coefficient of "+1 on the left is (- 1)". 


1l+2z 
We have ee tS 


24—2 
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The terms on the right which give 7*"*1 are 
amt] (1 — p)8O41 4 3 (1 — 7) 8" 4 93H-1 (1 — 27) 9M-1 + 
and hence the coefficient of 2°"t! will be found to be 
(8n-1)(8n-—2) (3n—-2) (3n— 3) (3n—- 4) 
pe ee eG Le ko ae ae ee a oe ee + eeeoee 


1-38n+ 1.2.3 


290. Expansion of Multinomials. Any multi- 
nomial expression can be expanded by means of the 
binomial theorem. 


Since (p+qv+ra*+...)" may be written in the form 
p” (1 te - + : a+ *.) , It is only necessary to consider 
expressions in which the first term is unity. 


Now in the expansion of {1+ aa+ ba? + ca*+...}", 
that is of {1+ (av+ ba*+ca*+...)}", by the binomial 
theorem, the general term is 


n(n —1)(n— 


2)...(n— 

: C +1) (aa + bat + ca? + ...)5 
also in the expansion of (a+ ba" + ca®+...)", r being a 
positive integer, the general term is by Art. 262 


[r 
a aD oY ett St. 
Iz |8 ly... , 
where each of a, 8, ¥,... is zero or a positive integer, and 
at+PB+y+...="7. 


Hence the general term of the expansion of the 
multinomial is 


n(n—1)(n—2)...(n—r +1) 
[a |B |y... 

To find the coefficient of any particular power of a, 
say of a, we must therefore find all the different sets of 
positive integral values (including zero) of a, B, ¥,... 
which satisfy the equation a+ 28 + 38y+...=k; the cor- 
responding value of r is then given by r=a+8+y+..., 
and the corresponding coefficient is found by substituting 


atDBoy ,,, gat 28+8y+.., 
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in the formula for the general term, The required coeffi- 
cient will then be the sum of the coefficients corresponding 
to each set of values of a, 8, ¥.... 


x 


Ex. 1, Find the coefficient of «° in (1 - 2+ 22? - 32%)~2- 


The values of a, 8, y which satisfy a+28+3y=65 will be found 
to be 0, 1, 1; 2, 0, 1; 1, 2, 0; 3, 1, 0; and 5, 0, 0. The cor- 
responding values of r will be 2, 3, 3, 4 and 5 respectively; and the 
corresponding coefficients will be 


1 3 ul 3 5 
COD cm DODD. sre 
©) 


CVD) yy, DECI 
nae 


(-1) (2), (-17 2), 


Be 
4 OCs 
Oy adage 5 aa 


B16’) Alu db 256 * 
31 


Hence the required coefficient is 356° 


291. From the above example it will be seen that 
the process of finding even the first six terms in the 
expansion of a multinomial is very laborious; in many 
cases, however, the work can be much shortened, as in 
the following examples. 


Ex. 2. Find the coefficient of x!* in the expansion of 
(L+a+02+429+24)-2, 
__b\—3 
We have (1+a+27+2°+24)-9= i=) =(1— x)%(1— 28)-2 
= (1 — 22427) (14 2054324 4215+...) 
Hence the coefficient required is zero. 


Ex. 3. Find the coefficient of «” in the expansion of (l+x+27+2%)-}, 
1 1l-a 

ipapaiea’ ina 

=(1-a)(1+2t+a°+...+2%+...). 


We have (l+2+2?+25)1= 
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Hence the coefficient of #4" is 1, the coefficient of xt is -1, 
the coefficient of x4*t? is zero, and the coefficient of x** is zero. 


Thus the coefficient of 2* is 1 when n is of the form 4r, itis -1 
when n is of the form 4r-+1, and it is zero when n is of either of the 
forms 4r +2 or 4r+3. 


Ex. 4. Find the coefficient of x” in the expansion of 
(1+ 20 + 3x7+ 4a3+...... to infinity)”. 
Since 14 27+ 327+ ...... = (1-<2)-*, the required expansion is 
that of (1- x)"; the coefficient of 2” is therefore 
Qn (2n+1)...(2n+7—-1) 
Sey Go ETS 

292. Combinations with repetitions. The number 
of combinations of n things a together of which p are of 
one kind, g of a second, r of a third, and so on, can be 
found in the following manner. 

Let the different things be represented by the letters 
a, b, c,...; and consider the continued product 
(1+ar+a72*+...+a?a")(1+ba+...+b%")(1+cr+...tc7’)... 

It is clear that all the terms in the continued product 
are of the same degree in the letters a, b, ¢,... as in @; it 
is also clear that the coefficient of # is the sum of all the 
different ways of taking a of the letters a, 6, c,... with the 
restriction that there are to be not more than p a’s, not 
more than q b’s, &c.; so that the coefficient of a in the 
continued product gives the actual combinations required. 
Hence the number of the combinations will be given by 
putting a=b=c=...=1. Thus the number of the com- 
binations of the n things @ together is the coefficient of 
a 1n 

(l+at+a+...ta°)\(l+at+...¢a)(l+o+...4+2’)... 

Permutations. The number of permutations of the 
n things a together being represented by P,, it is easily 
seen that 


ial ta a? ao es 
1 SeaeP oP 1O “ie eee + “i {i +—+ Breen ecccoe 
hvala! iP 
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For |a x the coefficients 6f 2* in 


. 2 P 
{ +H tt Ot 


\2 P 
be  b?a* ba? 
x 1 Oe OE et aL Ke 
i 2 I 


is the sum of all possible terms of the form 


la dike 
Lim... tx AD yece 


for which 1+ m+... =a, and the number of permutations 
a together formed by taking J of the a’s, m of the b's, &e. 18 


la 
Te 


Ex. 1. Find the number of combinations 7 together of 5 a’s, 4 0’s 
and 2 c’s. 


The number required is the coefficient of 2’ in (1+ 2+...+2°) 
(l+a+ ... 4)(1+2+2%), that is in (1-24) (1—2a°) (1-25) (1-2)-*. 
Rejecting terms of higher than the seventh degree in the continued 
product of the first three factors, we have 


(1-23 — 25 — 2°) (1+ 3a + 622+ 1008+ 1504+ 210% + 28a + 3627+...) 5 
and the coefficient of 7 is 36-15 -6-3=12. 


Fx. 2. Find the total number of ways in which a selection can be 
made from n things of which p are alike of one kind, g alike of a 
second kind, and so on. 


The total number of the combinations is the sum of the coef- 
ficients of x}, x,..., c* in (1l+2+...+27) (l+ao+...+2%)...5 and this 
sum is obtained by putting <=1 in the product and subtracting 1 
for the coefficient of x. Hence the required number is 


(p+1) (q+1)...-1. 


The above result can, however, be obtained at once from the 
consideration that there are p+1 ways of selecting from the a’s, 
namely by taking 0, or 1, or 2,... or p of them; and, when this is 
done, there are g+1 ways of selecting from the b’s; and so on. 

Hence the total number of ways, excluding the case in which no 
letter at all is selected, is (p+1)(q+1)...-1L. [Whitworth’s Choice 
and Chance, Prop. x111.] 
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Ex. 3. A candidate is examined in three papers to each of which m 
marks are assigned a8 a maximum. His total in the three. papers is 


2m; shew that there are (mt 1)(m+2) ways in which this may 


Pai number of ways is the coefficient of x?” in (l+a2+27+...2™)3, 
that is in (1 - a2™*1)3 (1~2z)-§=(1- 3a™+1 +...) x 
z{9+3. 82+...+m (m+1) 21+... + (2m+1) (2m+ 2) a?™+..,}, 
Hence the number required 
= 5{(2m+ 1) (2m+2) ~ 3m (m+1)}= 5 (m+1) (m+2). 


Ex. 4. Shew that the number of permutations four at a time which 
can be made of n groups of things of which each consists of three 
tiiings like one another but unlike all the rest is n#—n. 


The number required is equal to |4 x the coefficient of x in 
Si oe CON 
(45+ Bs): 

293. Homogeneous Products. We have already 
[Art. 250] found the number of homogeneous products of r 
dimensions which can be formed with n letters, where each 
letter may be repeated any number of times. We now 
give another method of obtaining the result. Suppose the 
letters to be a, 6, c,...; then if the continued product 
(1 + aa + a*a* + a®a? +...) x (1+ ba + Ba? + Ba?’ +...) 

x(l+ce+ca'+ ca'+...)... 
be formed, the coefficient of a will clearly be of r dimen- 
sions in the letters a, b, c,..., and will be the sum of all the 
possible ways of taking r of the letters*. Hence the 
number of the products each of r dimensions will be given 
by putting a=b=c=...=1 in the continued product. 
Thus the number required is the coefficient of a in 
(l+a+a'+...)", that isin(l—a)™ Hence 


n(n+1)...n+r—1) etr-1 


Rat ce. [r Ir n— 1 be 
This result can be expressed in the form ,H,=,,, ,C,. 


* An expression for the sum of the homogeneous products will be 
found in Art. 300, Ex. 4. 
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Cor. The number of terms in the expansion of 
_ |ntr—-1 
(a,+a,+a,+...+4,)" 18 rea 


294. We shall conclude this chapter by solving the 
following examples. 


Ex.1. Find ,/14, by the binomial theorem, to six places of decimals, 
rks =e 1\3_ 11 tank f.3e1 

a at ae (1-5) =4{i-5.5-s aera 
=4 {1 —-0625 — 001953 — -0001220 — 0000095 — 0000010} 
=3°741657. 


Ex. 2. Shew that, when # is small, 
(1 —8a)-+(1-42)-3 
(1 -82)-44 (1-42)-4 


Since z is small, its square and higher powers may be rejected ; 
and when all powers of x except the first are neglected the given 
expansion becomes equal to 


=! +5 x approximately. 


2 3 5 
1+5-3¢+1+7. ie 2462 1+5% 
23-90. 14-2 


ee 
1 1 
1+3 : 3a+1+7 4x 


Bs (1452) Qtayt=(145 2) (1-2)=1+3%. 


Ex. 3. Shew that the integral part of 
(/3 a jj is ( [8 me 1) =i /3 eg 1)7), 
Since ,/3-1 is a proper fraction, (,/3 -1)"*+} must also be 4 


proper fraction. It therefore follows that'if (./3 + 1)**) - (,/3 - 1)" 
be an integer, it must be the integral part of (,/3 41)", 


Now (./3-+ 1) 42 — (3 — 1)" 
= {3/34 (2n4-1)8%+ CPEB gaa 84.0... + (2n+1) /84+ 1} 


~ {3/8 —(2n+1) 3"4 (nt ot A[Bm vevee + (20-41) /8- 1 


1) 2n (2n-1 
23 {(an+1)an4 Cnt 2n Pea) gaa ve #1}; 


all the irrational terms disappearing. 
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Since the coefficients of all the different powers of 3 in the last 
expression are integers, it follows that (,/3+1)"t1_- (,/3 —1)?**1 is 
an integer, and is moreover an even integer. 

By the following method it can be proved that 

(/3 + 1)**1 — (,/3 — 1)"+1 is an integer divisible by 2"*1, 

Represent (,/3 + 1)2"+1 — (,/3 - 1)"+1 by Tonys. 

Then ,=2; and it will be found that I,=20, and also that 
(./3 +1)?+ (./3 -1)?=8, 

Hence 

Banga = {(V3 + 1)™*1 — (9/3 — 14} {(/3 + 1)2+ (V3 - 1)3} 
= (/3 + 1)43— (,./3 — 1484.4 {(,./341)™1_ (/3 -1)"-3}; 
ere Lon+3= 8Tont4 -4T-4 isa s¥eweseseicaene sancti yA 


Tt follows from the last relation that Iy,43 Will be an integer if 
Tyn4, 20d Ty, _, are integers, Now we know that Z, and J, are 
integers ; hence by induction Tyn4, 18 always an integer. 

The relation (A) also shews that Ionig Will be divisible by 2"+2 
provided I,,,, is divisible by 2"+1 and Ign; by 2%. Now we know 
that I, is divisible by 2! and I, by 2?; hence I; must be divisible by 
2°; and it will then follow that I, must be divisible by 24; and so on, 
so that I,,,,, is always divisible by 2"+1, 


Ex, 4. _ To shew that, if n be any positive integer, 


me) a-+25)"— voseee = (—D)"[M 


Put ue for @ in the identity proved in Art, 259, Ex, 3; then, 


a®—n(a+b)*+ 


after reduction, we have 
[non Fok Fame 
(y+a)(yta+d)...(ytatnd) y+a y+at+o °°” 


+ +( yeh oe 


Now expand the expressions on the two sides in powers of ~, 
jn b® |nb" high 
ves = sa + higher negative 
ntl 
yn 142)... 14) y 


Left side = 


powers of y. 
-1 -1 
Right side = °° (1+2) ay (mae (1424"\ ‘eer 
y y y ¥ 
hence the coefficient of yr on the right is 


(~1)¥ [ega* — c, (a+ b)F+......4+(—1)"cp (a+7d)F+...]. 


Hence 2(-1)'c,(a+rb)* is zero if k<n, and is equal to 
(-1)"0" |n if k=n, 
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EXAMPLES XXVIII. 
1, Find the sum to infinity of each of the following 


series : 


ee 
(i) [12 [2 98 ie yt 
3 
4 


-™ 
< 
~~ 
bo 
i 
ah 
bo 
- 
a 
bp wb 


5 
6.12 


“he 

sb he 

7 ore ae ig a 

2 4.12.20 - 

18.97 * 18.27.36 

spre ee 
aos 

9.18 * 9.18.27 

Eh as 

97 *9.18.27.30. 7 
3 1.3.5 

FAG AT FLA. Be 10. 
7. 


Veh G vy vey 
Dee a+b . 


SS n°? 
1 b sere ee 5) +. o 
ore: a+b 
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3. Shew that 
a as l-aw n(n+1)/l-2\? 
(La) 2" 1m" 4 Psa (i) 
n(n+1)(n+ 2) /(l-« a } 
= 1.2.3 (Gs) rary by: 


4. Shew that, if x be greater than — 4, 
x x Lea eke fomcy- 
WCE) =i *3 (ts) PT aliea) 
Esso fem ne 
+355 (ts) + eoccee 
5. Shew that 


(1 —2:*)" = (1+ x)" — Ina (1 + a)? 4 AG ee a*(1 +2)"-?—.., 


6. Shew that 
a-—«x n(n+1) /fa-2x\? a+a\" 
ia ee (Ce) tne (FE) ; 
a+2 eee a+a 2x 
7. Shew that 
(L+ay"=(4a)+ne (Lays 2O*D oq gars 
AOE a pany 


8. Shew that, if a<b, 

malay {ete 4Bat 4.5.60" 

a'' = (a+) asierer yg tees . 
9. Shew that 

y_ete (m+ 2a) (n—1) _ (m+3z) (n-1) (n- 2) 


lea [2 (1 +a)" bs ewe eee 


10. -Shew that, if the numerical value of y be less than one- 
third of that of a, 


eee 2y ne ( 2y y Per ger? ( 2y V+ 
x+y L.2 


L+Y Liane L+y 
ye. 2 
Sines es 7 (4) piece 
“-y 1.2 \w-y 
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11. Find the value of 
pa (rayne 2) — e-8) 


to r terms. 


pes : oe 2), 


12. Shew that, if n be a positive integer, 
a n’ (n—1) Hy n?(n? — 1*)(n-2) 
ERS ee 
_nt (ne? —1%) (ne — 2") (n— 8) 
ets 
13. Shew that, if n be a positive integer, 
Salt sl) nes Ut 9) 


eH e. ab 


l 
ed 


14. Shew that if n be a positive integer + 4 
4.5n(n—1) 4. 5.6 n(n—-1)(n- 2), 


si RS ae ae 1.253 PAS 


1-4n+ 


15. Shew that 
L.n(n+1)+2(n—-1)n+3(m—2)(n—1) +... +n.1-3 


= Fy n(n) (n+2)(n+ 3) 
16. Prove that 
Len(ntl)+ 3. (n-1) ns ae nin+D q- 2) (n-1) 


(n+l) (+2) : “ 2n4+1 
Barros WERE: (n— 3) (n— 2) +...=2 De" 
. _1,3.5...(r—1) 

17. Shew that, ifp,=-—57 6.97’ 


D,, + Pyns Pi + Pas Pat 00+ + Py Pani + Pa = 1. 


358 EXAMPLES, 

1.3.5...(2r—1) _5.7...(2r +3) 
5d, Gooee ti ee 
that =P, + D,_Y, + Pps Te + + + 9, = 4 (7 + 1) (rv + 2). 


16, Showsthet 
1+2(0~1)4 aS, ee eee 
=i {on re 1)}. 


CaF = (a+b)! (n—2) ab (a+ 5) 


18. Ifp.= , prove 


20. Shew that 


Palas Aare! a =) a (a+ by8—.., 


21. From the expansion of (1 + 2+ 2*)" prove that 
2n (2n —1) oi—2 4 2n (2n — 1) ae 2) (2n— 3) gy 


eis bale = 


22. Shew that 
m(n+1)...(mt+m—-1)_ | n(n+1)...(n+m—4) 
|m i‘ |m—3 
n (n—1) m(n+1)..(nt+m—T)  _ 
Rasa 5 a ag 7a Mile aes een 


if m>2n, and = 1 if m=2n. 


23. Find the coefficient of x" in 
(1 +a) (1 +2") (1 +x) (1+2°)... 


24. Shew that, if 2 be a proper fraction, . 


(1 = a) (1-2) 7 —a) (Law. = (Lt) (1 + 2%) (1 +22)... 


25. In how many ways can 12 pennies be distributed 
among 6 children so that each may receive one at least, and 
none more than three } 
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26. There are n things of which p are alike and the rest 
unlike ; prove that the total number of combinations that can 
be formed of them is (p+1) 2" -1. 


27. Shew that the number of ways in which » like things 
can be allotted to r different persons, blank lots being admis- 
sible, is C 


atr—-1~r-1" 

28. Shew that the number of combinations n together of 
2n things, m of which are alike and the rest are all different, 
is 2", 

29. The number of combinations n together of 3n things, 
of which 7 are alike and the rest all different, is 


27" + |2n— 1/pp p- i. 
30. A man goes in for an examination in which there are 
four papers with a maximum of m marks for each paper ; shew 
that the number of ways of getting half marks on the whole is 


1 (m +1) (2m* + 4m+ 3). 
31. Find the coeficient of a! in (1 — 2x 2a*)!. 
32. Find the coefficients of «* in the expansions of 
(l+a+a°+2°+a*)? and (1 +0 + a8 +a + at + 2°)”. 


33. Ina shooting competition a man can score 5, 4, 3, 2,1 
or 0 points for each shot. Find the number of different ways 
in which he can score 30 in 7 shots. 


34. In how many ways can 20 be thrown with 4 dice, each 
of which has six faces marked 1, 2, 3, 4, 5, 6 respectively 4 


35. Find the coefficient of a’ in the expansion, according to 
ascending powers of a, of (4a° + 6ax+ 9x"). 


36. Shew that the coefficient of «” in the expansion of 


(1+ 20+ 3x°+...)? is g(r t+ 1) (r+ 2) (r+ 3). 
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88. Find the coefficient of x” in the expansion of 
{1.24+2.32+3, 4a°+... to infinity}’. 


89. Find the coefficient of x’ in the expansion of 


(1,242.3. 2243.4. 2%a'+......4 (m+1) (m+ 2) 2"2" 
+... to infinity)”, 


40. Shew that the coeificient of a in the expansion of 
(1 +04 20° + 3a°+...)? is gr (77+ 11). 
4), Shew that if p—q be small compared with p or gq, 
then will 
* ip _(n+1)p+(m—-1)9 
Viq (n—-l)pt(n+l)¢9 
42. If (6,/6+14)"**=W, and F be its fractional part; 
then will VF=20"*'. 


nearly. 


43. If (3 ,/3+5)"*'=I+F, where J is an integer and F 
a proper fraction, then will 7 (J+ F)=2"*. 


44. Shew that the integer next greater. than (3+ ,/7)™ 
is divisible by 2"**. 
45, If m be a positive integer, the integer next greater 
than (3 + ,/5)™ is divisible by 2”. 
46. Shew that the general term in the expansion of 
l+aty+ay 
l+at+y 
yes Sue 
i) [m—1|n—1~ 
47, Shew that the coefficient of 2 in the expansion of 
ry? — 1! (r? = 1’) (7? = 2°) : 
3 c+ em Se c 
2 712) (,-2_ 92 _ 92 
pide ee... 


m 


is Yr. 


x 
(1 — x)? — ca 


is r {1+ 
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48. Shew that 


n(n —1) n (n—1) (n— 2) 
1,.2.n+3.4—73— + 5.6 1.2.3 I 
+ (2n —3) (2n —2).m+ (2n—1) 2n.1 =2'n’. 
49, Shew that the coefficient of «"*’"’ in the expansion of 


Uo ae 
rh is 2 (n+ 2r). 


50. Shew that the coefficient of ante in the expansion of 
1 Fey 3a W . n Lome 
ee is (1) 20) 2 


51. Shew that 


n (n— 1) 


122 (n—4)"—... ton+1 terms 


=2.4.6.8...2n. 


n” —n(n— 2)" + 


52. Shew that 
an (ard +22) (a4 2)... 
=4$ [n+ 1 (2a + nb) (— 5)". 


53. If three consecutive coefficients in the expansion of 
any power of a binomial be in arithmetical progression, prove 
that the index, when rational, must be of the form g*— 2, 
where q is an integer. 

54. Shew that the sum of the squares of the coefficients in 
the expansion of (1 +a+2*)", where 7 is a positive integer, is 

[2x 
See ee 
ir |r [2m — 2r 


55. Shew that, if n is any positive integer, 
“4 n (n—1) " n (n — 1) (n— 2) (w—3) , 
2(Qr+1) 2.4 (2r+1) (2r+3) ‘ 
. r(rtly(rt2)...7+n—1) 
“= 4 OF (r+ 1) (2r + 2)...(2r+n—1)’ 
8. A. 25 


1 


CHAPTER XXIII. 
PARTIAL FRACTIONS. INDETERMINATE COEFFICIENTS. 


295. In Chapter VIIL it was shewn how to express as 
a single fraction the algebraic sum of any number of given 
fractions. It is often necessary to perform the converse 
operation, namely that of findmg a number of fractions, 
called partial fractions, whose denominators are of lower 
dimensions than the denominator of a given fraction and 
whose algebraic sum is equal to the given fraction. 


296. We may always suppose that the numerator of 
any fraction which is to be expressed in partial fractions 
is of lower dimensions in some chosen letter than the 
denominator. For, if this be not the case to begin with, 
the numerator can be divided by the denominator until 
the remainder is of lower dimensions: the given fraction 
- will then be expressed as the sum of an integral expression 

and a fraction whose numerator is of lower dimensions 
than its denominator. 


297. Any fraction whose denominatér is expressed 
as the product of a number of different factors of the 
first degree can be reduced to a series of partial fractions 
whose denominators are those factors of the first degree. 

For let the denominator be the product of the n 
factors «—a, «—b, w—c,...; and let the numerator be 
represented by F(a), where F'(«) is any expression which 
is not higher than the (n—1)th degree in a, 
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: We have to find values of A, B, C,... which are 
independent of # and which will make 


F (a) a B C 
ELVES @Le eLe aso ee rN 
or, multiplying by (w— a) (#— 6)(@—¢)...... 4 

F(a) =A (@—b) (a—c)...... + B(a—a)(#—¢) ee 
+O (a —G)(@—D)ecccre neseraneeeeer neers (i). 


In order that (i) may be an identity it is necessary 
and sufficient that the coefficients of like powers of # on 
the two sides should be equal. Now F(z) is of the 
(n—1)th degree at most, and the terms on the right of (i) 
are all of the (n—1)th degree; hence, by equating the 
coefficients of 2°, z',... e** on the two sides of (i), we have 
nm equations which are sufficient to determine the n quan- 
tities A, B, C,...... 

The values of A, B, O,... can however be obtained 
separately in the following manner. Since (i) is to be 
true for all values of a, it must be true when =a; and, 
putting w=a, we have F (a) = A (a—b) (a—C)...++. ; and 
therefore A = F'(a)/(a—6)(a—¢)...++ Similarly we have 
B=F(b)/(b—a)(b—c)...; and so for CO; Dio. 

We have thus found values of A, B, C,... which make 
the relation (i) true for the n values a, b,c,... of w; and 
as the expressions on the two sides of (i) are of not higher 
degree than the (n—1)th, it follows [Art. 91] that the 
relation (i) is true for all values of a. 

Thus 

F(a) 5 F (a) I 

(@—a)(@—b)(@—C)... (a—b)(a—c)...@—-a@ 


In the above it was assumed that all the factors of the 
denominator were known and were all different. The 
general theorem is the following :— 


25—2 
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If ia be any fraction in which N, P, Q are rational 


and integral functions of x,and N of lower degree than 
PQ; then, provided P and Q are prime to one another in «, 
two other functions A and B, rational and integral in a, 
can be found such that 


PQ > P Q 
For, since P and Q are prime to one another, two 


integral functions in #, C and D suppose, can always be 
found such that 


CQ+ DP =I, [Art, 100] 
and .* CN DN = N (a) 
a5 P as a) = PQ Salsa egle'g aw aieietgemiar : 


Now let CN/P=L+A/P, where LZ is an integral 
expression in # and A is of lower dimensions than P in a; 


and similarly let DN/Q = M + B/Q. 


Then, since NV is of lower dimensions than PQ, it 
follows from the identity (a) that Z+M=0, and that 


From (8) it immediately follows that, if a, 8, y, ... are 
all prime to one another, we can always find integral 
functions A, B, C, ... of lower dimensions in a than 
a, B, y, ... respectively such that 
tobi ie abet haak eh 


Z+2. 
(a +1)? (a? +3” 44) ° 
v4 20+1) a? +4+3n+44(1 
a?4+204+1 
@+3)074+20+4+1(2-1 
a+ 22-3 
4 


Consider, for example, the fraction 
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Then 2+3=27+3x+4-(a?+2z2+1), 
4=47+42¢+1-(x+3) (x-1) 
=a°4207+4+1-{22+30+4+4—- (x? +22+41)} (e-1) 
= (x? + 22 +1) a — (a? 4+ 3244) (w—-1). 

Hence 

4 (w +2)=(x? +2041) x (w+ 2) —(x? +324 4) (c-1) (x +2); 

S a+2 _ @(z+2)  — (w-1)(%+2) 

 (w+1)? (7? +3044)7 4(229+3244) 4(22+2r+1) 


=7}!- sche wait a ie ate 
we! w+3r+4f 4 z4+2r+1 
z e+3 2 a+4 
4 (2242041) 4(2?4+382+4)' 

2? 
(© +2)5 (x +3)?” 
+6049 |a>+62?+122+8|2 

9 a§+627+ 9x . 


3x +10|9a?+542 +81 | 3248 
9x? + 54x +80 
aie ok 


Again, for the fraction 


Thus 82+8=(x+2)3-—2 (4@+3)%, 
and 1=9 (x +3)?— (8”+ 8) (3x+10) 
=9 (r+ 3)?— {(x+ 2) — x (w+ 3)?} (32 +410) 
= (3x? + 10x +9) (a +3)? — (3x +410) (x + 2)%. 


Hence 
ot _ 27 (327+102+9) x (8x+10) 
(@ro@ree @+a (a8 
Qin? +722 +64 2124-72 
wrap 8" ear 
= 21a?+72e+64 21¢+72 
pee (2+3)? © 


= 32-84 


Ex. 1. Resolve into partial fractions. 


B2+7 
(@=1) (@—3) 
Assume 1 phe Te = Ae. 2 Be : 

(c7—1) (e@-2) 2-1 2-2’ 


then 82+7=A4 (a4 -—2)+B(«-1). 
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In this identity put «=1; then 10=-A. Now put z=2; then 


18=B. 
8a+7 _ 18 10 
Thee (g-1)(@-2) 2-2 2-1 


(b- c) (¢-a)(a—>) 
Ex, 2. Resolve (a— a) (z — b)(x—c¢) 


(b—c)(c-a)(a-b)_ 4 B Cc 


into partial fractions. 


Let 


(e—a)(e@—b)(e@-c) w-a z-b ze " 
then (b-c)(c—a)(a-—b)=A (a — b) (w—¢)+B(x -c)(x-a) 
+C (a—a) (e¢—b). 
Putting x=a, we have (b-—c)(c- a)(a-b)=A(a—b)(a—c); there- 
fore A=c—b; and the values of B and C can be written down from 
asymmetry. 


Thus (b—c)(c—a)(a—b)_¢-0 6) a-c b-a 


— + ——— 


(z—a)(z—b)(m-c) w-a «-b ae 


1 


z (e+) @ +2)... (@+n) into partial fractions. 


Ex. 3. Resolve 


Assume 
1 An ead A, An 
——— a ——— =. eee . 
u(@+1)(a+2)... (tn) = od ee +H 


Then, we have 
1= Ap{(e+1)(a+2)...(0+2)} +A, {a (e+2)(x+38)...(vtm)}+..+ 
A, {x(a +1)...(e¢+7—-1)(e+r+1)...e+n)} + tA, {a (e+1)...(e+n—1)}- 
Tf we put +=0, all the terms on the right will vanish except the 
first, and we shall have 1= Ay x |n, 80 that 4y=1/|n. 


To find the general term, put e=—r; we then have 
1=4,{(-r)(-r+))...(-}) (1) (2)...(n- ry}, 
that is 1=(-1)"4, |r |n—15 hence 4,=(- Ar] |r [nr 
Hence the required result is 
n ; 
wether mis etre Nira. Jt t(-0 55 
[See Art. 259. Ex. 3.) 


px+qr+r : : 
. 4, —— 
Ex Express (@-a)(e-8) (=e) in partial fractions. 
par+qatr 1 


Ans, = (a—b) (a—c) a ‘ 
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a? +15 
(a — 1) (w7?+ 2a +5) 
The factors of 22+2x+5 are the complex expressions «+1+2é 
and 2+1-2i, where i is written for ,/—1. - 

z74+15 A B Cc 
(ea 1y@t+2e46)= a1 tet +o" ZF1-2i° 
= 22415=A (2 +14 2%) (c+1-2i) +B (e- 1) (e+1-2%) 
+ O(z—1)(x+1+2i). 


Ex. 5. Resolve into partial fractions. 


Assume 


Put s=1; then 16=84, so that 4=2. 
Put z=-1-2i, then (1+2i)?+15=B (-2-2i)(-4%), that is 


1244i=B(-8+8i); therefore B= - a. Change the sign of i 
in the value of B, and we have C= apa. : 3 
242% 


Thus , c1+15 2. 2 Debt 1 © Bat 1 
(@—-1) (#242045) 2-1 2-2ia+14+2i 242% z+1-2i° 


298. We have in the last example resolved the given 
fraction into three partial fractions whose denominators 
are all of the first degree, two of the factors of the denomi- 
nator being imaginary. Although it is for most purposes 
necessary to do this, the reduction into partial fractions, of 
a fraction whose denominator has imaginary factors, is often 
left in a more incomplete state. Take, for example, the 
fraction just considered, and assume 

o+15 A a Ba+C 
(@—1)(#+202+5) «#-1 o+2e+5° 

[It is to be noticed that we must now assume for the 
numerator of the second fraction an expression containing 
x but of lower degree than the denominator.] 


Then a +15 =A (a + 22+ 5)+(Ba+ C)(«—- 1). 
Putting #=1, we have 16 = 84, so that A = 2. 
Put A =2 in the above identity; then after transposi- 
tion — a? —4a+5=(Be+C)(@—1); 
or, dividing by z—-1, Be +C=—a—5. 
Thus ao +15 bein» 4:0 ee 
(@—1)(@'+2¢+5) @-1 a+ 20+ 5° 
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299. We have shewn in Art. 297 that a fraction can 
always be resolved into partial fractions the denominators 
of which are prime to one another. The process thus 
indicated would, however, be very tedious. When factors 
are repeated the following method may be used. 


Ex.1. Express in partial fractions. 


22 +5 
(x — 1)*(« ~ 3) 

We may assume that 

22+65 Sell B Cc D 
(= 1)*(e-8) = (@-1* @-1p* @-1)* 
or, clearing from fractions, _ 
22 +5=A(e—3)+B (w—1) (x —3)+C (x -1)?(x@ —3)+D (a -1)%. 

By equating the coefficients of x°, x}, x?, 28 on the two sides of the 
last equation, we shall have four equations to determine the four 
quantities 4, B, C, D, so that the assumption made is a legitimate 
one. The actual values of A, B, C, D are not however generally 
best found from the equations obtained by equating the coefficients of 


the different powers of x. In the present case, the following method 
is more expeditious. 


Put «-1=y; then we have 
2+2y+5=A (y —2)+ By (y —2) + Cy?(y — 2) + Dy3. 


Now equate coefficients of y°, y!, y?, y, and we have 7=—-24; 
2=A-2B; 0=B-2C; and 0= =D+0. 


Whence Ani, B=, da=% and D=>. 
Hanes Qa+5 il 7 11 1i 


(w7—1)8(-3) 8(@-8) 2(@—1)§ 4(@-1)) 8(e-1)° 


(1 +2)" 


ix. 2. Express the fractional part of (I-22) 


in partial fractions, 


Assume 


Va) Be B A ‘ 
(1-22) (1 —aa)8 aE (1—2ap Ae er) +an integral expression, 


Then 
(1+ 2)"=4A+B (1-22) +C (1 -2x)?+ (1 —-2z)® x integral expression, 
Now 1- ate then 


eee n(n —1) 
2 


(1+2)"=(5- 3-8) =5 pn (8% — nm 89-1 y +“ 30-224 terms con- 


taining higher te of y). 


PARTIAL FRACTIONS. 367 


Also right side= 4A + By+ Cy?+y8 x integral expression in y. 
Hence, equating coefficients of y°, y!, y?, we have 
3" MS aa eo (A) One 


ESM eelagie ay gat 


300. The following examples will illustrate the use 


of partial fractions. 


Ex. 1. Find the coefficient of 2™ in the expansion of ate tes 
1-52+ 623 


according to ascending powers of z. 
1 3 2 
[-ba+627 1-32 1-2c 
=3 {143024 (3x)?+...+(32)"+...} 
—2{142n+ (Qar)?+...+(2a)"+...}- 
Hence the required coefficient is 3°+1 — 2"11, 


We have 


fix. 2. Find the coefficient of 2"** in the expansion of cee c 
From Ex, 2, Art. 299, we have 
(l+z)" 3" 1 n3g™1 n(n-1)3"2 1 
(-22)§ 3" (i—azys (aay OPAC Oe 
+ an integral expression of the (n-3)th degree. Whence the re- 
quired result. 


Ex. 3. Shew that the sum of all the homogeneous products of n~ 
dimensions of the three letters a, b, c is equal to 
a®t4 (¢ —b) + b+ (a—c) +c"t? (b—a) 
(b—c) (¢—a) (a—b) 
The sum of all the homogeneous products of n dimensions is the 
coefficient of 2” in the product 
(14+ax+a%x?+...)(1+b2+b*2*+...) (l+car+c?x?+.,.) [See Art. 293]; 


that is in a , which will be found to be equal to 
a? 1 in i (os 1 


(a —b) (a—c) Gear (b—c) (b-a) obey (c —a) (c—b) i-ca’ 
and the coefficients of 2* in the expansions of these partial fractions 
is easily seen to be 
qnta ont cnt3 
(a—6) (@=6) * (=<) (B—a) * (a) (e-8)’ 

which equals 

a®t2 (¢ —b) +b"+2 (a — c) +e"t4 (6 - a) 

(b-c) (c~a)(a—b) 
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Ex. 4. To find the sum of all the homogeneous products of n 
dimensions which can be formed from the r letters a,, dg, d3,.. 


As in the previous example, the sum required will be the co- 
1 


efficient of x” in (1—a,2) (lag) (1—a,2)...... > which will be found 
to be equivalent to 2 aS : 
O'pe equIValent 10): 2-2 ——<—_ a 

an (4, — 43) (4-3)... L- az 


a,vtr-? 


Hence the required sum is  ————_—_—_+>_________ , 
i (@ = 44) (a = 4)... (ay — 4) 


301. Indeterminate coefficients. We shall con- 
clude this Chapter by giving two examples to illustrate a 
method, called the method of indeterminate coefficients, 
which depends upon the theorems established in Articles 
91 and 281, 


Ex.1. Find the coefficient of at in the expansion, according to ascending 
powers of 2, of (1+ca) (1+c%) (1+c8a)...(1+c"z). 


The continued product is of the nth degree in; we may therefore 
assume that 


(L+cx) (1+ c%x)...(L+c%x) = Ay t+ Ayet Agr? +... Ape? +... +4qr", 
where Ay, 4,, dg;... do not contain 2. 


Now change « into cz; then, since Ay, A,, 4g, &c. do not contain 
a, we have 


(1+ cx) (1+c3x)...(1+c%2x) = Ap + Ayer + Agc*a? + ... 


+A,crar +... +A,c%2™. 
Hence 


(L+ cz) (49 +40 + Agr? +... + Apt" +... tAye") 
= (1+ ca) (Ap+ A,cu+ Agc*x? +... 4+ Apc7a? +... +4,c°2"). 


Now equate the coefficients of zt on the two sides of the last 
identity, and we have 
Aptomtl dA, = Apc? + Ap_ych; 
ett _ ot cmt _y 
ae A,= wip 4n=" woz 4a aio (a). 
By continued application of (a) we have 
en rt1_ (enn Ve | P, en rt2 _ jf 


ad ote ia ees 


A,=c" 
(c™—T41 — 1) (c#-749— 1)...(c*- 1 — 1) (c* - 1) 
(ce? — 1) (c™2-1)...(c?- 1) (c- 1) 


#1) (ch = 1). (eet ; : 
zs car (rl) Cee for A, is obviously 1, 


on =6" C71, 67, ch Ags 
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Ex. 2. To find the sum of the series 124224374 ...+n% 

Let 1242?+37+ wet ni= Ant Agn?+ Agn’......(a) 
for some particular value of n, where A,, 4g, 4s do not contain n. 

The relation (a)*will be true for n+ 1 as well as for n, provided 
124.974. 824... +n? 4 (n+1)?=4, (+1) + Ag (n+1)?+A, (n+1)*5 
or, subtracting (2), provided 

(n+1)?=4,+(2n4+1) 49+ (8n?+3n+1) A. 

Now the last relation will be true for all values of n if we give to 
A,, 4g, Ag the values which satisfy the equations found by equating 
the coefficients of n, n' and n°, namely, the equations 

8A,= ob 3A4g+ 2A,= 2, and Ag+ A,+4,= ile 
from which we obtain 64,=24,=34,=1. 


Hence, if the relation 4 24...4n=F n+p ts n?, be true 


for any value of n, it will be true for the next greater value, But it 
is obviously true when n=1; it will therefore be true when n=2; 
and, being true when n=2, it must be true when n=3; and so on 
indefinitely. 

The sum of the cubes, or of any other integral powers, of the 
first n integers can be found ina similar manner. [See also Art. 321.] 


EXAMPLES XXIX. 


Resolve into partial fractions : 


3a x+1 
e o+7c#+6° 3 x? —b2+6° 
3 Le pe ers 4 ae 
(+1) (w+ 3) (@+5)" a (# + 1)** 
hy Cen Pia hae 
: (2—a) (1+) " Pode t+ 6° 
7 a —3 8 14+7a—-2 
- @+H@ +h)’ v® 43a)" (1 102)" 


e-—-x2+1 5 — 9a 
va. @+l)@-1)" V10. Gaga a)’ 
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627 +a—1 e+ 2 

i. @ije-y@r) | Elareszn: 
e+e w*—-x2+1 

a (x — 1)? (a7 + 4)° ne (x — 1)* (x — 2) (a* +1)" 
1+ 2a 1+ 2a 

18. +2) wel) 16. 3 (e+ 2)" (@=1): 


17. Find the coefficient of x" in the expansion of 


e+4 
e+ 5e+6° 


18. Find the coefficient of a" in the expansion of 


a—2 
(a + 2) (@—1)** 


19, Shew that the coefficient of 2"! in the expansion of 


x+5 1 as 
@—-Diers)o 


20. Find the sum of the n first coefficients in the expansion 


of 3 — 2a 


21. Find the sum of the n first soe in the expansion 
2-52 


eeerniyar: —3z) (1— 2a)" 


(1 +)" 
(l-a)"" 


22. Find the coefficient of «" in the expansion of 
Find also the sum of the x first coefficients. 


23. Shew that the coefficient of a"*" in the expansion of 


eee eae is (— 2)" (r—2n + 1). 
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gt 


(a—a,)(«—a,) ... (w—a,) 
; Tae - 1 
=“+a,+a,+... NS pag ona eae 


24. Shew that 


25. Shew that the coefficient of 2*~' in the expansion of 
{(1 —2) (1 —cz) (1 —c*z) (1 — c*z)}"" is 
(i —e*) (1—e""") (1 —o""*)/(1 —¢) (1 — *) (1 -e*) 
26. Prove that 
a (b—c) (be — aa’) (a"—a"™ BS b (c—a) (ca — 60") (6"— 6) 
a—a be 6: ; 
vibe (a — 6) (ab — cc’) (c* — c') 
Soe 


= 6-0) ¢- a) (a — 6) (be — aa’) (ca — 66’) (ab — cc’) 7, 


m—a) 


where aa’ =5b'=cc’, and H|_, is the sum of the higtnogeneass 
products of a, 5, ¢, a’, 0’, ¢’ "of m—3 dimensions. 


27. Shew that the product of any r consecutive terms of 
the series 1—c, 1—c’, 1—c’,... is divisible by the first r of 
them. 

28. Shew that, if c be numerically less than unity, 

(1 + cx) (1 + ca) (1 + c*x)...to infinity 
2 4n(n-+1) 
=1+ rt e+ Mage cola eet iM e 


ch ahna ikbe eee ee 
29. Shew that, if c be numerically less than unity, 
(1 os ree) (1+ cx) ... to infinity 
a e a ee eee to tnt oo + 
Mee aed Cine) i= 
80. Shew that, if c be less than unity, 
1 x a 


(ian. ite (=o =3) 


a 
4: (=o a -)(Iae) +... [Gauss.] 
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$1. Shew that, if c be less than unity, - 


(1 + cx) (1 + c%x) (1 +0%@)... eit, Gn 6) (Fe) 
(1 —2) (1+ cx) (1—¢*@)... * (iio (l= a} 
[Gauss. ] 


32. Shew that the coefficient of x” in the expansion of 
(1 + cu)(1 + c¥a) (1+ c*a)... 
(1 — cx) (1 —c*a) (1—c*a)... 
: oll +1)(l+e)...(L +6") 
¢ (=e) (I-e+)...(1—€) ’ 


c being less than unity. 


83, Shew that 

1 y y 
i nh Pa ys ee ala mee 
1 a a a 
l-y * Tray —ay *TRaly —a’y hes —a’y 


a eee <a Seat. tt se 
34. Shew that 
Bales 22° z 3a° _ 4oc* 
l-a2 l-2 tl—-2 1l- 
is @ x* a 
(l= (1-«)? * day — x’) A= (i—ay* 


35. Shew that Lambert’s series, namely, 


a ao x act 


—  - ——— $+ ——— 5 : 
Lae ule latin lems) 
is equivalent to 


l+a ,l+e® ,l+2” 


wr +a ate iets [Clausen.} 


CHAPTER XXIV, 


EXPONENTIAL THEOREM. LOGARITHMS. LOGARITHMIC 
SERIES. 


302, The Exponential Theorem. If 1/n be nu- 
merically less than unity, @ + “\ can be expanded by 


the Binomial Theorem; and we have 
Ne 1 nz (na —1) 1 
ed ea al ee a 
na (nz — 1) (na — <a na (nx—1).. ee te 
ree net ia Ee ae SOF ge et 
1.223 
which may be written 
ik 1 2 
nn o(e-2) =(»-Z)(#-5) 
(1 ) =1+a+ —_——or- 


K Tew 4 T2.: 


+ eee 


em 
woot ir 


Putting « =1, we have 
4 @-De-8 
n n n 


aN 
(1 +5) =1+1+—5"+ 5 
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But (1 oa ~) = {0 + =) fs hence 


+2 -+- B 5 i 
1 ot i: 
= {1 Sige (2 w(t -) ie eh 


The above relation is true for all values of n however 
great, and therefore when n is infinite; but when n is 
infinite, 1/n is zero, and the relation becomes * 


x a 1 i a 
ee Siestres pte (LtLt ptt ton): 
Denoting the series 141+ 5 +5 4..+ 24.0 

enoting the series 1 + Te B ee --- bye, 


we have the Exponential Theorem, namely 


a af 
re ae a oo “eo 


It should be remarked that the above series for e” is 
convergent for all values of « [Art. 278]. 


303. The quantity e is of very great importance 
in mathematics. 


It is obvious that it is greater than 2 and itis clearly less 
than 14+1+4+27+27+4+27%4+4..., and therefore less than 3. 
Its actual value can be found to be 2°71828.... 


* This requires more careful examination not only to find the limit of 
each term, but also because the limit of a sum is not necessarily equal 
to the sum of the limits of its terms unless the number of the terms 
is finite. This examination is however omitted here for the investigation 
in Art. 304 is preferable, 
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To prove that e 1s an incommensurable number. 


If possible, let e=m/n, where m and n are integers; 
then we should have 


Ly ety ae eae aaa os + 
n |2 e@ecees In n+1 n+2 n+3 eee 


Multiply both sides by |x; then all the terms will 
become integral except 


1 1 1 
ntl? ™+2)(n+1)' (n48)(n+2(H41)°°" 
Hence 

1 1 1 


abl’ @e2)@41)' @+5 04D @+1) 
must be equal to an integer; but this sum is less than 
i! ok 1 


SS 


er ee (ea iy 4 Gy +..., and therefore less than 


1 1 : 1. ; 
aa | (1 - a) , that is less than A But an integer 
cannot be less than 1/n; it therefore follows that e cannot 
be equal to the commensurable number m/n. 


304. The following proof of the Exponential Theorem 
is due to Prof. Hill*. It will be seen that it only assumes 
the truth of the Binomial Theorem for a positive integral 
exponent, 

: m m 

Let f(m) denote the series 1 +m + pt MA + eae 

m* m 
Bie elt at © o16/s we ee ee avigie ; 


* Proceedings of the Cambridge Philosophical Society, Vol. v. p. 415. 
Substantially the same proof is however given in Cauchy’s Analyse Algé- 
brique, 


S. A. 26 


8) 
<I 
lor) 
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f(eltn+ p+ ae a wares ; 
and fmtn) 1+ (mn E™ +. AEE 


E 1 
Now the coefficient of m’n’ in f(m) x f(n) is re : 


(m+ny* 


lr+s : 
r+s 1 


and its coefficient will therefore be tera _——, that is 
| re bs 

1 
Pt, 

Hence, as the series f(m), f(n) and f(m+n) are 
convergent for all values of m and n, and the coeffi- 


cient of any term m'n‘ is the same in f(m) x f(m) as in 
f (m+n), it follows from Art. 280 that 


SF (m) Xf (n) =f (MAN) ceceeceereceeeereeeerens (i) 


for all values of m and n, 
Now let 2 be a positive integer; then from (i) we 


and in f(m +n) the term mn’ can only occur in 


FU) XRF) Xf) + eee to # factors, 
=f(1l+1+1+4...... to # terms), 
mf FORA FE) .anses sinssteenaebe sgt (ii). 


Next let # be a positive fraction P | where p and q are 


positive integers. Then from (i) 
\/ (“has biubaee ranaes to q terms) =f (p) 
={f(1)}”, from (ii); 
“f(E) =a. 
Hence, for all positive values of «, {f(1)}* =/ (a). 
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Lastly, let x be negative, and equal to — y, so that y is 


itive ; then f(— =f (0) from (i); bu =], 
atte eh eh J (0) from (i); but f(0) =1 


Hence 
S(@)=f(-y)= ge os FO ce since y is positive, 
=O" = if). 
Hence, whatever a may be, 
{FP =f (2). 
ree ra 


But Ea a peas soos = Cy 
: gue. af 
therefore Sql hOl a hap hig + EO: tht Sane’ 


305. To shew that 


a —n(n— 1+ ® GD oy atm 


We have from Art. 304 
2 ‘ 
(ecipatge ns ore 
abn ky 


Also, by the binomial theorem, 


(e-1)"=e™—-n, e*-U Ae Sree 


2 n 
Now the coefficient of 2” in (245+ ret 5) is zero, if r is 
~ less than n, and is 1 if r=n, 


Also the coefficient of x? in em — nerve, MD) em-z_— ... ig 
1 =-1 
nf —n(n—1yr4 2 3 ) (n-2)r—.., . 


Aj 
a) 

Hence, equating the coefficients of x" in the expansions of the 
two expressions for (e*—1)", we have 


n(n 
di. 


ue {rm (m2) 


ib 


=) “ 
5 (n-2)%— af =1, 
26—2 
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The above theorem may be generalised as follows: 
We have 


ax pbot\n— pnaz — moe(n—1. a+d)x n(n—1) (n-2.a%2b) 2 
(e ebt)n =e ne + 12 e # = See 
and 


— p)2. 
(em — ebt)s — ends (2-2 = 1)* = enbz {(@ —b) St at ° : 


Hence, equating coefficients of 2" in the two expressions for 
(e% — ce)", we have 


a= n (n-1.a+b)"+ ae (n—2.a+2b)"— (eo. 
If wo put na=a and b—a=y, the last result becomes 


n(n— 
1.2 


at—n(o+y) ee) (042y)"— = (1) -Y" 


n. 


We have also, if k be any positive integer less than n, 


at—n (a2 +y)*+ 7 (+ 2y)*— ... ton+1 terms=0. 


The following particular cases are of importance, k being less 
than n. 


l- noe 202) 3*_,.. ton+1 terms=0, 


and = m*-n (a-14 (m—2)*— ... to n+1 terms=0. 


EXAMPLES XXX, 


Ex.1, Shew that the limit when n is infinite of (1 +2)" is 


Ex. 2. Shew that the limit when n is infinite of (a +) ae 
Ex. 8. Shew that 
n*tl—n (n- yen R(n=1) (n—2)"tt- .., 5 |n+1. 
ee: VEGA 
Ex. 4. Shew that 


n™+2— n(n —1)t8 AA (n-2)"44-.., = = (8n+1) |n+2). 
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Ex, 5. Shew that 


G+atgtpt-)(t-n me pte )=h 


Ex. 6. Shew that e!= +— +... 
“i+ iE 
Ex. 7. Shew that 


1 
Ae 14 pe id 2s 1 e84 8 +4 


Ex. 8. Shew that ae 
(145 +7 es J=(4p fe eh: 
LE Cos Le ie +t 
Ex. 9. Shew that 


ites 1 + rigs on ee Ai. 
1.2, 3.6*°* T1.3.8...(@n—1)Qn4i)* ™ 


Ex. 10. Shew that 
es he Asai 4 1 1 1 1 
ates Sire}. 
Ex. 11. Shew ss 
as 
l+5+ qatar ligt we +e 
=Hrist fat pote feet pst pt 


Ex. 12. Shew that the coefficient of «* in the expansion of 


(1+20) , (1+22)? | (1+22)8 a 
1+ [z ar Pings hie Uae 18 In” 
LOGARITHMS. 


306. Definition. The index of the power to which 
one number must be raised to produce a second number is 
called the logarithm of the second number with respect to 
the first as base. Thus, if a*=y, then « is called the 
logarithm of y to the base a, and this is expressed by the 
notation #=log, y. 


\/ 


380 PROPERTIES OF LOGARITHMS. 


We proceed to investigate the fundamental properties 
of logarithms, and to shew how logarithms can be found, 
and how they can be employed to shorten certain approxi- 
mate calculations. 


_ 807. Properties of Logarithms. The following are 
the fundamental properties of logarithms. 


J I. Since a®=1, for all values of a, it follows that 
log 


Sd 


,L=0, 

4 Thus the logarithm of 1 ts 0, whatever the base may 
é. 

II. Iflog,v=a, log, y=8, log, z=y,... 
then c= at, y= ab, 2= 07, 0.63 
‘ wy 2. = 0%. af. ay... ae re 

“. log, (ayz...J=atB+y+t+... 
=log,#+log,y +log, z+... 

Thus the logarithm of a product is the sum of the 

logarithms of ts factors. : 


TIL at log, =a, and log, y=; 


* then a=a", y=dF, and..a+y=at?; 


“. log, (a@+y)=a—B=log, x —log, y. 
Thus the logarithm of a quotient ts the algebraic differ- 
ence of the logarithms of the dindend and the divisor. 


IV. If#=a‘; then «*=a™, for all values of m. 


Hence log, «” = ma = m log, #. 


Thus the logarithm of any power of a number ts the 
product of the logarithm of that number by the index of the 
power. 


\| V. Let log, a=a, and log, =f; then e=a*=1F; 
B a 


and hence a = b¢, and a# =b. 


- 
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Therefore 2 = log,a, and 5 = log,b. 
a 
Hence log, b x log, a =p x b. VE 


Also 8 =a log,a, that is log, «= log, x. log,a. 


Hence the logarithm of any number to the base b will be 
found by multiplying the logarithm of that number to the 
base a by the constant multiplier log, a. 


308. ‘The logarithmic series. Let a=e', so that 


k=log, a; then a*=e*= e784, Hence from Art. 304, 
we have 


a= eee = 1 + alog, a+ SE a) see a) it 
Put a=1+y; then we have 
(1+ y'=1+ log, d+)+5 (log, (1+y)}?+ + 


Now, provided y be numerically less than unity, (1 +y)° 
can be expanded by the binomial theorem ; we then have 


1 ayr 2 Dy." (a — ek ake —r+l1) ee 
=1+ «log, (1 +y)+ 5 (aloe. (l+y)}’+... 


The series on the right is convergent for all values of # 
and y, and the series on the left is convergent for all values 
of a provided y is numerically less than unity. Hence, for 
such values of y, we may equate the coefficients of a 
on the two sides of the equation. We thus obtain 


op 3 yf 
10g ey) AUS 5 tg = waadee +(- 1) Ee ate 


This is called the logarithmic series. 
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Ex. 1. To express a®+b" in terms of powers of ab and a+b. 
From the identity (1 — ax) (1—bz)=1-(a+6) 2+ abz4 
=1-sr+p2', 
where 2 is put for a+b and p for ab, we have 
log, (1 ~ ax) +log, (1 — bx) =log, (1—sx+ pz’). 


959) 788 
Hence an te, )+ (20+ es ape San en ) 
2(g_ yr)? 23(g—pxr)s 
= fete pre SESE, Pee eee Baste. \. 


Kiquate the coefficients of 2" on the two sides of the last equation. 
[This is allowable since the series can clearly be made conyergent by 
re x sufficiently small,] Then the coefficient of z* on the left is 


(a+ b"), On the right we have to pick out the coefficient of «” 
from the terms Uy ane at the sans in which it can appear) 


Ce 2 a a 


the coefficient of x" is therefore 


1 1 —2)(n-3 
=O aoe (n-1) sp} + — ae ett te 


Hence we have 
a® +0" =(a+b)"—nad (a+ pray 22-9) ab? (a+b)"-4 

_ n(n-4) ae 5) 
eee 


toe ee eee 
Ir 


a8}8 (a +b)*-8 +... 


eos ar b* (a +b)" + see 


Ex, 2. Shew that, if@+b+c=0; then will 
10 (a7+ 07 +c?) =7 (a2 +4b?+c%) (a> + B54), 
Put —p for b¢+ca-+ab, and g for abc; then we have the identity 
(1 - am) (1— ba) (L—cx)=1— pax? — gz’, 
Now take logarithms, and equate the coefficients of the different 
powers of # in the two expansions. This gives : (av + br +c) in 


terms of p and q, and the required result follows at once. [See also 
Art, 129,] 
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Ex. 3. To express a"+b"+c" in terms of abc and be+ca+ab, when 
a+b+c=0. 


Put ~p=be+ca+ab, and g=abe; then we have the identity 
(1- az) (1— ba) (1— cx) =1- pa? — gz’. 


Hence, by taking logarithms, and equating the coefficients of like 
powers of x, we have 


1 
= (a®+ "+4 c*)=coefficient of «* in Z a (p+qa)", 
which gives the required result. 
The terms in = 2 2* (p+qz) which contain «°"*? are 


1 
Q2n+1 


u 3 gimt4 (p ae qau)jemra 


2m+1 
alent? (p+ gay + ony 


a 
yim 2m 
Im” (p+qz)?"+ 


+...+ 


1 em-2 om=14. > p6m am 
Smal” (p+qz) +37 (p+qa)™. 

Now by inspection we see that the coefficient of 26"! in each 
of the above terms in which it occurs contains pq as a factor ; and 
also that the coefficient of 2°”*1 in each of the terms in which it 
occurs contains p’q as a factor. 

Hence, when a+b+c=0, a*+b"+c™ is algebraically divisible by 
abe (be-+ca+ab) when n is of the form 6m—1, and a®+b"+c" is 
ie ono divisible by abe (bc +ca+ab)* when n is of the form 

m+. 

If we put c=—(a+b), be+ca+ab becomes —(a?+ab+b?), and 
we have Cauchy’s Theorem, namely that a"+ b*— (a+5)” is divisible 
by ab(a+b) (a?+ab+b?) when n is of the form 6m-1, and by 
ab (a+b) (a? + ab + b?)? when n is of the form 6m+1. 

[See papers on Cauchy’s Theorem by Mr J. W. L. Glaisher and 
Mr T. Muir in the Quarterly Journal, Vol. xv1., and in the Messenger 
of Mathematics, Vol. vutt.] 


309. In order to diminish the labour of finding the 
approximate value of the logarithm of any number, more 
rapidly converging series are obtained from the funda- 
mental logarithmic series. 


Changing the sign of y in the logarithmic series 
lo (i+ Aue ak ee i (i) 
g (ity 5 tg gt eeeeeeeeceee Cl) 
we have 


fe oY ea Qos. 
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Hence log, se =log,(1 + y) — log, —y) 


Put — — fers aay , and therefore — 
l-y m + 


log, ~ = 2m" Los mol 4s mo) 4 (iv) 
~ “lm +n eS ee by oe : 


We are now able to calculate logarithms to base e 
without much labour. For example :-— 
Put m=2, n=1, in formula (iv); then 


igs ee eras 
ber 2{5+ 3°30 & Bo , 


from which it is easy to obtain the value log, 2 = ‘693147... 
Having found log, 2, we have from (iv) 


Be Ors cee Uae | ‘ . 
log, 3 —log,2 = 2{r+ 3° ot ge get oof = #05465... 


Hence log, 3 = 693147 + 405465 = 1:09861. 
Proceeding in this way, the logarithm to base e of 


any number can be found to any requisite degree of 
approximation. 


n 
- for y; then 


310. Logarithms to base e are called Napierian or 
natural logarithms. 

The logarithms used in all theoretical investigations 
are Napierian logarithms; but when approximate numeri- 
cal calculations are made by means of logarithms, the 
logarithms used are always those to base 10, for reasons 
which will shortly appear: on this account logarithms 
to base 10 are called’ Common logarithms. 

We have shewn how logarithms to base e can be found; 
and having found logarithms to base e, the logarithms to 
base 10 are obtained by multiplying by the constant 
factor log,,e, or by I/log,10. [Art. 307, V.] This constant 
factor is called the Modulus: its value is 43429... 
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EXAMPLES XXXII. 


1. Shew that log (+n) = log x + log (a " -) rr 
log ¢@ + rz) tes(1 + gag) tens tog (1 +). 


= Tat Eyl oa/ li eu 
2, Shew that log, Jit=1+(5+5)7+G*+s)at 


Ta! dard \ ot By at f 
G+z)atlsts Gite to infinity. 


P ras 

3, Shew that log, M= {1435+ 55+ 7pt boy we 
at Sag A icant 

in sh + {a+ amt ae Tot danaaa oO 1n nity}. 


1 1 1 1 
4. Shew thatlog,2-9-37-9-313.4.6'5.6.7 
to infinity. 
5 tf 9 7 
5. Shew that 75 Sea fo 6.7 talons lb to in- 


finity = 3 log, 2 —1. 


1 Liget 
6. Shew that log, = 17? ‘ eg (2a —1)° 


7. Shew that log, «=~ 4 cS @+i) see iy 


8. Shew that 


1 G+e 2ax ii 2a y +5 ( axe ats 
=e wte Ataee 5 a3) sevees 
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9. Shew that 


10. Shew that 
: Loy hil? Viv eile Pet 
{log, (1 +2)} =2 {50 -3 (+5) +7(G+5+3)7-~+}- 


11. Shew “that, if log, (1+2+2*) be expanded in powers 
of x, the coefficient of x" is either ai = , and distinguish the 


Cases, 


12. If log,(1—a+«*) be expanded in ascending powers of 


w in the form a,” + a," + a,2° + ...... , then will a,+a,+a,+... 
2 
=e log, 2. 
— Lt+ate’, " 
13. Expand log, Ton ey ascending powers of x, 


14, Shew that 


1 x x x 
n* n(m+l) m(m+1)(n+2) * n(n+1)(n+2)(n43) 
1 x a a 
hal Fs [T@+1)* B@+2) Biss) to j: 


15. From the identity 2 log (1 — x) = log (1 — 2a+*), prove 


“ay n-s , M(M—3).,_, m(n—4)(n—5) .,_, 
that 2*-n. 2 a Fa Ts 2 rae +..=2. 


16. If log, be expanded in a, series of positive 


l-a—a2*+2° 
integral ‘powers of a, the coefficient of a" will be or : accord- 


ing as n is odd or even, 


>» 
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lt ie that the coefficient of a in the expansion of 


Sei ae F 
= ees is 7 pt i oe sseses +n}. Hence find the swm of 1 


terms of the series 17+ 27+ 37+..., and also of 1°+2°+3°+ 


18, Shew that, if a, be the coefficient of « in the ex- 
pansion of ¢, then 


eee ae 


Hence shew that 


12 ait 38 
EB BS 
and that 
l 4 oer 3¢ 


es pt ae .. = 15e. 


19. Shew that 


n(n—1) n(n-1 roan, 
e{1+ ut ee es ( aA d+...) 
Se et gee ee 


90. Shew that the sum of x terms of the series ; + : + s4ain 


beginning at the (n+ 1)th, becomes equal -to log, 2 when ” is 
increased without limit. 


21. Shew that ~ 


era | i 
log, (l1+)<j+5t-- +— <1 + log, (1+). 


22. Prove the ice eaiaties a 

(Gi) @+yl-v-y Set ie ed + 

Gi) @+y)?-2—y! = lle w+ y) (x + ay +9’) 
{(ac* pase + ay 

iii) (at+y)*®-a"-y 5 _ 1 3ay (x + y) (er +ay+y") 

bi ( {(a +ay ty’) + Quy" (a + y)"}. 


(w+ 9)", 
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23. Shew that a” + y+ (a + y)™ 


- —4)(n—5) 64 
SOF n Sp 2) = Z yas or Bg: ¥ ‘coe 
n(n—r—1)...0—3r+1) 3 » 
4 3. 4...2r Be Es ae 


where p=a?+ay+y? and g=ay (x+y). 


24. Shew that, (i) if ~ be any uneven integer, (6—c)"+ 
(c—a)" + (a—6)* will be divisible by (6 —c)°+(c—a)* + (a—6)’; 
(ii) if ~ be of the form 6m-=1, it will be also divisible by 
(6—c)?+(c — a)?+(a—6)*; and (iii) if m be of the form 
6m + 1 it will be divisible by (6 — c)* + (¢c — a)*+ (a—)*. 


af: 
U4 b 
Common LOGARITHMS. 


311. In what follows the logarithms must always be 
supposed to be common logarithms, and the base, 10, need 
not be written. 

If two numbers have the same figures, and therefore 
differ only in the position of the decimal point, the one 
must be the product of the other and some integral power 
of 10, and hence from Art. 307, II. the logarithms of the 
numbers will differ by an integer. 

Thus log 421'5 = log 4215 + log 100 = 2 + log 4215. 

Again, knowing that log 2=-30103, we have log ‘02 
= log (2 + 100) = log 2 — log 100 = ‘30103 — 2. 

On account of the above property, common logarithms 
are always written with the decimal part positive. Thus 
log ‘02 is not written in the form —1°69897 but 230108, 
the minus sign referring only to the integral portion of 
the logarithm and being written above the figure to which 
it refers, 


Definition. When a logarithm is so written that its 
decimal part is positive, the decimal part of the logarithm 
is called the mantissa and the integral part the character- 
istic. 
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312. The characteristic of the logarithm of any number 
can be written down by inspection. For, if the number be 
greater than 1, ard n be the number of figures in its 
integral part, the number is clearly less than 10° but not 
less than 10””. . 

Hence its logarithm is between n and n—1: the 
logarithm is therefore equal ton—1+a decimal. 

Thus the characteristic of the logarithm of any number 
greater than unity ts one less than the number of figures in 
ats integral part. 

Next, let the number be less than unity. 

Express the number as a decimal, and let n be the 
number of ciphers before its first significant figure. — 

Then the number is greater than 10“ and less than 
103: 

Hence, as the decimal part of the logarithm must be 
positive, the logarithm of the number will be —(n+1)+ 
a decimal fraction, the characteristic being —(n + 1). 

Thus, if a number less than unity be expressed as a 
decimal, the characteristic of tts logarithm 1s negative and 
one more than the number of ciphers before the first signisi- 
cant figure. 


For example, the characteristic of the logarithm of 3571°4 is 3, 
and that of -00035714 is 4. 


Conversely, if we know the characteristic of the 
logarithm of any number whose digits form a certain 
sequence of figures we know at once where to place the 
decimal point. 

For example, knowing that the logarithm of a number whose 


digits form the sequence 35714 is 3°55283, we know that the number 
must be 3571°4. 


313. Tables are published which give the logarithms 
of all numbers from 1 to 99999 calculated to seven places 
of decimals: these are called ‘seven-figure’ logarithms. 
For many purposes it is however sufficient to use five- 
figure logarithms. 


$90 USE OF TABLES OF LOGARITHMS. 


In all Tables of logarithms the mantissae only are 
given, for the characteristics can always, as we have scen, 
be written down by inspection. 

In making use of Tables of logarithms we have, I. to 
find the logarithm of a given number, and II. to find the 
number which has a given logarithm. 


I. To find the logarithm of a given number. 


If the number have no more than five significant 
figures, its logarithm will be given in the tables. But, if 
the number have more significant figures than are given 
in the tables, use must be made of the principle that 
when the difference of. two numbers is small compared 
with either of them, the difference of the numbers is ap- 
proximately proportional to the difference of their loga- 
rithms. This follows at once from Art. 308, for 


log,, (WV + x) — log, N = log,, (1 + y) = jelog: (1 vi x) 


N 
7 = ~ i @. 
= (ar $ Wit wee ) nae approximately, when ay 8 


small, w being the modulus 1/log, 10. 
An example will shew how the above principle, called 
the Principle of Proportional Differences, is utilised. 


Ex. To find the logarithm of 357-247. : 

We find from the tables that log 3-5724=:5529601, and log 3:°5725 
= "5529722; and the difference of these logarithms is 0000121. 
Now the difference between 3°57247 and 3°5724 is ~yths. of the 
difference between 3°5724 and 3°5725; and hence if we add ,4ths. of 
‘0000121 to the logarithm of 8°5724 we shall obtain the approximate 
logarithm of 3°57247. Now ths. of -0000121 is -00000847, which 
is nearer to ‘0000085 than to ‘0000084. Hence the nearest approxi- 
mation we can find to the logarithm of 3°57247 is ‘5529601 + -0000085 
= "5529686. ; oki 

The characteristic of the logarithm of 357-247 is obviously 2, and 
therefore the logarithm required is 2°5529686. 


Il. To find the number which has a given logarithm. 


For example, let the given logarithm be 4°5529652. 
We find from the tables that log 3°5724 =-5529601 and that 
log 3°5725=:5529722, the mantissa of the given logarithm falling 
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between these two. Now the difference between ‘5529601 and the 
given logarithm is 2 of the difference between the logarithms of 
8°5724 and 8°5725; and hence, by the principle of proportional 
differences, the number whose logarithm is °5529652 is 
B57244 oe x 0001 =3°5724 + -00004=3:57244. 
[The approximation could only be relied upon for one figure.] 
Thus °5529652=log 3°57244, and therefore 


4°5529652 = log 000357244. 


CoMPoUND INTEREST AND ANNUITIES. 


314. The approximate calculation of Compound In- 
terest for a long period, and also of the value of an annuity, 
can be readily made by means of logarithms. 

All problems of this kind depend upon the three fol- _ 
lowing :—[The student is supposed to be acquainted with 
the arithmetical treatment of these subjects. ] 


I. To find the amount of a given sum at compound 
interest, in a given number of years and at a given rate 
per cent. per annum. 

Let P denote the principal, n the number of years, 
100r the rate per cent. per annum, and A the required 
amount. 

Then the interest of P for one year will be Pr, and 
therefore the amount of principal and interest at the end 
of the first year will be P(1+,r). This last sum is the 
capital on which interest is to be paid for the second 

ear; and therefore the amount at the end of the second 
year will be {P(1+7)}(1l+7)=P(1+7r). . Similarly the 
amount at the end of n years will be P(1+ 7)". 
Thus A =P (1+7)"; and hence 
log A = log P+ nlog(1 +7). 
If the interest is paid, and capitalised, half yearly, it 


an 
can be easily seen that the amount will be P ¢ + 5 | ; 
8. A. 27 
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Ex. Find the amount of £350 in 25 years at 5 per cent. per annum. 


Here P=350, r=765 and n=25; 


5 
.. log A=log 850 + 25 log (a + 100) 


=log 350 + 25 (log 105 — log 100). 
From the tables we find that log 350=2-5440680 and log 105= 


2°0211893 ; hence log 4=3-0738005. Whence it is found from the 
tables that A= £1185:22. 


II. To find the present value of a sum of money which 
is to be paid at the end of a given time. 


Let A be the sum payable at the end of n years, and 
let P be its present worth, the interest. on money being 
supposed to be100r per cent. per annum. Then the 
amount of P in m years at 100r per cent. per annum 
must be just equal to A. 


Hence from I. P=A(14r)™. 


IIT, Zo find the present value of an annuity of £A 
payable at the end of each of n successive years. 


If the interest on money be supposed to be 100r per 
cent. per annum ; then from II. 


The rene alte of the first payment is A (1+,r)* 
PAE SAC AY So PREG athe Ree. BECONG.,..0er0eee AL +7), 


POSE HH SHH HER ee THEE HOCH EH ELE EHS EEE EEE SEE ESHEETS EE EOEES 


Hence the present value of the whole is 


4 taaayt tance as 


Ex. Find the present value of an annuity of £30 to be paid for 20 
years, reckoning interest at 4 per cent, 


4 1 
Here 4=380, n=20,, WT = 59 95° 
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25\ 20 
Hence the present value = 30 x 25 {! - (i) } . 
95 20 
Now log (3) =20 {log 25 — log 26} 
= 20 {1-3979400 — 1:4149733} 
=20(—-0170333) = — *340666 =1°659334 
=log °456389, from the Tables. 
. Hence the value required = 30 x 25 x (1 -— -456389) = £407°7... 


EXAMPLES XXXII 


The following logarithms are given 


log 1:02 = 0086002 log 1°6386 = ‘2144730 
log 1:025 = 0107239 log 1-6387 = 2144995 
log 1:033 = -0141003 log 1:7292 = :2378452 
log 1:04 == 0170333 log 1:7349 = 2392744 
log 1:05 = :0211893 log 2 = ‘3010300 
log 1:06 == 0253059 log 270829 = °3186684 
log 1-1467 = -0594498 log 3 = ‘4771213 
log 1:1468 = ‘0594877 log 30832 = 4890017 
log 1:2258 = 0884196 log 4:4230 = 6457169 
log 1-2620 = 1010594 log 6:1 == “7075702 
log 1:4816 = -1707310 log 5577 = 7464006 
log 1-4817 = 1707603 log 6°3862 = 8052425 


log 7:4297 = ‘8709713 
log 7:4298 = -8709771 


1, Find 2/105. 9. Find 2/51. 


3. ind the amount of £100 in 50 years at 5 per cent. 
per annum. 


4, Shew that money will more than double itself in 15 _ 
years at 5 per cent. per annum, and in 18 years at 4 per cent. 
per annum. 27-2 
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5. Find the amount of £500 in 10 years, interest at 4 per 
cent. being paid half yearly. 


6. The number of births in a certain country every year 
is 85 per 1000 and the number of deaths 52 per 1000 of the 
population at the beginning of every year: shew that the popu- 
lation will be more than doubled in 22 years. 


7. A man invests £30 a year in a Savings Bank which 
pays 2} per cent. per annum on all deposits. What will be 
the total amount at the end of 20 years? 


8. What sum should be paid for an annuity of £100 a 
year to be paid for 40 years, money being supposed to be worth 
4 per cent. per annum ? 


9. A corporation borrows £30000 which is to be repaid 
by 30 equal yearly payments. How much will have to be paid 
each year, money being supposed to be worth 4 per cent. per 
annum} 


10. A house which is really worth £70 a year is let ona 
lease for 40 years at a rent of £10 a year, the lease being re- 
newable at the end of every 14 years on payment of a fine. 
Calculate the amount of the fine, reckoning interest at 6 per 
cent. 


CHAPTER XXV. 
SUMMATION OF SERIES. 


315. We have already considered some important 
classes of series, namely the Progressions [Chapter xvi], 
Binomial series [Art. 288], and Exponential and Logarith- 
mic series [Chapter xxiv]. In the present chapter some 
other important types of series will be considered. 


316. The nth term of a series will be denoted by w,, 
and the sum of n terms by S,. When the series is con- 
vergent its sum to infinity will be denoted by S,. 


317. No general method can be given by which the 
summation of series can be effected; but in a great 
number of cases the result can be obtained by expressing 
the general term of the series, u,, as the difference of 
two expressions one of which involves n—1 in the same 
manner as the other involves n. 

For example, in the series 


fs hee Do 2 ya edi te Tl ait 
z(@+a)' (@+a)@t 2a)" (a+ 2a)(w@+3a) “*” 
a 


—____—_—_ , is equal to 
(a +n—1.a)(a+na) 


the nth term, namely 


Zz: Ta! 
a+(n—-l)a w2+na’ 


Hence the series may be written 
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a 4. vik 1 ) ae 1 a 1 -\+ 
+ anne a aaah ; and it is now obvious that all 


e+(n—-l)ha «w+na 
the terms cancel except the first and last ; 
‘i 1 na 


hence 2 @tna a (e+na) 


Ex. 1. Find the sum of n terms of the series 


5 1 ul 1 A 
1.2*2.373.4?t teacee tamed) eeees 
Ans, 1- 7 be 
Ex. 2. Find the sum of n terms of the series 
AeA bag ee te eee Se 
a aN Ge eee aie 
1 1 
a Ans. 1-——-. 
Here u,= = aed ns mie 
_ Ex. 3, Find the sum to infinity of the series 
el dts Nate topo Ms 
3 * 4p eipeen: ag et 
1 a] 1 
Here “Sibel >) int Ans. 3° 
Ex. 4. Find the sum to infinity of the series 
* 5 i ai 2n+1 
12, 23 + 93-3: 32 ga. 4at seeeee te eipt escces 
1 1 
Here nT (nly? Ans. A le 


Ex. 5. Find the sum of x terms of the series 
Aioh t 4 rip ik ee 
{.3°1.8.6°1.8.6:7°°"° +18. 6..(an¢1)° 


1 ik 
Oat, mx eae TAN AS 
[ 2m 1.3. 5...(2n—1) 1.3.5...(2n—1) (Qn+1) 


i 1 
anal fr 3. ptt: 
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Ex. 6. Sum to infinity the series 


pelea s)he uh n+1 1 
1.83 °S.6° 875.7 Bt Gnd (nth) Bee 


[ Since eg e 2d pay “dd ) 
(Qn—1) (2n4+1) 4\2n-1 2n+1/’ 


ib 1 iowa 1 
4in= 54 Ga | ae ns 
Ex. 7. Find the sum to infinity of the series 
1 1 1 1 1 
=e-ij+@e-it@-ite—it velsee Ans. 3° 


Ex. 8. Find the sum of n terms of the series 


ee eda ei x ig 
(1-2) (1-2?) + oe eo) er 


il 


1 
ans. (ay I=ay =a" 


318. To find the sum of n terms of the series 
fa(a+b)...(a+r—1.b)} + {(a+ b) (a+ 2b)... (a+ 7b)} 
+...¢{(atn—1.b)\(a+nb)...(a+n+r—2.b)} +... 


In the above series (i) each term contains r factors, 
(ii) the factors of any term are in arithmetical progression, 
and (iii) the first factors of the successive terms form the 
same A.P. as the successive factors of the first term. 


Consider the series which is formed according to the 
- game law but with one factor added at the end of every 
term, and let v, be the nth term of this new series, so that 


v, = {(atn—1.6)(a+nb)...(a+n+r—1.b)}. 
Then 
v, —v,,={(atn—1.b)(a+nb)...(a+n+r—1.b)} 
—{(a+n—2.b)(at+n—1.b)...(a+n+r—2.b)} 
={(a+n—1.b)...(a+n+7r—2.d)}{(a+n+r—1.6) 
—(at+n—32.b)} 
=(r+1)b{(atn—1.b)..(a+n+r—2.b)}. 
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Hence Un — Uy =(r +1)6 x u,. 
Changing n into n —1 we have in succession 
V4 * ad (r a 1) b X U, Uys 


v—,=(r+1)bx4,. 
Also V,—-%=(r+1)bxu,, 


where », is the term preceding v, which is formed accord- 
ing to the same law, 


that is v= {(a—b)a(a+b).. (a+r—1b)}, so that », is 
obtained by putting n = 0 in the expression for v,. 


Hence by addition 
Vv, —U = (r+1) dS; 
S,=(v, —»,)/(7 +1) 6. 
Ex. 1. Sum the series 1.24+2.84+38.4+...... +n(n+1). 
aie U,=n(n+1), vg= n(n+1)(n+2), vo =0.1. 2, r=2, and 
Hence Sy=5n (n+ 1) (n+ 2). 


Or, by using the above method without quoting the result, which 
is preferable in very simple cases, we have 


nintl)=3{n (n+1) (n+2)-(n-1)n(n+1)}, 


(n= 1)n=5 {(n-1) n(n+1)—(n-2) (n—1) np, 


1.2=5{1.2.8-0.1.9}. 
1 
Hence Sn=5 n (n+1) (n+2). 
Ex. 2. Sum the series 1.2.34+2.3.4+...... +n (n+1) (n+2). 


Ans, zn (n+1) (n+2) (n+3), 
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Ex. 3. Sum the series 
1.2.3.44+2.3.4.5+4...... +n(n+1) (n+2) (n+3). 


Ans. sn (n+1) (n+ 2) (n+3) (n+4). 


Ex. 4. Find the sum of n terms of the series 


BS 1 On 1s Oe Wisi ol hatin ses 
Here 


Up = (2n-+1) (2n+ 38) (2n+5), V_=(2n+1) (2n+38) (2n+5) (2n+7), 
vy=1.3.5.7, r=38, and b=2. 


Hence Sq= pg lOn+h (2n +8) (2n+5) (2n+7)-1.3.5. 7}. 


Many series which are not of the requisite form can be 
expressed as the algebraic sum of a number of series 
which are all of the required form; and the sum of the 
given series can then be written down. The following are 
examples. 

Ex. 5. Find the sum of n terms of the series 1.3+2.4+3.5+..000 
Here u,=n (n+2)=n (n+1)+n. 
The sum of the series 1.2+2.8+...+n(n+1) is 
sin (n+1) (n+2)-0.1.2}, 
and the sum of the series 142+... +n is sin (n+1)-0.1}. 
Hence the required sum is = n(n+1) (n+2)+ : n(n+1). 


Ex, 6. Find the sum of the series 
2.3.14+3.4.44+4.5.7+ sowie +(n+1) (n+ 2) (3n—- 2). 
Here u,=(n-+1) (n+2) (8n— 2) =8n (n+1) (n+ 2) ~2 (n +1) (n +2). 


t Sy=4 (n(n+1) (n+2) (n+8)-0.1.2.3} 
-F{(nt1) (n +2) (n+3)-1.2. 3} 


1 
12 


(9n - 8) (n-+1) (n+ 2) (n+3)+4. 
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319. To find the sum of n terms of the series whose 
general term ws 
1/{((a+n—1.b)(at+nb)(at+nt1.b)..(a+n+r—2. b)}. 


Consider the series which is formed according to the 
same law but with one factor taken away from the 
beginning of each term, and let v, be the nth term of this 


second series, so that v,=1/ {((a+nb)...a+n+r—2.b)}. 
Then 


Te ee 
((a+nb)...(a+n+r—2.b)} 
ES 1 
{(a+n—1.b)(a+nb)...(a+n+r—3.b)} 
1 at i 
a4 1s) cieleng Roe ee Ve a 
—(atn+r—2.b)}; 
UW —%,_,=—(r—-1)b x u,. 
Changing n into n —1 we have in succession 
Cnt Una ee F SEX Una) 
v,—0,=—(r—1)b x u,. 
Also w-—y=—(r— Hox u,, 


where », is the term which precedes v, and which is formed 
according to the same law, that is 


%=1/{a(a+b)...(at+r—2.b)}. 
Hence, by addition, | 
v%,—V7=—(r—1)bx8,; 
“ S,=(a,—4,)/(r—1)b. 


Ex. 1, Sum the series = + sat . 


1 
2.8 “Ft (n43)" 
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1 1 1 
Here “n= 41) (n+2)’ "sot iysou, r=2, b=1, 


LOH) T teeth! 
Hence = S,=7-q . - ast =3-aa3° 
: 1 1 1 
Ex.2. Sum th ee ae Ee 455. 
‘ e series 93.4 + 9.8.4.5 Tams l)(nt 2)(n +3) 
to n terms and to infinity. 
1 1 
Her a See ae 
CMa nT (n+) (n +2) (N43)? °n= (n+ 1) (n+2) (n+3)’ 


Sor 179-8" r=4, and b=1. 
Pdi Yale +s 
Hence S.=377 nas wryaeheray ; 
1 1 1 
and So=5°1.9.8° 18° 


Cabs 1 
Ex, 3. th = Srl (4n —1)(4n+38) (4n+7) 
x. 3. Sum the series 77.11 + 71.16 + + Gr—1)(n +8) (nt) 


1 fd wt 
A Sag 17 aaa ina Tt * 
Many series which are not of the above form can be 
expressed as the algebraic sum of a number of series 


which are all of the required form; and the sum of the 
series can then be written down. The following are 


examples. 


Ex. 4, Sum the series oatpatrete 
Here 
ES I a ae rene 
a a(n+2)  n(nt+1)(n+2) (n+1)(n+2) n(n+1) (n+2)° 


, dt 1 
The series whose general terms are (+1) (n+ 2) and n(n+l) (+2) 
are of the required form. Hence the sum of the given series is 
given by 


eee 1 gee 1 me 
w= (j-ana)ta ee aahery) 74 2 (n+1) (n+2)’ 
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4 sad 1 1 
Ex, 3 Sum the bits: 118.6 2.4.61 Ta @ed ned): 
e 1 a (n+1) (n+ 8) 
van (+2) (n+4) (N41) (WFD) (+3) (N44) 
< n(n+4)+3 
~ n(n+1)(n+2) (n +38) (n+4) 
; 8 
(n+1) (n+ 2) (w+8) * n(m+1) (n +2) (m43) (nF4)* 


Hence 


eread a 1 8 Sak 1 
a8 105 % rar ay | ws CERNCERCES Cree 


320. The sum of series of the kind just considered 
. may be obtained by’ means of partial fractions. 


The method will be seen from the following example. 


1 1 1 il 


To find the sum of the series T.3 + aca WS ney : 


1 A s 
Let ntti + nae then, as in Chapter xxi, we find 
1 1 
that 4=5 and B= ics 
, Hence 2u,=- — u 
aa “na nt+3° 
We have therefore the following series of equations: 
1 1 Jae ify ees 
Wh=T- 5» 2ug=5 — 7» 25 sencee = ceccong 
1 1 il 1 F 1 1 
2tn-a= 5 ie? Bly => er and ae Se 


Hence, by addition, 


TELS Boke om 1 


the other terms all cancelling, 


3 2n+3 
Hence S.=7 - 2(n+1)(n+2)° 
321. To find the sum of the rth powers of the first 
n whole numbers. 


We will first consider the two simplest cases, 
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Case I. To find the sum of 17+ 2?4 374+...4 7%, 
Here u,=V=n(n+1)—n. 
Hence, by Art. 318, 


S.= sn (n+1)(nt+2)—5n(n+1) 


=5n(n+1)(2n+1). 


Case II. To find the sum of 1°+ 2°+3°+...4+ 7% 
Here u,=n'=n(n+1) (n+ 2) —3n'— 2n 

=n(n+1)(n+2)—3n(n+1)4+2 
Hence, by Art. 318, 


8,=42(0+1) (n +2)(n+3)—Sn(n+1) (042) 
+ 5n(nt 1) 
=in(n+l) {(n + 2)(n +8) —4 (n+ 2) +2} 
1 2 2 
=4m (n+1y. 


Since 14 24..4n=5n(n+1), 


the above result shews that 

12494 ...4n8=(14+2+4...+ 0), 
so that the sum of the cubes of the first n whole numbers 1s 
equal to the square of the swm of the numbers. 


The sum of the cubes of the first n integers can also be easily 
found by means of the identity 4n’ = {n (n+1)}?-{(n-1)n}?. 
For we have in succession 
4n3 = {n(n +1)}? -{(n— 1) n}?, 
4 (n ~1)8={(n—-1) n}?— {(n- 2) (n- 1)}, 


pice cc ence vovcceces oe ceeices Ca8 008 008000 


and 4,13=(1.2)?-(0.1)% 
Hence, by addition, 48, =n? (n +1). 
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Case III. To find the sum of 1° + 2"+ 3°+...4n’. 


The sum for any particular value of r can be found by 
the same method as that adopted for the values 2 and 3. 


For example, the sum of the fourth powers can be 
written down as soon as n* is expressed in the form 


n'=n(n+1) (n+ 2)(n+3)—6n(n4+1) (n+ 2) 
+7n(n+1)—n. 


By means of the Binomial Theorem a formula can be 
found which gives the sum of the rth powers in terms of 
the sum of powers lower than the rth; and this formula 
can be used for finding the sum of the 2nd, 8rd, 4th, &e. 
powers in succession. The formula has however the great 
disadvantage that in order to find by means of it the sum 
of the rth powers, it is necessary to know the sums of all 
the powers lower than the rth. 


By the Binomial Theorem, we have in succession 


1 
(n+ 1) =n" + (r+ wee 
(nyt = (n= 4 r+ 1) ¢ LEY" Gay 
hore 
sors (eer Eee ey, 
terme gig Ctr, ety es 


Hence, by addition, we have (n + 1)™ — (n+ 1) 
=(r+ 167+ Ct gry et IS 


where S,’ is written for the sum of n terms of the series 
14 2'4+374+... 
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We can in a similar manner find a formula for summing the 
rth powers of any series of quantities a, a+b, a+2b,... in arith- 
metical progression. The result is . 


(a+nb)r4 - ar — nb t= (r+1) 0S," + ear 2S, 7-14... 4+(r+1) O°S,', 
where S,f=art (a+b) +...+(atn-lb). 


322, Piles of Shot. 0 find the number of spherical 
balls in a pyramidal heap, when the base is (1) an equilateral 
triangle, (LL) a square, and (IIT) a rectangle. 


I. Ina pile of this kind the balls which rest on the 
ground form an equilateral triangle, and upon this first 
layer a number of balls are placed forming another equi- 
- lateral triangle having one ball fewer in each side than in 
the side of the base; and so on; a single ball being at the 
top. 

Poe n be the number of balls in each side of the base, 
the total number in the base will be 
n+(n—1)+(n—2)+..42+1 
that is #n(n+1). The whole number of the balls in the 
pile will therefore be 
t{n(n+1)4+(n—I)nt..-+ 12, 
that is 4n (n +1) (n+ 2). 

Il. In this case the balls in any layer form a square 
with one ball fewer in each side than in the layer next 
below. Hence if n be the number of balls in each side of 
the lowest layer, n’ will be the number of balls in the base, 
and therefore the whole number of the balls will be 
n+ (n—1)'+(n—2) +...4+ 1%, that is 4n (n + 1) (2n+ 1). 


III. In this case the balls in any layer form a 
rectangle with one ball fewer in each side than in the 
layer next below. Hence if n and m be the number of balls 
‘1 the sides of the lowest layer, nm will be the number of 
balls in the base and therefore the whole number of the 
balls will be, n being greater than m, 

nm +(n—1)(m—1)+(n—2)(m—2) +... n—m+1) 1 
=(n—m+m)m+(n—m+m—1)(m—1)+..u—m+ DI 
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=(n—m) {m+ (m—1) +...41} + m?+(m—1)* +...4+ 1? 
=4(n—m)m(m+1)+4m(m+1) (Qn +1) 
= 4m (m +1) (8n—m +1). 


Ex. 1. How many balls are contained in 8 layers of an unfinished 
triangular pile, the number in one side of the base being 12? 


If the pile were completed it would contain * 12.13.14 balls; 
and there are = 4.5.6 missing from the complete pile; hence the 


required number is (12.13.14-4.5.6). 


Ex. 2, How many balls are contained in 10 layers of an incomplete 
pile of balls whose base is a rectangle with 20 and 25 balls in its 
sides ? 


The number= En (n+ 5) from n=11 to n=20. 
Ans. 3260. 


323. Figurate numbers. Series of numbers which 
are such that the nth term of any series is the sum of the 
first n terms of the preceding series, all the numbers of 
the first series being unity, are called orders of figurate 
numbers. 


Thus the different orders of figurate numbers are :— 
First order, 1, 1, 1, 1, 1, 
Second order, 1, 2, 3, 4, 5,...... 
Third order, 1, 8, 6, 10, 15, 


It follows from the definition that the nth term of the 
second order of figurate numbers is n; the nth term of 
the thord order will therefore be (1+2+38+...+7), that is 
$n (n +1); the nth term of the fourth order will therefore be 
boat 1)+(n—1)n4..41.2}, that is" @+ D+?) , 


2 


the nth term of the fifth order will therefore be 
g-gn (041) (n4.2)+(n—Ln(u 4) +.41.2.3}, that 
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Is 4 n(n+1) (n+ 2) (n+ 3); and so on, the nth term 
of the rth order being 
n(n +1)(n+ 2)...n+7r— 2) 


et 


324. Polygonal numbers, Consider the arithmetical 
progressions whose first two terms are respectively 1, 1; 
1, 2; 1,3; 1,4; and so on. Then the series formed by 
taking 1, 2, 3,..., n of the terms of these different arith- 
metical progressions, namely the series 


Decoy abe, vodsscree PH ea ees 

fis S Ore, oem Meee , en (n+1), «00006 

i et a Seer a ans 

1, DIAZ M..cte ee , N+ Bn (n—1), .or0ee 


1,7, 8r—38,..., n+4n(n—1)(r—2), ... 
are called series of linear, triangular, square, pentagonal,.. 
r-gonal numbers. 


The sum of n terms of a series of r-gonal numbers 
can be written down at once, for the sum of n terms of the 
series whose general term.is n+ $n(n —1)(r—2) is 
dn (n +1) 4+4(n—1)n(n+1)(r— 2) [Art. 318]. 


EXAMPLES XXXIII. 


Find the sum of n terms of each of the following series, 
and find also the sum to infinity when the series is convergent. 


1 4.7.10+7.10.134+10.13.16+... 


Z te lies pee ee rile ae 
ee dig, 12 MRE SE eas Ee ee 


8 1.3.442.4.54+3.5.64... 


Me ol DeRRORMT Oe Osinky INL sp deg 
Saas 28 
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Sn Some 
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1.2.342.3.54+3.4.74+4.5.9+.. 
1.2742.3°9+3.494+4.57+ 
1.314 3)6* 265 Gai. 


1 1 1 uf 
T3ct acute 5 Se as Be A a 


i 


3. 
1 
IN. 
4 


1 

i PL NABe AES Peet 
1 142 aoe a “Teaeere 
1) 1? 4 923 ip bak ree boca eg 
ea peas 4 


1.12 42(12 4 2%) +3 (194224 3) +4 (1+ 2°43" + 4") +... 


a? + (a+b)? + (a+ 26)" + 
a® + (a +b)? + (+ 2b)* + ove 
19+ 37+ 57+ 7% + 

19+ 5° + 9° + 137+ 

Shew that 


1? — 27+ 3% — 474...+(2n+ 1)*=(n +1) (2n + 1). 
Shew that 1°— 27+ 3°- 47+ we (Qn)? =— 1 (204 1). 


Shew that 


12234 38-49 +... 4+ (20+ 1)?= 4n' + On? + On +1. 


Find the sum of the series 
1. m+ 2(n-1)+3(n-2)+...+n.1. 
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24 Find the sum of the series n.n+(n—1)(n+1)+ 
(n—2) (w+ 2) +... +2 (Qn—2)+1.(2n—-1). 


25. Find the sum of n terms of the series 
ab + (a—1)(6—1) + (a— 2) (6-2) +... 


26. Prove that, if S"=1"+ 2"+...n’; then will 
(i) 5S *=6S)x S?- S87, 
(i2) ‘ce a ie =% 2 (S,°). 


27. Find the sum of the raise series to n terins: 
vay 3 


D 3.4 
8 5 9 /B\* 10 /5\8 
oy) iG a5 z(7) Be! AG) ao 
G73 10 “/3\> 11° /8\3 
(v) 3 (3) tsa) + sag) + 
ch eis 76 hay HE ie RN 
COMia 3(7) + 2.3. 3-a(7) + sass) bike 


28. Shew that the sum of all the products of the first » 
] 
natural numbers two together is 4 (n—1)n(n+1) (3n+ 2). 


29. Shew that the sum of all the products of the first n 


natural numbers three together is “ (n — 2) (n—1) n? (n + 1)%. 


30. Shew that the sum of the products of every pair of the 
squares of the sa m whole numbers is 
aan n(n? —1)(4n'—1)(5z + 6). 


560 282 
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325. To find the sum of n terms of the series 
ca clara). a(a+a)(a+2a) 
b b(b+a) b(b+a)(b+22) 
a(a+ax)...(a+n—12) 
b(b+a)..(b+n—12) 
In the above series there is an additional factor both 
in the numerator and in the denominator for every succes- 
sive term, and the successive factors of the numerator and 


denominator form two arithmetical progressions with the 
same common difference. 


Consider the series formed according to the same law 
but with an additional factor in the numerator, and let v, 
be the general term of this second series, so that 


_a(a+2)..(a+n—12) (a+ nx) 
: b(b+2)..(b+n—1 2) 


x a(a+a)...(a+n—12)(a+na) 
b(b+2)..(b+n—1 2) 
_a(a+@)..(a+n—12) 
b(b+2)...(b+n—2«) 


{(a+n2)—@+n=T a} ; 


n n—-1 


_a(a+2)..(a+n—12) 
b(b+2)...6+n-1 2) 
*, Uy — Uqy = Un X (A+ @ —D). 


So also 0, — U4 = Un, X(a+a—b) © 


v,— 0, =U, X (a+a”—b), 


Also =a 2) = (a 42), 


=u, x (a +e—6)+ bu,. 


SUMMATION OF SERIES. 411 


Hence S, x (a+a—b)=v,—4@; 


a { (ete)latne) 
Cairns 1}. 


The sum of n terms of the series 


a a(a—2) , a(a—2) (a—22) 

b b(b+a)* 6(6+ a) (b+ 2x) 
in which the successive factors of the numerator and 
denominator form two arithmetical progressions whose 
common differences are equal in magnitude but of opposite 
sign, can be found by changing the sign of @ in the 
previous result: the sum can, however, be obtained inde- 
pendently by the same method. Thus 


a 1 a a(a—2z) 
f= ltt b | 

a(a—2) _ ls a(a—a)  a(a—«) (a — 20) 
- 2079. | age b(b +2) | 


@ecsccesoeee —— se eeeseseses 


(-1y" 


a(a—«)...(a—n—1 2) 

b(b+2)...(b+n—1 2) 
epee i a(a—«)..(a—n—12) 
ae.) cece SEO GLEE 
a(a—Z2)...(a—na) 

+ ee |. 


Hence 


ee Nees ,(4— 2%) (a— 2x)...(a— nx) 
8-55! Pp b(b+2)...(b+n—1 2) | 


2 275 28. 
a i bes 


Ex. 1. To find the sum of n terms of the series 
356 235659 


+... 
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We have 
2,5=1/2.5 2 2.6 1 2.5.8 2.5 
3=5( a) G.-8\ 8.6 3 Wy Migs 


6 
2.5.8...(3n-1)_1 f2.5.8...(2m+2) 2.5.8...(3n—1) 
8.6. 9)...8n 2a ESO NOne ore 3.6.9...(38n—3) * 


_1 f2.5.8...(8n+2) 2 
Hines Sn=3 { 3.6.9...8n - 7. 
(This particular series is a binomial series, the successive terms being 


the coefficients of 2, x2, &c., in the expansion of (l—2)73. Hence 
(Art. 287] 1+S,=sum of the first (n+1) coefficients in the expansion of 


(1- a) $= coefficient of 2 in (l-a) %x(1-—2)7, that is in (1- a) 3]. 
2-0 2.0.1) 
ST foi a gest oa 
2 6.10...(4n+2) | 
3 (3.7...(4n—-1) : 
Ex. 3. Find the sum of n terms of the series 
m (m1) m(m~ 1) (m=) 
ee Davias he 


Ex. 2, Find the sum of n terms of the series ; pte 


Ans. 


m 


at 


+ 


(m—2)...(m—n+1) 
1-2... (n-1) : 


Ans. (—1s72 =H) 


326. The sum of »+1 terms of the series 
at+aa+aa*+...+4,2", | 


where. a, is any integral expression of the rth degree in n, 
can be found in the following manner. 


S,=@,+ae+a'+...+4,2", 


(l—-a#)"%=1-(r+1l)e+ ae wot (— 1), 


Hence S, x (1— a)" =a,+ {a,-(r+1)a,} v4... 


+ \¢, —(r+1)a,,+ zee a, 4-4 wrt... 


+ (— 1)" aa, 
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Now a, is by supposition an integral expression of the 

rth degree in p; hence 
a,=A,p'+A, pC+A pi t..tAy 
where A,, A,,,.--, A, do not contain p. 

Also, by Art. 305, the sum of the series 
p—(r+1)(p—-1)+ or (p-2)-... to (r+2) terms, 
is zero for all integral values of & less thanr+1. Hence 
(r+1)r 

ch ae 
is zero for all values of p. 

All the terms of the product S, x (1 —a)™ will there- 
fore vanish except those near the beginning, or the end, 
for which the series. a,—(r+1)a,,+--. is not continued 
for (r + 2) terms, that is all the terms of the product will 
vanish except the first 7 +1 terms and the last r + 1 terms. 


a,—(r+1)a,_,+ 


—... to (r+ 2) terms 


Hence 
S,x(1—a#)"=a,+ {a,-(r +1) a} 2+... 
+{a_,—(rt+1a,t+-..+-UC¢+)) a,} @” 
+1 
+{-(r+l)a,+ ae By, —eeef Oo 


pact (rete at tr, 
whence the value of S, is found. 


Ex. 1. Find the sum of the series 
1420 +30?+ 405+...... +(n+1) a® 
Si4j3= 14 20+307+ 40° +...... +(n+1) 2", 
(1-2)?=1-22+27; 
o (1-2)? Sy, Hl tart {n-2 (n+1)}+(n+1) a", 
{all the other terms vanishing on account of the identity 
k-2(k-1)+(k-2)=0] 

=1-(n+2) 2% +(n+1) 2"; 


career 1 (n+2) cmt) —(n+1) ot? 
ec aye er) ae (1-2)? : 
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Ex. 2, Find the sum of n+1 terms of the series 
18 +4 237 + 38x74... +(n+1)%x", 
Sry = 13 + 23a + 3327 +...... +(n+1)92%, 
(1—«x)*=1—- 42 + 60? — 47° + x4; 
fe Suaq X (1 —2)§=1 4 (22 — 4) 2 + (88-4, 2346.19) 22 
+ (48-4, 384+6. 28-4. 13) 28 
+{-4(n+1)9+ 6n3 — 4 (n-1)8+(n —2)3} a" 
+ {6 (n+1)8—4n3+(n-1)3} 0018 
+{-4(n+1)3+n3} ants 
+(n+1)% ort, 
[The other terms all vanishing, since 
k8— 4 (k-1)8 +6 (k—2)3—4 (k— 3) +(&—4)3=0 identically. } 
Hence S,,,,;=[1 +40 +x? — (n3+ 6n?+12n+ 8) 2th 
+ (8n8 + 15n? + 21n +5) 2®+2 
— (3n8 +.12n?4.12n +4) ants 
+(n+1)? am*4]/(1— 24. 


When z is numerically less than 1, the series is convergent, and the 
sum of the series continued to infinity is (1+ 42 +22) /(1-2)§, 


327. Series whose law is nqt given. We have 
hitherto considered series in which the general term was 
given, or in which the law of the series was obvious on 
inspection, We proceed to consider cases in which the 
law of the series 1s not given. With reference to series 
in which the law is not given, but only a certain number of 
the terms of the series, it is of importance to remark that 
in no case can the actual law of the series be really deter- 
mined : all that can be done is to find the simplest law the 
few terms which are given will obey. 


There are for instance an indefinite number of series 
whose first few terms are given by «+27+a°+..., the 
simplest of all the series being the geometrical progression 
whose nth term is 2": another series which has the given 


2 8 2 
terms is that formed by the expansion of ee ne ; 
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which agrees with the geometrical progression except at 
every 10th term. 


Note. In what follows it must be understood that 
by the law of a series is meant the simplest law which 
satisfies the given conditions. 
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328. If in any arithmetical series 
a,+a,+a,+...+4,, 


each term be taken from the succeeding term, a new 
series is formed, namely the series 


(a, ie a,) 5 (a, a. ay) Peat (a, ae a) Tee 
which is called the first order of differences. 


If the new series be operated upon in the same way, 
the series obtained is called the second order of diffr- 
ences. And so forth. 


Thus, for the series 2, 7, 15, 26, 40,..., 
the first order of differences is 5, 8, 11, 14,..., 
and the second order of differences is 3, 3, 3,... 


329. When the law of a series is not given, it can often 
be found by forming the series of successive orders of 
differences; if the law of one of these orders of differences 
can be seen by inspection, the law of the preceding order 
of differences can often be found, and then the law of the 
next preceding order of differences, and so on until the 
law of the series itself is obtained. The method will be 
seen from the following examples. 


Ex. 1. Find the nth term of the series 
14+6+423+58+117+ 206+...... 
The first order of differences is 5+17+35+59+89 + 2.00 
» second ,, a », 124+18+24+30+...... 
» third ,, ? »» 64+6+6+4+..... 
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The second order of differences is clearly an arithmetical progres- 
sion whose nth term is 6 (n+1). 


Henee, if v, be the nth term of the first order of differences, we 
haye in succession 


V_—Un—1= ON 3 V_—-y—Vn—g= 5 (n—1); «..--- 3 Vg—0,=6.2. 
Also v,=6.1-1. Hence, by addition, 
v,=6 (14+2+...... +n) -1=8n(n4+1)-1. 


Then again, we have in succession Uy — U__j=Vp_—) = 3(n— 1) n-1; 
Un—1 — Un—g=3 (m— 2) (n—1)—-1; ...3 Ug—m=3.1.2-1. Also u=1. 
Hence u,=3 {(n—-1) n+...... +1.2}-—n+2=(n-1) n(n+1)-—n+2, 


fix. 2. Find the nth term and the sum of m terms of the series 


64+94+14+23+40+...... 
The first order of differences is 3+5+9+17+...... 
», second ,, by » 2+44+8+...... 


Hence the second order of differences is a geometrical progression, 
the (n—1)th term being 2-1, Hence, if v, be the nth term of the 
first order of differences, we have in succession 


05, OP om) SOc 2 osenes » %— 0, =2), 
Also v,=38. Hence, by addition, v,=(2+27+...... +2"-1)43=2"+41, 
Then again, we have in succession u, —U,_)=V,_)= 2" 1+ 1, 
Mg — Ung 2 teh, cease »Ug—U=2!'4+1. Also u,=6. 
Hence u,=(2"1+...+2)+n+5=2"+n+3. 


The sum of » terms of the series can now be written down: for 
the sum of n terms of the series whose general term is 2”+7+3 is 


ut 
(2+ 29+ ee $2) + {nt (n—1) +... FL + 3n= 2M — 24 5 n(n + 1)+3n. 


Note. By the method adopted in the preceding 
examples the nth term of a series can always be found 
provided the terms of one of its orders of differences are all 
the same, or are in geometrical progression. 


330. It is of importance to notice that when the 
nth term of a series is an integral expression of the rth 
degree in n, all the terms of the rth order of differences 
will be the same. 
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For, if u,= A,n’+ A, "+... + A,, where A,, A,,,... 
do not contain n, the nth term of the first order of differ- 
ences will be 

{A,(n +1 +A,,(n+1)7+...} — {An +4, ni + ..J, 
which only contains n to the (r —1)th degree. 

Similarly the nth term of the second order of differ- 
ences will be of the (r—2)th degree in ; and so on, the 
nth term of the rth order of differences being of the (r —r)th 
degree in n, so that the nth term of the rth order of 
differences will not contain n, and therefore all the terms 
of that order of differences will be the same. 


When therefore it is found that all the terms of the 
rth order of differences are the same, we may at once 
assume that u,=A,n"+A,n"+...+A,, and find the 
values of A,, A,_,,---,A, by comparing the actual terms of 
the series with the values obtained by putting n =1, n= 2, 
&c. in the assumed value of u,. This method will not 
however give the value of wu, in a convenient form for 
finding the sum of the series; for, if r be greater than 3, 
the sum of n terms of the series whose general term is 
An'+A,,n"+... cannot be found [see Art. 321] without 
a troublesome transformation which will in fact reduce u, 
to the form in which it is obtained by the method of 
the preceding Article. A much better method would be 
to assume that u,=A,(n),+4,, (7). +--+, and then to 
find A,, A,,,.--, A, as above. 
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331. Definitions. When r+1 successive terms of 
the series a,+@,0+ 0,0 +...++ +a,c" +... are connected by 
a relation of the form a, 2” + px (a,_,a"*) + q@ (a, .,2°*) 
+...=0, the series is called a recurring series of the rth 
order, and 1+ pa+qa’+... is called its scale of relation. 
The relation does not hold good unless there are r terms 
before the nth, so that the relation only holds good after 
the first r terms of the series. 
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For example, the series 1 + 2a” + 4a? + 82° +4...... is a 
recurring series of the first order, the scale of relation 
being 1—2 Again, it will be found that the series 
1+ 3x + 5a* + Tx’ + 9at+...... ig a recurring series of the 
second order, the scale of relation being 1— 22 + a’. 


332. To find the sum of n terms of a given recurring 
series. 


Let the series be a, + aa +...... +a,2"+...,and let the 
scale of relation be 1+ px+qa*. [This assumes that the 
recurring series is of the second order, but the method is 
perfectly general]. Then 

S,=a,+a,0+ 0,0" +...... +a,2"; 
“8,1 + po + gat) =a, + (a, + pa.) © + (a,+ pa, + 9a,) a + 
cee (a, + P%,- ie qa») a” ar (pa, at qa,_1) an z qa a 
= 4, + (th + pa,)«@ + (pa, + 9a,_,) 0" + ga, a, 
since all the other terms vanish in virtue of the relation 
a, 2 + pau (d,_, 2") + ga" (a,_, «**) = 0, which is by sup- 
position true for all values of & greater than 1. 


Hence 
ga Mot (4 + P%) @ + (pa, + 904) 2" + gaa" 


1+ pa + qa" 


_If the given series be a convergent series, the nth term 
will be indefinitely small when is increased without 
limit; and the sum of the series continued to infinity 
will in this case be given by 


S _%+(A,+ pa) @ 
i 1+pa+qa* ~ 
a, + (4, + pay) & 
1+ px + qa’ 
can be expanded in a convergent series proceeding accord- 


ing to ascending powers of «, the coefficient of 2" in its 
expansion will be the same as in the recurring series. 


The expression is therefore such that if it 
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a, + (4, +4) a ; 
1+pa+ qu 
called the generating function of the series. 


On this account the expression 


333. A recurring series of the rth order is determined 
when the first 2r terms are given. 


For let the series be 


Then, the series being a recurring series of the rth 
order, if we assume that the unknown scale of relation is 
l+pa+p,2'+...+p,4, we have by definition the follow- 
ing equations 


Disp + Pyle + PO ~t--- FPA = 0, 
Dna t+ Ding, Pt bte- +PQ, = 0, 


Qe, + PyU,-1+ Poors oe gid + p,Q,4 = 0. 


We have therefore r equations which are sufficient to 
determine the r unknown quantities p,, p,,-.., p, in the 
seale of relation; and when the scale of relation is deter- 
mined the series can be continued term by term, for a,.,, 
is given by the equation a,,,,+ 9,0, +-..+p,d,=0; and 
when 4@,,,, 18 found, a,,,, can be found in a similar manner ; 
and so on. 


The series is similarly determined when any 2r con- 
secutive terms are given. 


334. From Art. 305 we know that ifp<r+1, 
(r+) (h—1 + EO" & 2)" fei 


2 
to r+ 2 terms = 0, 
for all values of k. 
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This shews that the series 
14 2a + 3'e* 4+...4(n+1)a" +... 
is a recurring series whose scale of relation is (1 — z)™. 
It also shews that the series 
G+ 0,2 + 0,0 +...+ A_0" +... 


is a recurring series whose scale of relation is (1 —a)™ 
whenever a, is a rational and integral expression of the 
rth degree in n. 


335. In order to find the sum of any number of terms 
of a recurring series by the method of Art. 332, it is neces- 
sary to know the general term of the series; we must 
therefore shew how to obtain the general term of a 
recurring series when the first few terms are given. 


By Art. 333 the scale of relation of a recurring series 
of the rth order can be found when the 2r first terms are 
given ; and, having found the scale of relation, the genera- 
ting function is at once given by the formula of Art. 332. 


Now, provided the scale of relation can be expressed 
in factors of the first degree, the generating function can 
be expressed as a series of partial fractions of the form 


A ; 
EP of the form itt Gays and the coefficient of any 


power of @ in the expansion of the generating function 
can be at once written down by the binomial theorem; 
and thus the general term of the series is found. 


When the value of « is such that the given recurring 
series is not convergent, the generating function will not 
be equal to the given series continued to infinity nor can 
it be expanded in a series of ascending powers of w; but, 
taking as an example the generating function in Art. 332, 
My + (4, + P%) Y 

1+ py+qy’ 
ascending powers of y, if y be taken sufficiently small, and 


the expression can always be expanded in 
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the coefficients of y° and y' in this expansion will clearly 
be a, and a, respectively and all succeeding terms will 
obey the law a,+ pa,_,+ 9a. =0, and hence all the coefii- 
cients of the expansion will be the same as the corre- 
sponding coefficients in the given series. We may there- 
fore in all cases, whether the series is convergent or not, 
find the general term of a recurring series by writing 
down the expansion of its generating function in ascending 
powers of # on the supposition that a is sufficiently small. 


Ex.1. Find the nth term of the recurring series 3 +4” + 627+ 102° +... 


In an example of this kind, in which the order of the recurring 
series is not given, it must always be understood that what is wanted 
is the recurring series of the lowest possible order whose first few 
terms agree with the given series. In the present example there is 
a sufficient number of terms given to determine a recurring series of 
the second order, but an indefinite number of recurring series of the 
third, or of any higher order than the second, could be found whose 
first four terms were the same as those of the given series. [See 
Art. 327.] 


Assuming then that the scale of relation is 1+px+ qx, we have 
the equations 6+ 4p +3q=0, and 10+6p+4q=0, whence p= —3 and 
q=2. Hence the scale of relation is 1 — 34+ 22%, 

The generating function is therefore 

3+(4-9)¢_  3-5x Sheet 1 
1-82422? 1-3¢+227 1-2" 1-22 
=2{ltot+...F2" 1} 4 {14+ 204+,.,42e-1a"14+,,,}. 
Hence the general term of the series is (2+ 2%) 2*"1. 

The sum of n terms can now be found by the method of Art, 332; 

the sum can however be written down at once, for the sum of n 


terms of the series 2(1+2+27+...) is 2(1-2")/(1—z) and the sum 
of n terms of the series 14 27+4427+.,. is (1— 2"2")/(1— 2c). 


We may remark that the given series is convergent provided <4. 


Ex. 2. Find the nth term and the sum of n terms of the series 
143474+13+214+31+.... 


Consider the series 14+ 374727241323 + 2174+ 3125+... 


Then, assuming that the series is a recurring series, and also that 
a sufficient number of terms are given to determine the recurring 
series completely, it follows that the series is of the third order. 


Let then the scale of relation be 1+px+qx?+rz°; we then have 
the following equations to find p, q, Tr: 
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134+7p+3q+r=0, 
214+ 13p+7q+3r=0, 
and. 31+ 21p+13q+7r=0, 
whence p=-—3, q=3 and r= -1, 
so that the scale of relation is 1 -3”+43z?— x3, 
The generating function is now found to be 
1+? 2 2 1 


Hence the general term of the series 
143204 72?+... is a1 {n (n+1) —2n+1}=(n?—n+1) 2-1, 
Thus the general term of the given series is n?-n+1. 


Having found the general term of the series the sum of the first n 
terms can be written down, for the sum of n terms of the series 


whose nth term is n (n—1)+1 is ; (n-1)n(n+1)+n. 


Ex. 3. Find the nth term of the series 2+2+8+20+...... 


Considered as a recurring series of the lowest possible order, the 
generating function of 2+2x7+827+2023+... will be found to be 


2-22 
1-22 — 2a?" 
Now the factors of 1-22-22? are irrational, and therefore the 


nth term of the series, considered as a recurring series of the second 
order, will be a complicated expression containing radicals. 


On the other hand, by the method of Art. 329, we should be led 
to conclude that the nth term of the series was (8n?—9n+8) «2-1, 
which by Art. 334 is a recurring series of the third order. 


As we have already remarked, the actual law of a series cannot be 
determined from any finite number of its terms, and the above is a 
case in which it would be difficult to decide as to what is the 
simplest law that the few terms given obey, for the recurring series 
of the lowest order which has the given terms for its first four 
terms is not the recurring series which gives the simplest expression 
for the nth term, 


CONVERGENCY AND DIVERGENCY. 


336. We shall now investigate certain theorems in 
convergency which were not considered in Chapter X XI. 
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337. Convergency of infinite products. A product 
composed of an infinite number of factors cannot be con- 
vergent unless the factors tend to unity as their limit; for 
otherwise the addition of a factor would always make a 
finite change in the continued product, and there could be 
no definite quantity to which the product approached 
without limit as the number of factors was indefinitely 
increased. 


It is therefore only necessary to consider infinite pro- 
ducts of the form 


U(1l+u)=(1+u,)4+4u,) (14+ 4,)...d+4,)..., 


where u, becomes indefinitely small as n is indefinitely 
increased; and the convergency or divergency of such 
products is determined by the following theorem. 


Theorem. The infinite product Il (1+ 4,), un which 
all the factors are greater than unity, is convergent or 
divergent according as the infinite series Lu, is convergent 
or dwergent. 


Since e > 1+, for all positive values of a, it follows 
that 


(1 +4u,)(1+ u,) (1 +4,)...< em .6%. 6%... < eh tmTiet 


Hence, if Yu, be convergent, Il (1+ 4,) will also be 
convergent. 
Again, (l+u)Q+u,)>1+u,+4,, 
(141) (1 +4) (Lu) > (L-+u,+1,) (1-40) > 10,414 +4, 
and so on, so that 

II (1+ 4,) >1+ Zw,. 

Hence, if Su, be divergent, IT (1+ u,) will also be 

divergent. 


a(a+1)(a+2)...(a+n—-1).. sa eo 
Ex.1. To shew that 5 (b+ 1) (0+ 2)..(0+0=1) is infinite or zero, w 
n is indefinitely increased, according as a is greater or less than b, 


Sia. 29 
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For, if a>, the expression may be written in the form 


a-—b a—b a—b 
(a+ b 25") (14553) A eet (145 fora) 


which is greater than 


1 om | ; 
1+(a- {i+ b41+da2+ acc . 
But = : 5 ea z U —~_+... isa divergent series [Art. 274]: the given ex- 
bei’ 42 8 g 

eos is therefore infinite when n is infinite, a being greater than b. 

b(b+1) (b+2)...... 
If b>a; then as before, ———_-—__~——_ is infinite; and 

a (a+1) (a+2) ..... 

therefore + bee must be zero. 


Ex. 2, Determine whether the series 
a a(at+z) af (a+2) (a+ 22) 
b(b+a2) b(b+2)(b+22) °°" 
is convergent or divergent. 
From Art, 825, we have 
g.=—% { (a+) (a+2c).. -(a+n) -1} 
na+a—6 |b(b+2)(b+2n)...(b+n—-1.2) J° 
(a+) (a+2n) ...(atne) . 
b(b+2)...(b+n—12) 


Now by Ex. 1, 


is infinite or zero according 


> 
as ata — 


Hence the given series is convergent, and its sum is then 


b-a—x’ 


ifb>a+z. Also the series is divergent if b<a+2, 
Also if b=a+«a, the series becomes e+ ee ee which is 
known to be divergent [Art. 274]. 


338. The Binomial Series. We have already proved 
that the ee series, namely 


m(m=1) 95 , m(m—1)(m=2) 4 
1+ ma the eee o 7) ie peo me mena | ese 
is convergent or divergent, for all values of m, according 
as # is numerically less or greater than unity. 
If « = 1, the series becomes 
m(m—1) m(m—1)(m—2) 
ou 


1+m+ 1.2.3 + .o6 


CONVERGENCY. 425 


Now we know that the terms of this series are 
alternately positive and negative after the rth term, where 
r is the first positive integer greater than m+1. More- 
over the ratio u,,,/u, is numerically less or greater than 
unity according as m+1 is positive or negative. The 
series will therefore, from theorem V. Chapter XXI. be 
convergent when m-+1 is positive provided the nth term 
decreases without limit as n is increased without limit. 


N ree ne Pes n 
a: ~u (—m)(1—™m)...n—1—m) 


eae ee. (1 +i) (1 +57 ")...(1 ny ey 
u, mm l—-—m 2—m. n—1—m 
Now, if m-+1 be positive and less than r, the product of 
the factors from the rth onwards is greater than 
1 1 
+m) |S +o Res: ie 
and the product of the preceding factors is finite. 

Hence, when n is increased without limit, 1/u, is in- 
finitely great, and therefore u, indefinitely small, provided 
1+ be positive. 

Thus the binomial series 1s convergent if «=1, pro- 
vided m> —1. 


If « =—1, the series becomes 
m(m—1) m(m—1)(m—2) 
an | oo eo 


The sum of n terms of the above series is easily found 
to be [see Art. 287 or Art. 325] 


(1 — m) (2 — m)(8—m)...n-—1—m) 
1.2.3...n—1) 


The sum of n terms of the series is therefore [Ex. 
1, Art. 337], zero or infinite, when n is infinite, according 
as m is positive or negative. 

Thus the binomial series is convergent when x =—1, 
provided m ts positive, set ip 
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339. Cauchy’s Theorem. [f the series u,+u,+4, 
+...+u,+... have all its terms positive, and if each term 
be less than the preceding, then the series will be convergent 
or divergent according as the series u,+au,+ aug t+... 
+ Og +...%8 convergent or divergent, a being any positive 
anteger. 


For, since each term is less than the preceding, we 
have the following series of relations 


U,+U, +... +U,g< au, <(a—-1)y+4, 


aya + aya +++ + Ugr < (a — a) u, < (a—1) au, 


Cece soe oeeseeeesETe ont seHESEDSFOHEO®D 


Hence, by addition, S<(a—1)5+%...........- (1), 


where S and & stand for the sum of the first and second 
series respectively. 


Again, we have since a is < 2, 
a (u, +U, + U, +... + U,) > au, 


(yyy + Ug yy Het Waa) > @ (a? — @) Ug > A*tiga, 


CoCo eee eee eee seers eoeeEeeeesenes 


Hence AS > Bp thysneevnn os fest Paaie (11). 


From I and II it follows that if S is finite so also is &, 
and that if S is infinite so also is &. y 
Ex. To shew that the series ae is convergent if k be greater 

than unity, and divergent if k be equal or less than unity. 
By Cauchy’s theorem the series will be convergent or divergent 
according as the series whose general term is NY is convergent 


a® (log a™)* 
or divergent. 


CONVERGENCY. 427 


a™ eal 1 il u 
NOW ea (log a®)*~ “n* (loga)* (log a)* an? 


it therefore follows from Art. 274 that the given series is convergent 
if k> 1 and divergent if k+1. 


340. We shall conclude with the two following tests 
of convergency which are sometimes of use, referring the 
student to Boole’s Finite Differences and Bertrand’s Differ- 
ential Calculus for further information on the subject. 


341. Theorem. A series ts convergent when, from 
and after any particular term, the ratio of each term to the 
preceding is less than the corresponding ratio in a known 
convergent series whose terms are all postive. 


For let the series, beginning at’ the term in question, 
be 
UD =U tu, t Ugte FU, + oes 
and the known convergent series, beginning at the same 


term, be 
V =9, + 0, +0, + 20 $0, + eee 


shy wectth v 
Then, since ee < —# for all values of r, we have 


r r 
u,v U,V, V 
V0, 40) 24-952 49, 2 ee 
ee aa Oe 
uU, U,, U, U, U, U, 
>v, +0, 2+4, 7 +4, 4+... 
u, U, Uy, 3 Uy 


v 
> 1 (u, +, +U,+U,+-..)>4 U. 
U, U, 


Hence as V is convergent, U must also be convergent. 

The given series is therefore convergent, for the sum 
of the finite number of terms preceding the first term of 
U must be finite. 

We can prove similarly that if, from and after any 
particular term, w,,,:U, > 41° %,; and all the terms of Sw, 


have the same sign; then Sw, will be divergent if 2», be 
divergent. 
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342, Theorem. A serves, all of whose terms are posi- 
tive, is convergent or divergent according as the limit of 


n (1 = “est ws greater or less than unity. 


For let the limit of n (1 _ “at be @, 


Consider the series ae = Xv,; then 


+ ate = ‘GS {e +1)?—n®) _ Bn® + lower powers of n 
n( spa aa (n+1)® } 8+ lower powers of n 


Hence the limit of n( —"a), when » is infinitely 
great, is B. . 

First suppose a>1, and let 8 be chosen between 
a and 1. 


Then since the limit of n (2 - 3) is greater than 


the limit of n (1 — a , there must be some finite value 


of n from and after which the former is constantly greater 
than the latter. 


But when n(1 _ “ait) >n (1 —*s), 

we have Mat > Mat 
Or eo 

Hence, by the previous theorem, =u, will be conver- 
gent if Xv, be convergent; but Sv, is convergent since 
B>1. 

Similarly, if a be <1, and 8 be taken between a and 
1, we can prove that Zu, is divergent if =v, is divergent, 
and the latter series is known to be divergent when @ <1. 


If the limit of n (1 ie “es be unity the test fails. 
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oe ei ee oes Deke 
x s the series aa b(b+1) ars (bail (b+2)” 4-... convergent 


or divergent ? 


Here —_ = poms the limit of which is z. Hence, either from 


the beginning or after a finite number of terms, 
Yat > 

Un < 

Hence the series is divergent ifs >1, and conyergent if <1. 


If z=1, the limit of Sat is unity. But 
n 


n (a ttt) =n (a --*) P 
Un b+n 
the limit of which is b—a. 
Thus, if «=1, the series is convergent when b—a>1 and 
divergent when b-a<1. When b=a+ 1, the series becomes 
a a a 
7 a ba1 + b+27 sesnes , 
which is divergent. 
[These are the results arrived at in Ex, 2, Art. 337.] 


1 according as = if 


EXAMPLES XXXIV. 


1. Find the sum of each of the following series to n 
terms, and when possible to infinity :— 


(i) de se ST tOT 

bitaby Sat Does Lica 

(ii) By by APTOS 
Coy By ie Sea He 
3. 934D 3.0.7 


(i) §*g.10*8.10.12 
(iv) HM iels peel drone ee Se 
1p 14 16) 14 716,18 
9. Find, by the method of differences, the nth term and 
the sum of n terms of the following series :— 
(i) 24+24+84+204+38+.... 
(ii) 74144+19422+23+22+.... 
(iii) 1444114+26+57+120+.... 
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(iv) 14+04+14+8+4+294804193+.... 
(v) 1454+154+354+70+126+.... 
(vi) 14+2+294+1304+377+8664+1717+.... 


3. Find the generating function of each of the following 
series on the supposition that it is a determinate recurring 
series :— 

(i) 2440414074 520°+.... 

(ii) 1+ 38a + 11le*+43a°+.... 

(iti) 1+ 60+ 400° + 288a°+.... 

(iv) L+a+2a°+ 7x? + 14o*+ 35a°+.... 
(v) 1? + 27x + 3%? + 470° + Bat + 67° 4+... 

4. Find the nth term, and the sum of n terms of the 

following recurring series :— 
(i) 24+64+14+30+.... 
(ii) 2-5+29-89+.... 
(iii) 14+24+74+20+.... 


5. Find the nth term of the series 1, 3, 4, 7, &c.; where, 
after the second, each term is formed by adding the two 
preceding terms, 


6. Determine a, 6, c, d so that the coefficient of a” in 


2 8 
the expansion of a may be (n+ 1)*. 


7. Shew that the series 1’ + 2°x+3'x'+ 4’ +... is tho 
Q,t+G,0+...+ 02" 


expansion of an expression of the form (oa 


; shew 


also that a =0; and that a,_,=a,_,. 


8. Find the sum to infinity of the recurring series 
2 + Ba + 9x? + 150% + 25a* + 43054... 


supposed convergent, it being given that the scale of relation 
is of the form 1 + px + qu*+ra*. Shew that the (m+ 1)th term 
of the series is (2" + 21+ 1)a", 
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9. Find the sum to infinity of the series 
1 + 4a + lla? + 262° + 572* + 120a* + ..., 
a being less than $. 
10. Find the sum of n terms of the series 
x zero) | a (a +a) (e+) | 


co a ab abe 
ll. Shew that 
ae 
L+a exe *erae aD 
abc.. abe...kl 


* +a) (e+d).. Eee 2 a(e+a)(a+b)...(a+l° 
12. Shew that 


1 . lin (1+) (1+ 2n) 
ptn (p+n)(p+ 2n) * (p+n) (p + 2n) (p + 3n) 
1 
+ atp ntihty = Te 
provided that p>1 and p+n>0. 
13. Shew that, if m be greater than 1, 
1 z 1.2 1.2.38 
+aaa1* Gt) (+2) (m+ 1) (m+2) (m+3) 
m 
+... to infinity = 7° 


14. Shew that 
LK n—1 (n—1) (n—2) 1 
m+1 (m+1)(m+2) * (n+ 1) (m+ 2) (m+3) m+n’ 
if m+n be positive, or if n be a positive integer. 


15. Shew that, if n be any positive integer, 
n n(n—1) ; n(n — 1) (n— 2) 
n+l (n+1)(n+2) (n+1)(n+2) (n+3) © 
n (n—1)(n—2)...2.1 
* (m+1) (n+ 2)... 2m 


No) 
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16. Shew that, if m be a positive integer, 
2n+1  m(m—1) (2n+1)(2n+38) _ 
~ 949 1571.2 (ne 2) Ones) Oo 
“4 1.3.5... (2m—1) 
~ (Qn + 2) (Qn +4)... (2n+ Im)" 


17. Shew that, if m, n and m—n+1 are positive integers; 
then 


M n(n —1) m (m—1) 
i erae MEH (m—n+1)(m—n+2) 
4 w-1)(r—- 2) m (m—1) (m-— 2) 


1.2.3 (m—n+1)(m—n+ 2) (m—n+ 3) 


(m+ 1) (m+ 2)...(m+m) 


+ orate (ae 1) terme Coe 1) (nae Da nee) 


18. Shew that, if m+1>0, then 
es _lm(m— 1) 1lm(m—- SS ee 
a re Gem Ba 5 1.2.3 
“a 1 
~ (m+1) (m+ 2)" 
' 19. Shew that, if P, be the sum of the products r together 


of the first n even numbers, and Q, be the sum of the products 
r together of the first » odd numbers; then will 


L4+P,4+ Pl + ...00 +P =1.3.5...(2n+1), 
and a +Q=2.4.6... In. 
20. Prove that 
{a+(a+1)+ (a+ 2)+...+(at+n)} {a?+(@4+1)4+(a+2)+... 
+ (atn)=a'+(a4+1)P+...4+(a+n)* 
“i Shew that the series 
rie a’)(l-a*") (1-a")(1—-a*")(1- a") 
Toa *oaLae) cb Laan en an eee 


is zero when n is an odd integer, and is equal to (1 — a) (1 —a’) 
...(1—a@"”) when a is an even integer [Gauss]. 


i-2 
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22. Find the sum of the series 
mn a nr 1 n—2 i ut 
“" n(n+1)(n4 2)" 


93, Sum to infinity a hoe cata 


24. Sum, when convergent, the series 


x ae a 


T.2 + y.3¢ *i@stl)” voce 


25. Sum to infinity the series 
1.2.343.4.57+5.6. 70° +7.8. 92? + .ouy 
x being less than unity. 


26. Shew that, if ~ is a positive integer 


32 (82-3) eee nd ie ee ney 


ee 1.2 ‘e 


27. Shew that, if a,, a, @,,... be all positive, and if 
a,+a,+4,+... be divergent, then 


ee aaa eee 
a,+1 (a,+1)(a,+1) (a, + 1) (a+ 1) (a,+1) 


is convergent and equal to unity. 


+ eos 


28. Shew that the series 
De gt SD OME Oa ore, 
gmt gate Ams cia (n ce ib Re 


is convergent if a> 1, and is divergent if  } 1. 


+ so 


29. Shew that, if the series u,+U,+U,t... + Unt es be 
divergent, the series 


u, Ub u 
pas eS Z ot ee 


U, Ute, U, + Uy + oo + U,_, 


will also be divergent. 
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80. For what values of # has the infinite product 
(1 +a) (1 + ax) (1 + ax’) (1+ ax’)... a finite valuet 


81. Prove that, if v, is always finite and greater than 
unity but approaches unity without limit as m increases 
indefinitely, the two infinite products v,v,v,v,..., 0,v,0/U, «.. 
are either both finite or both infinite. 


32. Test the convergency of the following series :— 
A bs ios ots n* 
(i) Fs er eles 
(ii) dom Sle eles: 1 
I py 73! Se Sgt tee 
Gn 2 a 2.4 3 2.4.6 
o,4&: 3,5.60 5, eee 
2.4.6... 2n 
3.5.7...(an+1)(ant¢2) 
(iv) he 1.3 aa eS 
FS Ord oe a ee 
. 1.3.5 ...(2n-1) 
2.4.6.. ~2n(2n+1)* 
(v) af _ eat UBB +1) | 
ee rye Pak y(y+1) °° 
4 2(a+l) (a+ 2) B(B+1)(B+2) | 
1.2.3, Tee ea To 2's 


CHAPTER XXVI. 
INEQUALITIES. 


343. WE have already proved [Art. 232] the theorem 
that the arithmetic mean of any two positive quantities is 
greater than their geometric mean. We now proceed to 
consider other theorems of this nature, which are called 
Inequalities. 


Wote. Throughout the present chapter every letter 
is supposed to denote a real positive quantity. 


344. The following elementary principles of inequal- 
ities can be easily demonstrated : 

IL Ifa>b; thena+e2>b+a,anda—#2>b-—a. 

IL. Ifa>b; then -a<-—b. 

TIL Ifa>b; then ma> mb, and — ma <—mb, 

IV. Ifa>b,a >b,a’>b’, &.; 
then a+a’ +a”"+...>b4+04+0'+..., 
and aa‘a”... > bv'b”.... 

V. Ifa>b; then a™>b”, anda™<b™. 


Ex. 1. Prove that a3+b% > a%+ab?. 
We have to prove that 
a —a% —ab?+b%>0, or that (a?-b*) (a—b)>0, 


which must be true since both factors are positive or both negative 
according as a is greater or less than b. 
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Ex. 2. Prove that a“+a-" > a"+a™, if m>n. 
We have to prove thai (a“-—a")(1—-a~”™*) > 0, which must be 
the case since both factors are positive or both negative according as 
@ is greater or less than 1. 
Ex. 3. Prove that (2+ m?+ 7) (/?+m2+7n’) > tte +nn')?, 
It is easily seen that 
(2+ m+n?) (24m? +n'%) — (4+ mm! +nn'}A 
= (mn! — m'n)? + (nl! — n'1)? + (lm’ — I'm). 
Now the last expression can never be negative, and can only be 


zero when mn’ —m'n, nl’ —n'l and lm’ —I'm are all separately zero, the 


conditions for which are ee 2 = Le 
Voom 2 
Hence (P+ m +n?) (U7? -+m/24n) > (UW + mm +nn')*, except when 
t/U=m/m'=n/n', in which case the inequality becomes an equality. 


345. TheoremI. The product of two positive quanti- 
ties, whose sum is given, is greatest when the two factors are 
equal to one another. 

For let 2a be the given sum, and let a+ 2 anda—«¢ 
be the two factors. Then the product of the two quanti- 
ties is a? — a’, which is clearly greatest when @ is zero, in 
which case each factor is half the given sum. 


The above theorem is really the same as that of Art. 232; for 
ae sae 
from Art. 232 we have 


346. Theorem II. The product of any number of 
positive quantities, whose sum 28 given, is greatest when the 
quantities are all equal. 

For, suppose that any two of the factors, a and 5, are 
unequal. 

Then, keeping all the other factors unchanged, take 
4(a+b) and 4(a +b) instead of a and b: we thus, without 
altering the sum of all the factors, increase their continued 
product since 4(a+ b) x 4(a +5) > ad, except when a=. 

Hence, so long as any two of the factors are unequal, 
the continued product can be increased without altering 
the sum; and therefore all the factors must be equal to 
one another when their continued product has its greatest, 
possible value, 
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Thus, unless the n quantities a, 6, ¢, ... are all equal, 


abcd eat (Hae 
and therefore 
a+b+c+d+... 
n 


> (abcd ...). 


By extending the meaning of the terms arithmetic 
mean and geometric mean, the last result may be enunci- 
ated as follows :— 


Theorem III. The arithmetic mean of any number of 
positive quantities 1s greater than their geometric mean. 


Ex. 1. Shew that a?+b3+c3 > 8abc. 


a + 68+ ¢8 
3 


We have > #/(a®. 63. c’) > abe. 


1 y “ On n a Aq an, " 
We have = (2+ ctlaseass +3) > 9 (3.3.8 ></1. 


Aq as 
Ex, 3. Find the greatest value of (a—«) (b—y) (cx + dy), where a, 6, ¢ 
are known positive quantities and a—a, b—y are also positive. ° 


The expression is greatest when (ac—cx) (bd—dy) (cx+dy) is 
greatest, and this is the case, since the sum of the factors 18 now con- 
stant, when ac—cx=bd—dy=ca+dy. Whence the greatest value is 
found to be (ac + bd)? /27cd. 


Ex. 4. Find when a*yP et has its greatest value, for different values of 
x, y and z subject to the condition that s+y +2 is constant. 
Let P=2x*y®2’; then 


5-0-8) 

Ay ML 

g72) 2 yyy hides 
gia AR OEOE EIT a aie 

The sum of the factors in the last product is constant, since there 


are a factors each = B factors each y and y factors each = and 
therefore the sum of all the factors is w+y +2. 
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Hence, from Theorem I, (=)* (4)°(Z)" has its greatest value 


; x 
when ail the factors are equal, that is when = i =" a 

It is clear that P is greatest when P/a%s"y" is greatest, since 
a, B, y are constant; hence P is greatest when 2/a=y/B=z/¥y. 

In the above it was assumed that a, 8, +» were integers; if this 
be not the case, let n be the least common multiple of the denomina- 
tors of a, 8, y. Then ty? z’ will have its greatest value when 


a™*y"F2"7 has its greatest value, which by the above, since na, n8 


and ny are all integers, will be when Fata t , that is when 
na np ny 
agi Ae 
a poy 
Thus, whether a, 8, y are integral or not, xyz’ is greatest for 
values of x, y and z such thatz+y+< is constant, when z/a=y/B=2/y. 


347. Theorem IV. The sum of any number of 
positive quantities, whose product ts given, is least when 
the quantities are all equal. 


First suppose that there are two quantities denoted by 
a and 0. . 


Then, if a and 6 are unequal, (\/a ~ /b)’ > 0, and there- 
fore a+b>.Jab+./ab. Hence the sum of any two 
unequal quantities a, b is greater than the sum of the two 
equal quantities /ab, ./ab which have the same product. 


Next suppose that there are more than two quantities. 


Let a, b, any two of the quantities, be unequal. Then, 
keeping all the others unchanged, take ./ab and ./ab 
instead of a and 6: we thus, without altering the product 
of all the quantities, diminish their sum since ./ab + Jab 
<a+b. Hence, so long as any two of the quantities are 
unequal, their sum can be diminished without altering 
their product; and therefore all the quantities must be 


a to one another when their sum has its least possible 
value, 
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348. Theorem V. If m and r be positive, and m >r ; 
then, unless a, = Ay = A; = Ke., 


a," +a,"+...+4,” 
ns 
OE AOS A oe AOA OT + OY to tO 
n n 
We have to prove that 
n(a," +4," +...) >, +0," +...) (a,"" +4," 4+...) 
or that 
(n — 1) (a,” +a,” +.. )>% (aa shea), 
or that 


will be greater than 


> (a," +a," —4,"0,"" — a,"a,") > 0, 
every letter being taken with each of the (n—1) other 
letters. 


Now 
* m rr. m-r a r mr mr 
a, +a, —a,a,  —4, a,” = (a, = a) (4, ior: ) 
which is positive since a,’—a," and a,” ™ are both 


positive or both negative according as a, is ie or less 
than a,. 


Hence 2 (a,” + a,” —a,'a,"" —a,”"a,") > 0, 
which proves the proposition. 
By repeated application of the above we have 
2a," . Ea," af a,’ 


coe 


n mi genet a 
where a, 8, y,... are positive quantities such that 
atB+yt...... =m. 


Ex. 1. Shew that 3 (a?+03+c3) > @+b+c) (a?+6?+c%). 


Ex. 2. Shew that a+05+c> > abe (a?+b?+c%), 
+E5+c5 at+b2+c2 a +53 +03 


From Theorem V, > ent eg i 


a+b? + c? 
3, 
S. A, 30 


. abc, from Theorem III. 
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349. Theorem VI.* To prove that, if a, 6, ¢,... and 
a, B, y,-.. be all positive, then 
ecko 2 Sf et 
( a+b+c+... aa ea 

First, let a, b, c, ... be integers. Take a things each a, 

b things each 8, and so on. Then, by Theorem III, 
(at+a+... toa terms)+(8+ 8+... to b terms) +... 
at+b+... 
RUC Sa ee e 


Qa + OB ++. _ ator. 7/000 
“ehiticie  oe 


If a, b,c, ... be not integral, let m be the least common 
multiple of the denominators of a, b,c, ...; then ma, mb, 
me,... are all integers, and we have 


that is 


mad + mbB H+ ie matmd-+... ma Qmd 
ERE ee eee: 
F b atvt... 
Hence fetiet meg is tee ty [A]. 
1h it 
Cor. I. Puta sh, 8 = Po cess and let there be n of the 


letters a, b, ...; then 


n attr... 1 
ieee + =| > ab. 


atbt... 
. {tet eatl..: 
n 


Cor. II. Substitute in (A) a’ for a, 0" for 3,...3; also 
substitute a”” for a, b””* for B, ..., where m>r. 


a™ +O" +...) atorte. Meth glen 
St OF oe een Lon 


* See a paper by Mr L. J. Rogers in the Messenger of Mathematics, 
Vol, xvi, 
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Again, substitute a’, b’,... for a, 6, ... respectively, and 
a’’, b°’,... for a, 8 respectively, where t<r. 


Then et 
a’ it iM se Oe a a rT Bf ir 
eye Deane! 
SUE at+0'+... pe) = 
ee eS < {a* b.. at eects [C}. 


Hence, as m—r and r—¢ are both positive, we have 
from [B] and [C] 


1 1 
= +b" + = joert =" 
a’ +O6'+... a’+b'+... ‘ 
Hence, provided m>r >t, 
{a™-+b"+...}"*x {a"+b"+...}° "x far +d'+...}"%>1....[D]. 
The following are particular cases of [D]. 
Put ¢= 0; then, since a? + 0°+... =n, we have provided 


m>r 
n n 


Again, put t=0, m=1; then since m>r>t, r must 
be a proper fraction. 


Hence, if r be a proper fraction, 
ee Oe se [F}. 


n n 
Again, put t=0, r=1; then m>1. 
Hence, if m> 1 we have 


easy Ie aden 
n n 


Now put m=1, r=0, then ¢ is negative. Hence, pro- 
vided t be negative, 


(a+b+...)* xn x (a+ b'+...)>1; 
~ @+0+...  (at+bs... 
Sh > (Se) eee HT 
380—2 
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From [F}, [G] and [H] we see that 
a*+6*+...>[at+b+...]? 
Rae al 
according as # is not or is a proper fraction. 
350. We shall conclude this chapter by solving the 
following examples. [See also Art. 133.] 


Ex. 1, Shew that, if s=a,+a,+...+¢,,; 


ach gl aed oe eee ia unless a, a, 

ale ae =4,>=...= ° 
8-, | 8—Qy 8-d, n-1’ aR, Me 
Unless a,=a,=...=a,, we have 


al 8 8 8 La 3% 
Gers + Ao ttz) on a/ Grae 
and ae es > W/{(6—a,) (8 a)... (2 —a,)}. 


By multiplication, since (8 — a) + (8 —a@q) +... + (8—a,) = ns —8, 
we have 
ecko fa Maer NLD er : )>1 
na 8— a, 8—dy os Pa all 
Ex. 2. Shew that, ifa+b+c+d=3s, and a, b, c, d, 8~—d, 8—b, 8—c, 
s—d are all positive ; then will 
abcd > 81 (s — a) (8 — b) (s —¢) (s—d). 
For 3A/{(s — 0) (8—c¢) (s- d)} <{(s— 0) +(s—c)+(s—d)} <a, 
So also 3x/{(s—c) (s—d)(s-a)}<b, 38/{(s—d) (s—a) (s—b)} <e, 


and 3A/{(s — a) (sb) (s—c)} <d. 
Hence 81 (s — a) (s — b) (s —c) (s — d) < abcd. 


2 2 2\ xyes 
Ex. 3. Shew that (ASS) > x*y¥2*, unless e=y=z. 
T+y+e% 


First suppose that 2, y and ¢ are integral; then by Theorem III. 
(t+2+... to x terms)+(yt+y+... to y terms) +(z+z+... toz terms) 
E+Y+E 

> OHH) (xP ye) ; 
2 2 2\ ary+s 
Hh (ee) > xyz", 
Z+ytz 
If x, y, # be not integral let m be the least common multiple 
of their denominators; then ma, my and mz are integral, and we 
have by the first cage 
mx? +my? + m2z2 marmy+me oe 
( mas +- my + me ) gies: 
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that is 


a2 2 4 22\ mM (etyt8) 
te) x mmn(xt+y+s) — (a*y¥2s)m x min (otyta 


z+rytz 
; — xtyts 
$i ear) 


The Theorem can in a similar manner be proved to be true for any 
number of quantities. 


> a yVz8, 
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Prove the following inequalities, all the letters being 
supposed to represent positive quantities :— 


lL pert cart ary?’ t ayz(e+y+2). 
2 (a7? +a? +ar+......)(O7 + O74 0% + ..200 ) 
+ (a,b, +.4,0,+4,b,+...... hie 


a, , @ a, 
3. (a,b, +4,5,+4,), + azanee) & + i Fee ) 
t (4,44, +4, +...... rs 


4. a6 +b’ t a’d+ad’. 


5. (2+¥+2) (E4542) 09. 

6. (a+b+c) (a? +b? +0*) + Iabe. 

7. acd+b'ad + c’ab + d’be + 4abed., 

8. (be+ca+ab)* t 3abc(a+b+e). 

9. at+b++c + abe (a+b+0). 
10. a8 +b5+e5+d° + abcd (a+6+¢+d). 


CL a—a 


11. en Rae bap 
Le eee ie ost 1 1 
_— _ _— —— + —_ +-—= . 
3. Bia Mee o/b Joa fab 
13. Shew that, ifa,*+a?+...... +2, =, 


then NG > (2, + Ly t eros +%,)"> a. 
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14 Prove that, if x,, x, &,,...... ,#, be each greater than 
a, and be such that (x,—«@)(#,—@)...... (x,—a)=6", the least 
value of x,a,2,...0, will be (a+), a and 6 being positive. 


1g eeShavethai aaa Ls hha ale 


ay + bx a+b ~ 
2 2 2 9 
16. bist a eee 
3 io 3 3 16 
Me biosd’ cid mwa a ee eee 


18. Shew that ifa>6>c; then 
a+ 3) b+ “y 
——) <(-—). 
e Ge 
19. If 2*=y*+2*, then will x” Bg +2" according as n™ 2. 
< 


1 
20. Shew that (abcd)?**+* lies between the greatest and 
ese ow 
least of a’, bY, c’, d*. 


21. Shew that l+a+a*+...... +a" + (2n+1) 2%. 
22. Ifmn bea positive integer, anda>1; then 
a+) a 
nel uel 
23. (m+1)(m+2) (m+ 3)......(m+ 2n—1)<(mtn)"", 


24. Shew that, if all the factors are positive :— 
abe + (b+¢—a) (c+a—b) (at+b—c). 
25. abed + (b+¢+d—2a)(c+d+a— 26) (d+a+b—2c) 
(a+b6+c—2d). 
26. a,240,...0, ¢ (n—1)* (ea) (8—a,)...(@—a,), 
where (n—1)8=a,+a,+...... +4, 


27. If a, 6, ¢ be unequal positive quantities and such that 
the sum of any two is greater than the third, then 
1 f A _ vi ted, ee 
b+c—a c+a—b at+b—-c at+b+e'’ 
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28. Shew that, unless a=b=c, 

(6—c)?(b+c—a) + (c—a)* (c+ a—b) + (a—b)’ (a+b—c)>0. 

29. Shew that, if a, 6, ¢ be unequal positive quantities, 
then 

a? (a—b) (a—c) +5? (b—c) (6—a) +c (e—a) (c—b) > 0. 

30. Shew that pat "+qa"?+ra’!>ptq+r, unless x=1, 

or p=q=r. 
1.3.5...(2n—1) 1 
se ee cialis OA Ee ERY, gore he 


ate i (oi 1) 3 
he linea Ban Sede) <a/ ead 


33. Find the greatest value of a*y?2’, for different values 
of x, y, and z subject to the condition that aa*+ by? + cz = d. 

34 Prove that, if n> 2, (|)"> n*. 

35. Shew that, if » be positive, 

(1L+a)"(1 +2") >2"*'a", 

86. In a geometrical progression of an odd number of 
terms, the arithmetic mean of the odd terms is greater than 
the arithmetic mean of the even terms. 

37. Prove that, if an arithmetical and a geometrical pro- 
gression have the same first term, the same last term, and 
the same number of terms; then the sum of the series in A, P. 
will be greater than the sum of the series in @. P. 

38. Shew that, if P denote the arithmetic mean of all 
those quantities each of which is the geometric mean of r out 
of nm given positive quantities; then P,, P,,..., P, are in 
descending order of magnitude, 

39. Shew that, if s=a+b+c+..., 


eee Gen a): 


n being the number of the unequal positive quantities a, 5, ¢, o.. 


40, Shew that, if m be any positive integer, 


26") > (n+ 1) (7) (Sy bf (—*3) BF 


CHAPTER XXVIL 
CoNTINUED FRACTIONS. 


851. ANy expression of the form a+b _ 
cid 


e+ &e. 
is called a continued fraction. 


Continued fractions are generally written for con- 
venience in the form 
£ 


b a 
SES RT Ce ce 


352. The fraction obtained by stopping at any stage is 
called a convergent of the continued fraction. Thus a and 
at : , that is 7 and eek , are respectively the first and 

d 


: : b 
second convergents of the continued fraction Gis rer 


The rth convergent of any continued fraction will be 
denoted by = : 


The fractions a, 4 = &c. will be called the first, 


second, third, &c. elements of the continued fraction, 
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$53. Inacontinued fraction of the form a+ ~ ar 
where a, b, c, &c. are all positive, the convergents are 
alternately less and greater than the fraction itself. 


For the first convergent is too small because the part 


b : : 
ni aptt is omitted; the second convergent, as is too 


great because the denominator is really greater than ¢; 


then again, the third is too small, because c+ A is greater 
d 
than c+ ee} and so on. 
354. In order to find any convergent to a continued 


fraction, the most natural method is to begin at the 
bottom, as in Arithmetic: thus 


a a, a, = Salads ia feed _— a,b,b, + a,4, 
b, - b, = b, < b + aD, ie b,b,5, ay ba, a a,b, ; 
; bo, a a, 


If only one convergent has to be found, this method 
answers the purpose; but there would be a great waste of 
labour in so finding a succession of convergents, for in 
finding any one convergent no use could be made of the 
previous results: the successive conyergents to a continued 
fraction are, however, connected by a simple law which we 


proceed to prove. 
355. To prove the law of formation of the successive 
convergents to the continued fraction 


a, a 


Os age ee 
at+ b, + a b, + ecoees 
The first three convergents will be found to be 
a ab,+a, ab,b, + aa, + 4,0, 
Ce ee ae Ea 
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Now the third convergent can be written in the form 


(ab, + a,) b, + (a) a, 
6 641,40, 6” 


from which it appears that its numerator is the sum of the 
numerators of the two preceding convergents multiplied 
respectively by the denominator and numerator of the last 
element which is taken into account; and a similar law 
holds for the denominator. 

We will now shew by induction that all the convergents 
after the second are formed according to the above law 
provided there is no cancelling at any stage. 

For, assume that the law holds up to the nth con- 
vergent, for which the last element is a,_,/b,_,, and let 
p,/q, denote the rth convergent; then by supposition 


Py = 9,1 Panay F Oy Dyn and qs = bass Yana +-UyisJn_oe -(i). 
Then the (n+1)th convergent will be obtained by 


changing 5 into fm" 7°, that is into p- “eae 
nln n 


Hence in (i) we must put or 6, for a, , and 6, 1b, +a, 
for 6, _,; we then have 


Poss = (y-15, + pq) Dat + %q-10p Pome 
= 5 (0,-, Pens + % qs Dae) + a Da. 
=b, p, +4, 9,4 [from i.]. 
Similarly Guu = 0,9, + Qua 


Thus the law will hold good for the (n+1)th con- 
vergent if it holds good for the nth convergent. But we 
know that the law holds good for the third convergent ; 
it must therefore hold good for all subsequent ones, 


Cor. I. In the fraction a,+ noah 
a, +a,+ 


Pa = Gy Page Pae and ee A! Pat ial! Per 


CONTINUED FRACTIONS, 449 


ar BELL, 
Cor. II. In the fraction Fa Need Fag 


Pa = b, Pas a Qn Pa-s and q, ae D.Qn-1 ‘. Bn Tn-2° 


Ex. By means of the law connecting successive convergents to a 
continued fraction, find the fifth convergent of each of the following 


fractions : 
Tie Re PG | See Fe a ee Pea 
clita ya free © ear ema er 
eels eee S- 452 & pL Ay Taney Hea 
Gi) 545404546" kf eh ME Seah 
Barnes ane We ine 
( flee ee FU er els Tn ipa Oatley 
wee 7288. 2 viiyt 2 212 
Cleese ts 5 Sa Nasa elay Wes hey bangs, So 


Ans, 4, £85 veda, va ? ray) 12%, $3, Se 


856. The convergents to continued fractions of the 
f Be Als nk 
ape be vat? 
integers, have certain properties on account of which 
such fractions have special utility: these properties we 
proceed to consider. We first however shew that any 
rational fraction can be reduced to a continued fraction 
of this type with a finite number of elements. 


.., where a, b, ¢, d,... are all positive 


For let i be the given fraction ; then, if m be greater 
than n, divide m by n and let a be the quotient and p 
the remainder, so that =a + e. Now divide n by p 


and let b be the quotient and g the remainder; then 


phot Now divide p by q and let ¢ be the 
ee ae 

=. += 

P P 


quotient and r the remainder; then ; 
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proceeding in this way, we find = in the required form, 
1 
namely 0 a ee 
n n 


P 

Since the numbers p, q, 7,... become necessarily 
smaller at every stage, it is obvious that one of them 
will sooner or later become unity, unless there is an 
exact division at some earlier stage, so that the process 
must terminate after a finite number of divisions. 

It should be noticed that the process above described 
is exactly the same as that for finding the @.c.M. of m 
and n, the numbers a, 8, c,... being the successive quo- 
tients. On this account the numbers a, 6, c &c. in the 


continued fraction aaa : ... are often called the 
b+et+ 


first, second, third, &c. partial quotients. 
It is easy to see that the continued fractions, found as 


above, for ~ and = , where & is any integer, will be the 


same. 


Ex, Convert <>, and 8*14159 into continued fractions, and find in 
71 355 

th h aeets eee 

each case the fourth convergent. Ans i’ 113 


357. Properties of Convergents. Let the continued 


fraction be a,+ = +, and let a denote the nth 


a+ a, + 
convergent. 


I. From Art. 355 we have 


Pa Pn __ On Peat? Lees P22 Un-1 ~ Pus Un2 . 
Qn Vn-1 a,, nt ag qn-s Va-1 qn a y 


% Pilea PQs = DG = Pade: 
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So also in succession 


Pas Qn-a i. Pro A aie OL Vas a: Pr-s Chal 


PGa — Pie = — (Pa, — P:2)- 
But PAs — Pre = (4,4, +1)- a,0, = 1. 
Hence p,Qy4 — Pn-rIn = (— 1)” cesceeesen esse eeaaeeenes (i). 
jis A | 
Wn Unt Mn Un-s 


Hence also 


Cor. In the continued fraction a LOL et , which is 
a,+ a, 


less than unity, we have 


Ls ps 1 Be 
in = =(—1)" : and Po _ Pro = (lin: ° 
P92" Pat. = (—}) it een rare 


Il. Every common measure of p, and g, must also be 
a measure of P,9,-1—DPe9n> that is, from L, a measure of 
+1. Hence p, and g, can have no common measure. 


Thus all convergents are in their lowest terms. 


if 1 
III. Spy ggale Wie Ur ibaa er 


obtained from the nth convergent by putting aes Po 
n ‘n+1 


..; then F' will be 


in the place of = ; 


it 
(a, +— 4 (a ha yt ae 
Hence F Oe ea ee) es Par AP nat : 
a, + eo ) + Wn + AGQy-1 
( ‘* nas xf eos OL Oi rs 


eo : 1 ; 
where 2 is written instead of —-_..., so that A 1s some 
n+l 
positive quantity less than unity. 
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— Po Pat rPms Py (Pn 1%n — PaGn-s) 
pene Qe Ia trA™Yns In Un (Jan t Any) 
sre Cain 
qu (Qn + Gn)” 


Pat Puy Poor _ (Pn Gna — Pus In) 
Vat Vn an MGn-1 Vu-1 Vn-1 (Z, as Aq,-1) 
Se. 
V1 (%, Ps AQ, -1) 
Now A is less than 1, and q, is greater than Y,-13 hence 


F ~Ps is less than F~ 2 : 
Vn Vn-1 


Thus any convergent is nearer to the continued Fraction 
than the immediately preceding convergent, and therefore 
nearer than any preceding convergent. 


IV. If any fraction, ; suppose, be nearer to a continued 


fraction than the nth convergent, then” must from IIL be 


also nearer than the (n—1)th convergent; and, as the 
continued fraction itself lies between the nth and the 


(n—1)th convergents [Art. 353], it follows that ; must 
also lie between these convergents, 
Hence 2 ~2 must be < Past ~ Po. 
Rod Y 2-1 q, 
Le. — ¥y Be Inns & < Z ‘ 
ay y¥ Vn Int 
“. ¥ must be > 4, (p,.y ~g, a). 


Hence, as all the quantities are integral, y must be 
greater than q,. 
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Thus every fraction which is nearer to a continued 
fraction than any particular convergent must have a greater 
- denominator than that convergent. 


V. We have seen in III. that 


1 
ie ee ee 
Qn-1 Vn-1 CA ts G1) 1 
where 2 is a positive quantity less than unity. 


1 
Hence F ~ Pua > ——S————— 5 
Ge, 0240529.) 


also j et oc 


IPA Yn-1 Gn 
Thus any convergent to a continued fraction differs 
from the fraction itself by a quantity which lies between 


ee tively th 
we and dd, +d,’ where d, and d, are respectiwely the 


denominators of the convergent in question and the neat 
succeeding convergent. 


Ex. 1. Shew that, if p,/¢, be the rth convergent to the continued 
1 


1 
ti = = 
frac ia aioe or “ 


aes 1 ~ 1 


Pra-1 P Gig4 + 
For we have p,=d,Py-1+Pn—o» 


Pa-1=%-1Pn—-a t Pn—a» 


OO0 woe wet tee tess ee 


Po=4p,+1, and p,=a. 


Hence 2" = diy + on = one = O,+ 
‘n—-1 Pp-1 Pro- ee Pu-s 
Pn—-a edited 
1 1 Il py, 
re yy + Aqy_g + +Og+ Pa 
n ana rs peaees de ay er a, ae a," 
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It can be proved in a similar manner that 


a, NONE, EE 
Ina” Ign t+ Og + A 
waa Leal F - 
Ex. 2. To shew that Pegi ae oe get to n quotients, where n is 
@ positive integer. 
We have 
n I n—1 1 2 1 
wel” Soaclh Ga ee eae ae fs 
ear n—-1 2 
n bah He i A 
Hence inte to n quotients. 
aa 
Ex. 3. Shew that, if p,/q, be the rth convergent of 2 b4b454°°3 


then will p,4;=4y- 


ii a Pn _ a9 n, - 
Qat1 Ot dn Unt Pn 


Hence fyi; =47q> 
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1. Shew that, if Py bs : Ps be three successive convergents 


1 3 
to any continued fraction with unit numerators, then will 
Pa Pi *%—% HPs * U3 


2. Shew that, if 


De 28 a, a, 
= be the mth convergent of % ME eg ee 
then will p.9,_,—p,-,9,=(-1)"" aa,......0,. 


3. Two graduated rulers have their zero points coincident, 
and the 100th graduation of one coincides exactly with the 
63rd of the other: shew that the 27th and the 17th more 
nearly coincide than any other two graduations, 
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4. Shew that, ifa,, a,,...... , 4, be in harmonical progression ; 
then will“ =. = cr 
en A ets el eae 


5. Shew that 
1 1 a 
i+ Vena ashe aa ates Ph 
na, +na, + na, + ze nad,+a,+na, + 
baat fly Het k 
6. Shew that, if P= pica” Sete 
iy ote he 
d = Fae lod fh 
ei Gee end + i? 
then will P(a+Q+1)=a+Q. 
7. Find the value of 
n n—1. n—-2 2 1 xk 
Wana ee ee 
8. Shew that, whether n be even or Ride £ : 
71 -4-1-4- 


: 2n 
to ~ quotients = ——. 
% Y ents ant 


9. Prove that the ascending continued fraction 


geet 0, fe anal tee ee junk Pas 
a, a, a, Wi: a, aa, 4,40, ; 


10. If 2 be the numerator of the nth convergent to the 


fraction % “% |. shew that a linear relation connects 
6, +, +6, + 
every successive four of the series Pry Pr Pps and find 
what the relation is. 
Beret gs Nig 


11. If p,/g, be the rth convergent of - Fr aeilgn, °° 


shew that p, ,,=P,, + 0g, and that g,,,,=ap,, + (ab + 1)q,,. 
S. A. 31 
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DE Pla be the rth convergent of the continued fraction 
1 Legg: 


Loe | 
AEE cs ea: at: ..., Shew that p, ss= Op, + (be +1)q,.. 
Gas .0vee0 
13. If p,/g, be the rth convergent of POET es 


shew that p,, %,,-1 — Yon Pan-1 = — 00". 


14. Shew that, if a be the nth convergent to the continued 


fraction 
fre RN Re | 
Gee. +a we bee then Tan Pans and bd en +1 = Pan + WP oq 
Tse “Ghee thats ae cts oes ae eee el 
q b+teo+ “k+l? 
ae LL ee eee 
l+k +" 4+0+b +a Ltk+  +e+6 pq’ 


16. Shew that, if 7 be converted into a continued fraction, 


the first quotient being a, and the convergent preceding A being 


P ; then, if @ be converted into a continued fraction, the last 


convergent will be (P — aQ)/(p— aq). 


17. Shew that, if j and®, be any two consecutive conver- 


q 


gents of a continued fraction , then will Hy, Ez = 2° according as 


P>P 
759 


358. To find the nth convergent of a continued 
Fraction. 

We have in Art. 355 found a law connecting three suc- 
cessive convergents to a continued fraction, so that the 
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convergents can always be determined in succession. In 
some cases an expression can be found for any convergent 
which does not involve the preceding convergents: the 
method of procedure will be seen from the following 
examples. 


Ex.1. To find the nth convergent of the continued fraction 
11.8 8.5 5.7 
8+ 444+ 4 4°°° 


(2n — 8) (2n —1) 
4 


Here the nth element is , and therefore 


P= 4Pq— + (2n — 3) (2n—-1) py_g- 
The above relation may be written 
Py — (20 +1) Py = — (2-8) {Py_y — (22-1) py_g}- 
Changing n into n—1 we have in succession 
Py-1 — (2n— 1) Pyp_g= — (2n- 5) { Py_g— (2n— 3) p,_3}, 


POS OOS POST e HOE HHH ees — Hone ee Hee sereeEs ee see Hes OEeees eee 


Ps— TPg= — 3{p,— 5p}. 
But, by inspection, p=1, p,=4; .. pg—5p,=-1. 
Hence p,—(2n+1) p,_,;=(-1)"—1 (2n—-8) (2n-5)...3.1. 
Then again 


Pn pi Pra = (= 3)*— 
1.3...(2n4+1) 1.8...(2n-1)” (2041) (2n-1)’ 


Se Pore esos eres oaseeees — seers ser seese® 


and 1 — 
aga ages 21) ea (= Dre 
1.8.5...(Qn+1) 1.3 3.6. °°" (Qn+1) (2n-1) 


Since the denominators of convergents are formed according to 
the same law as the numerators, we have from the above 


In — (20+1) dys = (—1)*-93 . 5... (20-8) {4g- 54} =0, 
since q,=3 and g,=15. 


Hence 


31—2 
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Hence 


In = Vn-1 pe, ee Pe ee Te 
(2n+1)(2n-1)...8.1 °° (2n—1)...8.1°°"" 6.3.1 3.1 * 


 In=1.3...(2n—-1) (2n+1), 
Hence p,/q,, the nth convergent required, is 
Lh ee Aa ities 
1.8 ° 8.5" " (2n—1) (2n+1)° 
Ex. 2. To find the nth convergent of the continued fraction 
1 2 3 4 
1424+34+4+°°° 


The necessary transformations are given in Ex. 5, Art. 251. 


al 1 (-1)"7 
It will be found wel te Nae ca a Sees * jn+1l ” 
Rte (-1)" 
and that Saye RC anes 


859, Periodic continued fractions. When the 
elements of a continued fraction continually recur in the 
same order, the fraction is said to be a periodic continued 
Fraction ; and a periodic continued fraction is said to be 
simple or mixed according as the recurrence begins at the 


beginning or not. 
Thus a+ 


is a simple, and 


is a mixed periodic continued fraction, 
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360. To find the nth convergent of a pertodic continued 
fraction with one recurring element. 


b6 b b 


Let the fraction be a+- - -_... Then, for-all 
Ore +e+ 


convergents after the second, we have p,=cp,_,+ bp,, 
where 6 and ¢ are constants, that is, are the same for all 
values of n. 

Now, if u, + uo+u,o'+...+u,2""+... be the recurring 

: : A+ Ba 
series formed by the expansion of apes eet the suc- 
cessive coefficients after the second are connected by the 
law u,=cu,_,+bu, Hence, if A and B are so chosen 
that u,=p, and u,=p,, then will wu,=p, for all values of 
n. The necessary values of A and Bare respectively p, 
and p,—cp,, that is a and 6, 

Hence the numerator of the nth convergent to the 


: ‘ b q . phe 
continued fraction a +- ... 18 the coefficient of a" in 


e 
c+ct+ 
: a+ be 
the expansion of ee Shas 


Similarly the denominator of the nth convergent is 


° a-1 : : q: as CA se cq,) nd 
the coefficient of z** in the expansion of mas teres 


that is of Ter bo . 


Ex.1. Find the nth convergent of the continued fraction 


1 3. 8 3 
7340405" 
The numerator of the nth convergent is the coefficient of £*- 
: 1432 é 3 
in the expansion of ey ee that is of (1-82) ~ 2430" 
i 
Hence Pa=z {8"+(—1)"}- 


Also q,= coefficient of 1*~1 in the expansion of 


pending yaeemoe 
[-22—382? 4(1-382a) '4(1+2)° 
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Hence tn=4 {3 --(—1)"}. 
9 t+ (—1) 
Thus the nth convergent is 2 Be (= 1)" 


Ex. 2, Find the nth convergent of the continued fraction 
ane ate 
b+d+b+a+ 
We have Pon=4Pon—1 + CPan—a9 
Pan—1= OPon—2 + Pon—s» 
Pon—2= Pons + CPon—4° 
Hence, eliminating po, 20d Pon_3, we have 
Pon — (@+6 +4) Pon—g+ UCPon—4=0- 


Since the last result is symmetrical in a and c¢, and also in 8 
and d, it follows that 


Pan—1— (@+¢ +4) Pong t+ CPon—5= 0 
Hence the relation 
Pa-(a+¢+04) Py_ot WPy4=0 
holds good for all values of n. 
Hence py, will be the coefficient of 2*~1 in the expansion of 
A+Ba+Cx?+ Dz 
1-(a+c+bd) x*+acz4’ 


provided the values of A, B, C, D are so chosen that the result holds 
good for the first four convergents. It will thus be found that p, is 
the coefficient of 2*-! in the expansion of 
a+adz —acxz? 
1- (a+ce+4bd) 27+ aca” 


It will similarly be found that q, is the coefficient of «"~! in the 
expansion of 


b+(bd+c)2—aca* _ 
t—(a+c+bd) 23+ aca** 


361. Convergency of. continued fractions. When 
a continued fraction has an infinite number of elements it 
is of importance to determine whether it is convergent or 
not. When an expression can be found for the nth con- 
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vergent, the rules already investigated can be employed; 
the nth convergent cannot however be often found. 


In the continued fraction ay 


ies it i 
ev eae it 1s easy to 
shew, as in Art. 357, that 


Pa _ Pret —(_ yet Har 


Qn Yn Gn-1 Un 
and hence that 


, 


bE Tote PE Neal AE GN Ry Ng te ke” 
Yn q VEE n= In 
Now, if all the letters are supposed to denote positive 
quantities, the terms of the series on the right are 
alternately positive and negative; also each term is less 
than the preceding, for the ratio of the rth term to the 


@, Vrs 


preceding term is , which is less than unity since 


p= 0,,4+%,4- Hence the series, and therefore the 
continued fraction, is convergent provided the nth term 
diminishes indefinitely when n is indefinitely increased. 

It can be shewn that the condition of convergency is 
satisfied whenever the ratio },.b,_, : a, is finite for all 
values of n*. 

For let b,b,_, be always greater than k.a,, where k is 
some finite quantity. 


Then u, = GO 1a a AO, -+- An 
n 


; 
rgarion Ha ge ens ae) 


b k k 
But ae Vn-17 b | q.17 i (Oe Op + Co ae Caaey, > Ke 
= n-1 n-1 


D1Ag 00+ Una 
Yn1Gn-a(L +)” 
a,%, 
99,1 +k)" 
* Todhunter’s Algebra, Art. 783. 


Hence u,< 


Whence u, < 
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But (1+4)"” increases indefinitely with n, since k is 
finite; hence wu, decreases without limit as n is increased 
without limit. : 

We have therefore the following Theorem. The 


ne -- 0. Oten. 

infinite continued fraction Sp Fae FES in which all the 

letters represent positive quantities, is convergent tf the ratio 

bd, : a, 18 always greater than some fixed finite quantity. 
It should be remarked that any infinite continued 


fraction of the form ret = 
Oo+¢+ 
are positive integers, is convergent. 


ase M- Which a, 6 a... 


362. In the following five Articles the continued 
fractions will all be supposed to be of the form 
(eae 
og ROPER 

This form of continued fraction possesses two great 
advantages, for we know that every convergent is in its 
lowest terms, and we can also see by inspection, within 
narrow limits, the difference between any convergent and 
the true value. 


.., where a, b, ¢,... are positive integers. 


*363. Theorem. very simple periodic continued 
fraction 1s a root of a quadratic equation with rational 
coefficients whose roots are of contrary signs, one root being 
greater and the other less than unity. Also the reciprocal 
of the negative root 1s equal in magnitude to the continued 


Jraction which has the same quotients in inverse order. 
Let the fraction be 
ean ab) eee ae eet eal 
b+e+°°+k+l+at+b4°"" 


U 


Let Gand Z be the last two convergents of the first 


* Articles 363, 364, and 368 are taken from a paper by Gerono, 
Nouvelles Annales de Mathematiques, t. 1. 
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period. Then 


gate tl. 
a) + Q’’ 
7 @Q +a (Q' —P) — PP’ =0....ceceeeee (a). 


The roots of (i) are obviously of different signs, and the 
positive root is the value of the continued fraction. 


Now, from Art. 357, Ex. 1, 


cS one 1 1 
Pee ke + ba? 
itp cal uf 
and oo ee Om Es 
: 1 » ed ee 
Hence, ak rh ed org as | aA RS 
we have y= pete 
UP! + y (Q —P)— Q=0....ccesees (ii). 


The roots of (ii) are obviously of different signs, and the 
positive root is the value of the continued fraction 


1 il 
k+° +a4¢14+°°" 

From (i) and (ii) we see that the positive root of (ii) is 
equal in magnitude to the reciprocal of the negative root 
of (i); and therefore the reciprocal of the negative root of 

regent) 
(i) is ( shipaieisrg pea pey te 

The positive roots of (i) and (ii) are both greater than 
unity, as may be seen by inspection; the negative root of 
(i) must therefore be less than unity. 

Laat 2 


The fraction : ep ; Led} bales pet” requires no special 


[+ 
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ret : 1 
examination, for we have only to change w# into a and 


iat i 
atbo+"°+k+l+a+ 
positive root of P’2’—(Q’—P) «—Q=0, and the negative 
root is — {147 - E +. 
k+°" +b+a 
Hence, as before, one root of the quadratic equation in 
x is greater and the other is less than unity. 


y into Fi thus .. is equal to the 


364. Theorem. very mixed periodic continued 
fraction, which has more than one non-periodic element, 18 a 
root of a quadratic equation with rational coefficients whose 
roots are both of the same sign. 


Let the fraction be 


o~OT RL kta b hh fee od eee 
and let 

Ryd biaid 
oa B+ t+ut+vtat+h+ °° 


Let os and - be the two last convergents of the non- 


periodic part; then 


Let o and 7 be the last two convergents of the first 
period of y; then 


The elimination of y from (i) and (ii) will clearly lead 
to a quadratic equation in # with rational coefficients. 
Now, if the positive root of (ii) be substituted in (i) we 
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shall clearly obtain a positive value of 2, and this will be 
the actual value of the given continued fraction. 
Also, from the preceding article, the negative value of 
“ is — {p45 ae t and, if this value be substituted 
b+ +a 
in (i), we have 


‘ act yates 
eae ar ere 


we have to shew that this is positive. If k>v the result 


, ; ; 1 : : ‘ 

is obvious ; if k<v, ;— : ... is negative but is less 
k-yv—pt+ 

than 1, and therefore z is positive provided one element at 


least precedes k; also k cannot be equal to », for in that case 
the periodic part would really begin with & and not with 
a. Hence both values of x are positive in all cases. 


Z=at 


REDUCTION OF QuADRATIC SURDS TO CONTINUED 
FRACTIONS. 


365. It is clear that a quadratic surd cannot be equal 
to a continued fraction with a finite number of elements ; 
for every such continued fraction can be reduced to an 
ordinary fraction whose numerator and denominator are 
commensurable. It will be shewn that a quadratic surd 
can be reduced to a periodic continued fraction of the form 
oon eae where a, b, c, ... are positive integers. 
The process will be seen from the following example. 


Ex. To reduce ,/8 to a continued fraction, 


The integer next below ./8 is 2; and we have 


es (8 — 2) (n/8 +2) _ Atte 1 
4 


J8+2 


The integer next below -* Z 


is 1; and we have 
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8413.5 soe duly avidin eth 
P Wibetne ar Webs Png ter nate jr: 


The integer next below ,/8+2 is 4; and we have 


1 
iia Mcelaak 06 (27 
4 


The steps now recur, so that 
deeb 1 gh. 
ta ms iy § Yo 
Thus ,/8 is equal to a periodic continued fraction with one non- 
periodic element, which is half the last quotient of the recurring 


portion; and it will be proved later on that this law holds good 
for every quadratic surd. 


eco 


366. We now proceed to shew how to convert any 
quadratic surd into a continued fraction. 


Let ./N be any quadratic surd, and let a be the integer 
next below /N; then 


N-@ 1 
Mahe Nae Soar WS yN +a’ 
r 


where r, = NV — a’, 


Since /N—a is positive and less than 1, it follows 


that Bee is greater than 1. Let then b be the integer 
1 
next below wed ; then 
1 
LE ol AO a VN — (br, — a) 
r, rs 
N — (br, —a)? 1 
= b ———_ 1 __ = 
RW + (br, ay 8+ Tita,’ 
T, 
2 
where a, =br,—a and r,= aay ; 
r 


1 


N : 
Then, as before, td _ “tis greater than unity; and if 
2 
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: 
c be the integer next below sy we have 
WN +a, VN —-(cr,—<,) 2 
Ts rT, 
Spars N—(cr,—4,)" Lats 1 
rv "s WV +er, — a} 7 VN + as ; 


Ts 


where a,=cr,—a, and r,= . 
2 
The process can be continued in this way to any extent 


: 1 
that may be desired. Thus /N=a tart Eee 


367. To shew that any quadratic surd is equal to a re- 
curring continued fraction. 


It is first necessary to prove that the quantities which, 
in the preceding Article, are called: a} d5,G,j-003 Tyo) Tei Taps 
are all positive mtegers. 

It is known that N is a positive integer, and that a, b, 
c, d, ... are all positive integers. 


We have the following relations: 


r= N —a, —— aeeeeneerers (1)5 
a,=br,-a@, 7ry=N—a,) verses (ii) ; 
y= CT,— My, Ty gH N—-Og vreeeeees (iii) ; 
a,=adr,—4,, Typ =N- 4) oreo (iv) ; 


and so on. 
Now it is obvious from (i) that r, is an integer. 


NAW 8 21 4 2ab—0'r,, 


1 


From (ii) we have r,= 
since N—a*=7,. 


Thus a,=br,—a, and r,=1+2ab — b'r,; whence it 
follows that, a, and r, are integers, since r, 1s an integer. 
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From (iii) we have similarly 
Py ore 
a,=cr,—a, and r, =7,+ 2a,c—c’r,; | 
whence it follows that a, and r, are integers, since a, and 
r, are integers. 
Then again, from (iv) we have 
a,=dr,—a, and r, = 7, + 2a,d —d’r,; 
whence it follows that a, and r, are integers, since a, and 7, 
are integers. 


And so on; so that a, and r, are integral for all values 
of n. 


We have now to prove that a, and r, are positive for 
all values of n. 


We know that a, 6, c, &c. are the positive integers 
next below /N, uN 29) BEY &c. Hence /N—a, 
/N-a,, /N—a,, &e., and therefore also N — a’, N —a,*, 
N —a,’, &c., are all positive. That is r,, 7,, 7, &c. are all 
positive. 

J/N+a it 


rs 
follows that /V+a<br,+1r,. Now, a cannot be equal 
or greater than br,, for then ./. NV <r,, and therefore a<1,; 
therefore a<br,, since r, is positive and b a positive 
integer. Hence a<br,, so that a, is positive. 


Again, since 6 is the integer neat below 


Again, since c is the integer next below ee it 
follows that /N+a,<cr,+r,. And we cannot have 
a,>cr, for then /N<r,, and therefore a,<r,<cr,, since 
r, 1s positive and ¢ a positive integer. Thus a,<c7,, so 
that a, is positive. 7 

And so on; so that a, is positive for all values of n. 


Having shewn that the quantities r,,r,, 7,, &c. and a, 
a,, a, &c., are all positive integers, it follows from the 
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relation r,r,_,=N —a,? that a, is less than VN, so that 
a, +a; hence the only possible values of a, are 1, 2,..., a. 


Then, from the relation a, +@,,,=h.7,, where k is a 
positive integer, it follows that r, cannot be greater 


than 2a. 
VN +a, 
r 


Hence the expression cannot have more than 


2a xa different values; and therefore after 2a? quotients, 
at most, there must be a recurrence. 


368. Theorem. Any quadratic surd can be reduced 
to a periodic continued fraction with one non-recurring 
element, the last recurring quotient being twice the quotient 
which does not recur; also the quotients of the recurring 
period, exclusive of the last, are the same when read back- 
wards or forwards. 


Let / NV be the quadratic surd. 


Then, from the preceding Article, we know that /V 
is equal to a periodic continued fraction. 


We also know that any periodic continued fraction is 
equal to one of the roots of a quadratic equation with 
rational coefficients; and the only quadratic equation in # 
with rational coefficients of which ./ NV is one root is the 
equation a” — NV =0. 

Now the roots of #—N=0 are both greater than 
unity in absolute magnitude, and the roots are of different 
signs: it therefore follows from Articles 363 and 364 that 
the continued fraction which is equal to /N must be a 
mixed recurring continued fraction with one non-recurring 
element. 


Hence we have 


jar LBes Ly tohsork 
ss a bi tiiahuel Bstod oho Do ba? 
tev J Aleta boyd 
ei oars aes ae 
ee nee beet '+ht+k+l+6+ 
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Ry Ev hail arated 

SW b+ot  +h+k+l+ b+ 
root of a quadratic equation with rational coefficients; 
and as this positive root is ./N—a, the negative root 
must be —,/N—a. Hence, Art. 363, we have 


is the positive 


Ly! eee hagd oll 
VN+a $+k+h+ "+e°b' 14°" 
Aaa La We 
a AT Oly oe eb ene 
ii al ip ae | 
Hence oui ke ee 
Ne Weer were 
b+eo4+ °° +ht+kel+°°” 
whence it is easy to see that 1—a=a,k=b, h=c, .... 
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369. To shew that any series can be expressed as a 
continued fraction. 


Let the series be 
Ooh Uf heh te a ecbe, ace yest (i). 
Then the sum of n terms of the series (i) is equal to 
the nth convergent of the continued fraction 
Uy Uy u, Us UU, U,-aby, ss (ii) 
1 ~ + Uy — ty tu, — Uy +u,— 7 — ee ee 
This can be proved by induction, as follows. - 
Assume that the sum of the first n terms of (i) is equal 


to the nth convergent of (ii). Another term of the series 
is taken into account by changing wu, into U,+U,,; and, 


by changing u, into w,+ up, Leta gill become 
Un) at uy, 
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Un,_2 (u,, + Unt) 
Una te u,, st Uns 
Ung, 


, which is easily seen to be equal to 


Un—1U nga 
Un-1 +U, eo Un ih Uns , 
(i) will be equal to the (n+1)th convergent of (ii) provided 
the sum of n terms of (i) is equal to the nth convergent of 
(ii). But it is easily seen that the theorem is true when 
mis 1 or 2 or 8: it is therefore true for all values of n. 


Thus u,+u,+u,+u,+...to n terms 


Thus the sum of n+1 terms of 


Bas U, UUs Ug 


~ Ll-u,tu,—u,+u,—U,+m— 


... to n quotients... [A]. 


It can be proved in a precisely similar manner that 
U,—U,+U,—U,+...... to m terms 


ee : 
1 +u,—uU, + U,— U, + U,—Y + 


The formula [B] can also be deduced from [A] by changing the 
signs of the alternate terms. 


U, U UU, UU, 


.. to n quotients ... [B]. 


370. The following cases are of special interest: 


a, aa, a,a,a, 
fis? 123+... to n terms 


b, b, b, bb, ¥ 


os a, ba, bd, 
- 6, $b, +a, Fo, 44, F 
all the upper signs, or all the lower signs, being taken. 


And Vi Eph to'n terms 
a a, % 


a, 8 


... to n quotients...[C], 


2 
eels % .% _ ... to n quotients...[D], 
a, ¥a,+4, ¥ a,+ 4, + 


all the upper signs, or all the lower signs, being taken. 


These can be proved by induction as in the preceding 
Article. 
S, A. 32 
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Thus to prove [C]. It is obvious by inspection that the theorem 
is true when n=2. Assume then that {C] is true for any particular 


value of n; then, to include another term of the series = must be 
n 


changed into 2" + 2n7"+1 | and therefore Pn-1%m will become 
by n’n+i in Ty 


any Un In 
a 

Pn (F b,,D 
rr a es 2 eS 


n ntl 


’ 
ee fe # oe) 
by by Onda 


which can easily be seen to be equal to Bundy nner . Thus, 


+a, +b,,,+a 
if [C] be true for any value of n, it will be true for the next greater 
value; hence as [C] is true when n=2, it is true for all values of n. 


The following are particular cases of [C]. 


A, + AA, + AAAs + A,0,0,0, + ...006 


_% A, As Ay [E] 
LF lta, Filta F140, PTS 
and i. aS = + : t + sce 


GAA, AAy1y ~ A,A,Ay, 
on! a, a, 4 

aq Ftat+1Fatzl Fa,t1F 
Ex. 1. Shew that 


VE ais Piya 
14343434" to infinity. 
li Leols @ nee 
Si ate ates to infinity. [Brouncker.] 


Put a,=1, ag=3, a,=5, &eo. in [D]. 
Ex. 2. Shew that 
1-12" 23, 33 
Lb Date te Let 
Put aj;=1, ag=2, a,=3, &e. in [D]. 


... to infinity=log,2. [Huler.} 


* The formula [A] is due to Euler; [C] is given by Dr Glaisher in 
the Proceedings of the London Mathematical Society, Vol. v. 
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: Ll a8 
b> a eb ans gee 
x ind thevvelueof T7454. mae 


he 


From [F'] we see that 


1 am # 
3 ion 6 a . to infinity =1-e 1, 


- 


1.2.3 


: 13978 
Ex. 4. Find the nth convergent of $49434°"° 


From [F] we have 


ieee 1 
3. 3.8°38.3.3 


Hence the nth convergent required= ; t - ( - 3) t : 


r r 2r 3r 


= epee = finan — pf 
Ex. 5. Shew that epee pe xow porwr wag eae 
era1+t 4 nner. Spats r.f. of 
ay Ys TSQcs% 150% 8. 4a 
ede es a ed .., from [C]. 


l—r+2-r+3-—r+4- 


EXAMPLES XXXVII. 


1. Find the continued fractions equivalent to the following 
quadratic surds : 


(1) /17, (2) J140, (3) _/38, (4) 4/48, 
(5) J(at+1), ~ (6) J(a*+2a). 
ee a 


a, Oa where a has any value 


2. Shew that /V=a+5- 
whatever, and b= V —a’. 
3. Find the value of 


(@) 145.5 : ... to infinity. 
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ie teh Raed eee 
(ii) MS SPP a aeeg poe ny. 
Ty el oe eee ee ek Td 
(iii) ju.3 tabasco eee 
4. Shew that 
7 1 1 ‘fini 5(1 Tesi to infinit 
77 47h 7 Om nity = Gta y o infinity) 
5. Shew that 
LU ae ee 
(Zs Belcan weitere > 
_ b+d+bed 
~a@atetach™ 
6. Shew that, if e=U45e ay ... to infinity, then 
1 1 


ve Oe ae ss ... tO infinity. 


7. Shew that, if 


tiem Nera 5 ny | : 
ato +at+b + .. to infinity, 
1 1 1 1 . . 
= 35 0b + Oa 4 Ob 407 mninity, 
mers Cah 
and 


tego pap itecaior ... to infinity ; 


x (y? — 2) + By (2 — x*) + 32 (a2? — y*) =0. 
8. Shew that, if n be any positive integer, 
n—l? n?—? 


then will 


n'—3'* 

n=l1+ a ng 

O65 8 Fal + 

9 Shew that 
L+ata ram i) ne es sk 
@ta@+a+..¢aPa tg 1 L fscaat 

@+--a@+-- 

a a 


to n quotients, 
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10. Shew that, if 
ac a ¢ 
b4+d4+b +d+ 
then ba —-dy=a—c. 


x= ... and y=" Ce one 
@+b 4a +b +°* 


ll. Shew that the ratio of 
a ae Le bree ahs og teed) 
| ay ec EE WE ESSN Be ee ey Eo © 


is 1+4a: 1+ 0d. 
12. Shew that the nth convergent of 
1 4 2 2 bees 5 1 
ee eee ee are 
13. Shew that the nth convergent of 


oe Poe il eee 
242424 °° (1+,/2)"-(1- 2)” ° 


14. Shew that the mth convergent of tT. 3 
is 2"—1. 


15. Shew that the nth convergent of 
ce ab ab F a” — b" 
Bi econ buen Brose snn. ge BO 
16. Find the zth convergent of the continued fraction 


2 3 8 r—] 
ee ee a el 


17. In the series of fractions “, 7, &c., where the law 


of formation is p,=qg,_1, 9,=(v- Hy D,_, + 29,3 prove that 
the limit of 2 when r is infinitely great is tae 


r 
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18. Shew that in the continued fraction 


a, @ 4, a, 


6 4+6,+ 0,4 °° +b.+°°? 


the nth convergent is to the (n— 1)th in the ratio 


g 
g 


n pat ar is a, 
On+z Pah eee a A SaH 


a-l 


19. Shew that, if y,, y,, &c., be the convergents of a simple 
periodic continued fraction found by taking 1, 2, &c., complete 


/ 


periods, and if ao be the two convergents immediately 
les Zz 
preceding y,, then y, = Paeewa 


20. lf Z be any integer not a perfect square, and if /Z 
be converted into a continued fraction 
li el ae Se 


Gee Soh ok ee 
b+ce+ aay ey eee ; 


and if the convergents obtained by taking one, two, ..., 7 
complete periods, each period terminating with k, be denoted 
by P,, P,, ..., P,, prove that 

Pot UAcot iat eM 

Pi- JZ \P,- JZ) 


21, Find the nth convergent of the continued fraction 


1 1 1 
G46 -G+ea Sala Se 


and shew that the limit of the nth convergent when n ig 
indefinitely increased is a or a~* according as a is numerically 
less than or greater than unity. 


22. Shew that the mth convergent of 


1 Pr} Bie 1} : a{t- 3) 
Soo oe eg ( «3 }. 
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23. Shew that 


erat x x 2a (n-1)a 


Veo dis 4 a Roe 4 7 to infinity. 
24. Shew that 
eo @ Mey ang be 
aa" abo iat beeen +e 
25. Shew that 
le ee 4 
mt ts Spo 3 a | 
T4le¢5 4547 4° © infinity é 
26. Find the value of 
ed 3 a6 3 (n — 2) : ; 
1+2 2h <8 be eine Py Spade fe nto infinity. 


27. Shew that 
List ae 38.57 (nha + 1) 
Eine «igen Palla See | MRPs Sachi S In+1 
laine be Atl 
Tete Dis ase TS be Ueno) 


28. Shew that the nth convergent of 


3 Ons 2 eel 
Teo Omak oe 1 | 


29. Shew that the nth convergent of 


141 4 Pet A alt 
$2323 --3— °°" 6a4+7+(- 1)" 
ee fie a ae 
30. Shew that es ae to infinity = 1. 


81. Shew that 


I li J Ss 2 mal 
=l+= - ere finity. 
J2 Eahig 2: et Fae ri to infinity. 
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82. Shew that 
il a Pys) tals 6.7 


ii Fide el +elpemes Fee 
83. Shew that 
papitata a, .. to infinity = 1, 


34. Shew that (1 +2)" 
na (n-1)a 2(n—2)a% 3(n—3) x 
‘T -24+(n-l)a -3+(n—2)@ —44(n—3)a-"" 


=1+ 


35. Shew that, if n be a positive integer, 
m n-1 2(n-2) 3(n—-3) (n—1)1 


i = eer 


l—-n+l-—- n+l — n+l -—-""—- neil 


86. Shew that @ +2) € +3) € +3) es 
a a a 


we a(x+a) a’ (x+a’) 
ee i ae 
a@—a2t+ata’—a+a'+a”" — 


it n Qn 
] n Qn 


tel +2n—h+ Send ot 


.. to infinity 


.. to infinity, 


CHAPTER XXVIIL 
THEORY OF NUMBERS. 


871. Throughout the present chapter the word number 
will always denote a positive whole number; also the word 
divide will be used in its primitive meaning of division 
without remainder. The symbol M(p) will often be used 
instead of ‘a multiple of p. 

Definitions. A number which can only be divided 
by itself and unity is called a prime number, or a prime. 

A number which admits of other divisors besides 
itself and unity is called a composite number. 

Two numbers which cannot both be divided by any 
number, except unity, are said to be prime to one another, 
and each is said to be prime to the other. 


372. The Sieve of Eratosthenes. The different 
prime numbers can be found in order by the following 
method, called the Sieve of Hratosthenes. 

Write down in order the natural numbers from 1 to 
any extent that may be required: thus 


Tn Sindy o Bd hed Tetsd Sande, 10 
Leia TR seis co TERMI 7.18), 11920 
$1, 22, 23, 34, 25, 26, 27, 28, 29, 30 
31, 32, 38, 34, 35, 36, 37, 38, 39, 40 &. 


Now take the first prime number, 2, and over every 
second number from 2 place a dot: we thus mark all 
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multiples of 2. Then, leaving 3 unmarked, place a dot 
‘over every third number from 3: we thus mark all mul- 
tiples of 3. The number next to 3 which is unmarked is 
5; and leaving 5 unmarked, place a dot over every fifth 
number from 5: we thus mark all multiples of 5. And so 
for multiples of 7, &c. 

Having done this, all the numbers which are left 
unmarked are primes, for no one of them is divisible by 
any number smaller than itself, except unity. 


It should be here remarked that if a composite number 
be expressed as the product of two factors, one of these 
must be less and the other greater than the square root of 
the number, unless the number is a perfect square, in 
which case each of the factors may be equal to the square 
root. Hence every composite number is divisible by a 
prime not greater than its square root. On this account 
it is, for example, only necessary to reject as above mul- 
tiples of the primes 2, 3, 5 and 7 in order to obtain the 
primes less than 121, for every composite number less than 
121 is divisible by a prime less than 11. 


373. Theorem. The number of primes is infinite. 


For, if the number of primes be not infinite, there 
must be one particular prime which is greater than all 
others. Let then p be the greatest of all the prime num- 
bers. Then |p will be divisible by p and by every prime 
less than p. Hence |p+1 will not be divisible by p or 
by any smaller prime; therefore |p +1 is either divisible 
by a prime greater than p, or it is itself a prime greater 
than p. Thus there cannot be a greatest prime number; 
and therefore the number of primes must be infinite. 


Ex. Find n consecutive numbers none of which are primes. 


The numbers are given by jn+1+,r, where r is any one of the 
numbers 2, 3, ..., (n+1). 


374. Theorem: No rational integral algebraical 
Sormula can represent prime numbers only. 
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For, if possible, let the expression a + ba + ca*+ da*+... 
represent a prime number for any integral value of #, and 
for some particular constant integral values of a, Die 
Give to a any value, m suppose, such that the whole 
expression is equal to p, where p is neither zero nor 
unity; then p=a+bmicm't.... Now give to # any 
value m-+np, where n is any positive integer; then the 
whole expression will be 
atb(m+np)tc(m+npy t...=atbmtom't... 

+M(p)=p+M(p). 
Thus an indefinite number of values can be given to # 
for each of which the expression a+ batca’+... 18 not 
a prime. 
In connexion with the above theorem, the following formulae 
are noteworthy :— 

(i) 2?+a+441, which is prime if2<40. [Euler.] 

ai) 2342417, which is prime if*<16. [Barlow.] 

(iii) 222429, which is prime if «<29. [Barlow.] 


375. The student is already acquainted from Arith- 
metic with many properties of factors of numbers: these 
all depend upon the following fundamental 


Theorem :—If a number divide a product of two 
factors, and be prime to one of the factors, it will divide 
the other. 


For, let ab be divisible by a, and let a be prime to a. 


Reduce - to a continued fraction, and let : be the con- 


vergent which immediately precedes ; then [Art. 357, L] 


ga—px=+1; ©. gab—pab=+b. Now gab is, by supposi- 
tion, divisible by x; and therefore qab—pxb must be 
divisible by z, that is b must be divisible by 2. 


From the above theorem the following can easily be 


deduced :— 
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I. Ifa prime number divide the product of several 
factors it must divide one at least of the factors. 


II. Ifa prime number divide a” it will divide a. 


III. Ifa be prime to each of a, 8, y,... it will be 
prime to the product aBy.... 


IV. Ifa be prime to 8, a® will be prime to b”. 


Vv. If a number be divisible by several primes 
separately it will be divisible by the product of them all. 


376. Theorem. Every composite number can be re- 
solved into prime factors; and this can be done in only one 
way. 

For, if NV be not a prime number, it can be divided 
by some number, @ suppose, which is neither NV nor 1: 
thus V=ab. Again, if a and 6 be not primes, we have 
a=cxd, b=ex/, and therefore N=cdef. Proceeding 
in this way, since the factors diminish at every stage, 
we must at last come to numbers all of which are primes. 
Thus NV can be expressed in the form ax 8 x YO Xsae, 
where a, 8, ¥,6,... are all primes but are not necessarily 
all different, so that NV’ may be expressed in the form 
a? By"..., where a, 8, ¥,... are the different prime factors 
of IV. 


Next, to shew that there is only one way in which a 
number can be resolved into prime factors. 

Suppose that NV =abcd..., where a, 6, c, d,... are all 
primes but are not necessarily all different ; suppose also 
that V = a@y6..., where a, 8, ¥,6... are also primes. Then 
we have abed...=aBy6.... Hence a divides a8y8...; and 
therefore, as all the letters represent prime numbers, a 
must be the same as one of the factors of aBy6.... Let 
a=a; then we have bcd... =fy5,.., from which it follows 
that 6 must be equal to one or other of 8, ¥, 6,...3 and so 
on. Hence the prime factors a, b, c,... must be the same 
as the prime factors a, 8, ¥,.... 

Ex. Express 29645, 13689 and 90508 in terms of their prime factors, 
Ans, 5.77, 11%, 84, 18? and 22. 113.17, 
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377. To find the highest power of a prime number 
contained i |n. 


Let I (=) denote the integral part of : ; and let a be 
any prime number. Then the factors in |n which will be 


divisible by a area, 2a,38a,...,Z (*) .a, Thusl (*) factors 


of |n will be divisible by a. Similarly Z es factors will 
a 


be divisible by a. And so on. 
Hence the whole number of times the prime number a 


. . . . n n n 
is contained in |n is I (=) +1(5) +1(5) +... , 
a Qa a 
Ex. 1. Find the highest powers of 2 and 7 contained in [50, 


50 50 50 50 


I (5) =1. Hence 2%’ is the required highest power of 2. 


Again, I (7) = %, Ti () =1, Hence 78 is the required highest 


7 be 
power of 7. 
Ex. 2. Find the highest powers of 3 and 5 which will divide [80. 
Ans, 3°, 519, 
Ex. 8. Find the highest power of 7 which will divide |1000. 
Ans. 7, 


378. Theorem. The product of any r consecutive 
numbers is divisible by |r. 


Let n be the first of the r consecutive numbers; then 
n(n+1)(n+2)......(n+r—1) 
? 


I" 


we have to shew that 


n+r—-1. #9) 
18 an integer, 
- Cs (ieee. ‘ 8 


jntr—1 
The theorem follows at once from the fact that rent 
is C., and the number of combinations of n+r—1 


ntr-1~ 97? 
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things r together must be a whole number for all values 
of n and of r. 


The theorem can also be proved at once from first 
principles by means of Art. 377. 


For it is obvious that J (“—*) tJ (*S) +I (=) , 


fe (A) Pei & - *) +I (3) ,and soon. Hence from 


a a* 
Art. 377 it follows that the number of times any prime 
number is contained in jn+r —1l can never be less, 
although it may be greater, than the number of times 
she same prime number is contained in |n—1x |r. Thus 
every prime number which occurs in |n —1 x |r, occurs to 
at least as high a power in |n+r—1, which proves that 


|n+r—1 is divisible by |n —1 x |r. 


n 
It can be proved in a similar manner that 


eer 


wf 


is an integer, wherea+@B+y+...=n. 


379. If n be a prime number the coefficient of every 
term in the expansion of (a +b)" except the first and last 
terms is divisible by n. 

For, excluding the first and last terms, any coefficient 
n(n—1)...n—r+1) 


is given by Ir 


, where r is any integer 
between 0 and n. 


Now, by the preceding Article, eet USO 


is an integer; and, as n is a prime number greater than 7, n 
(n—1)(n—2)...(n—r+1) 
r 
must be an integer. Hence every coefficient, except the 

first and last, is divisible by n. 


Similarly, if n be a prime number, the coefficient of 


must be prime to |r; and therefore 
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every term in the expansion of (a+b+c+...)* which 
contains more than one of the letters, is divisible by n. 


For the coefficient of any term which contains more 


n 
than one of the letters is of the form ae where 
elas 
n 
at+B+qy+...=n Mowes Ast is an integer; and, as 


Beh 
mn is a prime greater than any of the letters a, 8, ¥,..., 
n must be prime to |a|8|y...; and therefore the coefficient 
of every term which contains more than one letter is 
divisible by n. 

Ex. 1. Shew that n(n+1)(2n+1) is a multiple of 6. 

Ex. 2. Shew that, if n be odd, (n?+3) (n?+7) =M (82). 

Ex. 3. Shew that, if n be odd, n4+4n?+11=M (16), 

Ex. 4. Shew that 14+7"+t!=M(8). 

Ex. 5. Shew that 19*— 1=J/ (360). 


Ex. 6. Shew that, if n be a prime number greater than 3, 
n(n? —1) (n?- 4) = (360). 


380. Fermat’s Theorem. Jf n be a prime number, 
and m any number prime to n; then m™*—1 will be 
divisible by n. 

We know that when n is a prime number, the coefli- 
cient of every term in the expansion of (a,+@,+...+ Gm)”, 
which contains more than one of the letters, is divisible by 
n. Now there are m terms each of which contains only 
one letter and the coefficient of each of these terms is 1. 
Hence, putting a,= a, =...=1, we have 

m=m+M(n); “. m(m** —1)= M(n). 
Hence, if m be prime to n, m"*—1 will be a multiple 
of n. 
Ex. 1. Shew that, if n be a prime number, 
[m1 4 Qn-14 gal ...+(n—1)*141=M(n). 
Ex. 2. Shew that, if a and b are both prime to the prime number n; 
then will a®-1—b"— be a multiple of n. 
Ex, 8, Shew that n5-n=W (30). 
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Ez. 4. Shew that n?7-n= WM (42). 
Ex. 5, Shew that x!?- y= M (1365), if « and y are prime to 1365. 
Ex. 6. Shew that, ifm and n are primes; then 
m*—1 4 _™—1 — 1 = M (mn). 
Ex. 7%. Shew that, if m, n and p are all primes; then 
(np)™1 + (pm)*—! + (mn)P-1 — 1= MM (mnp). 


Ex. 8. Shew that the 4th power of any number is of the form 5m 
or 5m+1, 


Ex. 9. Shew that the 12th power of any number is of the form 13m 
or 13m+1. 


Ex. 10. Shew that the 8th power of any number is of the form 17m 
or 17m+1. 
381. To find the number of divisors of a given number. 
Let the given number, N, expressed in prime factors, 


DE OBI Crs seco an Then it is clear that NV is divisible by 
every term of the continued product 


(l+a+q+...407)(14+64+04+..40)(1+e+e+4...+0¢... 
Hence the number of divisors of NV, including N and 
1, is 
(@+1)(y+1)(2+1)...... 


Ex.1. The number of divisors of 600, that is of 2%. 3 . 52, is 
(3 +1) (1+1) (2+1)=24. 
Ex. 2. Find the sum of the divisors of a given number. 
The given number being N=a*b¥c*..., the sum required is easily 


seen to be 
(1 — att) (1 - bY) (1—c*),., 
Ex, 3. Find the number of divisors of 1000, 3600 and 14553. 
Ans. 16, 45, 24, 


Ex. 4, Shew that 6, 28 and 496 are perfect numbers. [A perfect 
number is one which is equal to the sum of all its divisors, not 
considering the number itself as a divisor.] 


Ex. 5. Find the least number which has 6 divisors. Ans. 12, 
Ex. 6. Find the least number which has 15 divisors. Ans. 144, 
Ex. 7. Find the least number which has 20 divisors. Ans, 240, 


Ex. 8. Find the least numbers by which 4725 must be multiplied in 
order that the product may be (i) a square, and (ii) a cube. 


Ans. 21, 245. 
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382. To find the number of pairs of factors, prime to 
each other, of a given number. 

Let the given number be N= a7b’c'...; then, if one of 
two factors prime to each other contains a, the other does 
not ; and so for all the other different prime factors. 

Hence the factors in question are the different terms 
in the product (1 + a”) (1+ 0") (1+¢’)..., the number of 
them being 2", where n is the number of different prime 
factors of NV. The number of different pairs of factors 
prime to each other is therefore 2”", in which result WV 
and 1] are considered as one pair. 


383. To find the number of positive integers which are 
less than a given number and prime to tt. 


Let the given number be NV = a*b’c’..., where a, b, ¢,... 
are the different prime factors of NV. 


The terms of the series 1, 2, 3,..., W which are divisible 


by a are a, 2a, 3a,..., a and therefore there are 2 


numbers which are divisible by a. So also there are x 


b 
enh eee. i oe Be art 
numbers divisible by }, e divisible by bc, ae divisible by 
abc, and so on. 
We will now shew that every integer which is less 


than WV and not prime to NV is counted once and once only 
in the series 
> N a. 5 NV oS N — 2 
a ab abe 
Suppose an integer is divisible by only one prime factor 
of V, a suppose; then that integer is counted once in 


(a), namely as one of the * yumbers which are divisible 


by a. 
Next suppose an integer is divisible by r of the prime 
factors a, b, ¢,..., then that integer will be counted r 
$. A. 38 
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times in = ite it will be counted ~ ek times in > =|, 
a Lez ab 
it will be counted pA Vigas 4) times in su , and so 
Ive2es abe 


on. Hence the whole number of times an integer divisible 
by r of the prime factors is counted, is 
. Pe (ee 


PRR ESRD 
ieg Tee Wehr Ir 
2 Tea 


Thus every number not prime to V is counted once in 
(a); and therefore the number of positive integers less 
than N and not prime to N is given by (a); provided 
however that unity is considered to be prime to N. 


Hence the number of positive integers less than VV and 
prime to JV is 


pipe eS 
a ab 


ies 
ale wer 


1 1 1 
ps = Soe hee ees 
wii tote ae tou 


= (1-2) (1-;) (1-5) AY Art. 260]. 


Ex. 1. Find the number of integers less than 100 and prime to it. 
Since 100=2?. 53, the number required is 


1 1 
100 (2-5) (1-5) -1=90. 


Ex. 2, Find the number of integers less than 1575 and prime to it. 
Ans. 1719. 


Ex. 3. Shew that the number of: integers, including unity, which 
are less than N[N>2] and prime to N is even, and that half 


these numbers are less than oo 


[ Fox if a be prime to N so also is N—a; and if on then 


N-a<3.| 
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__ 384. Forms of square numbers. Some of the 
different possible and impossible forms of square numbers 
will be seen from the following examples :— 


Ex. 1. Shew that every square is of the form 3m or 8m+1. 
For every number is of the form 38m or 8m+1. Hence every 
square is of the form 9m or 8m+1. 


Ex. 2. Shew that every square is of the form 5m or 5m +1, 
For every number is of the form 5m, 5m +1 or 5m +2; and there- 
fore every square is of the form 5m, 5m+1 or 5m+4. 


Ex.3. Shew that, if a?+b?=c?, where a, b, c are integers; then will abe 
be a multiple of 60. 


First, every square is of the form 3m or 3m+1; and therefore 
the sum of two squares neither of which is a multiple of 3 is of the 
form 3m+2 which cannot be a square. Hence either a or b must be 
a multiple of 3. 


Again, every square is of the form 5m or 5m +1. The sum of two 
squares neither of which is a multiple of 5 is therefore of one of the 
forms 5m, or 5m +2. Now no square can be of the form5m +2; and 
if a square be of the form 5m, its root must be a multiple of 5. 
Hence, if ab is not a multiple of 5, ¢ will be a multiple of 5. Thus, 
in any case, abe is a multiple of 5. 


Lastly, since every number is of the form 4m, 4m+1, 4m+2 or 
4m+3, every square is of the form 16m, 8m+1, 16m+4. Now a 
and 6 cannot both be odd, for the sum of their squares would then be 
of the form 8m+2 which cannot be a square. Also, if one is even 
and the other odd, the even number must be divisible by 4, for the 
sum of two squares of the forms 8m+1 and 16m+4 respectively is of 
the form 8m+5 which cannot be a square. It therefore follows that 
ab must be a multiple of 4. 


Thus abc is divisible by 3, by 5 and by 4; hence, as 3, 4 and 
5 are prime to one another, abe=M (60). 


Ex. 4. Shew that every cube is of the form 7m or 7m+1. Shew also 
that every cube is of the form 9m or 9m + 1, 


Ex. 5. Shew that every fourth power is of the form 5m or 5m+1, 
Ex. 6. Shew that no square number ends with 2, 3, 7 or 8. 


Ex. 7. Shew that, if a square terminate with an odd digit, the last 
figure but one will be even. 


Ex. 8. Shew that the last digit of any number is the same as the last 
digit of its (4n+1)th power. 


Ex. 9. Shew that the product of four consecutive numbers cannot be 


a square, 
33-—2 
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EXAMPLES XXXVIII. 


1. Shew that the difference of the squares of any two 
prime numbers greater than 3 is divisible by 24. 
2. Shew that, if x be a prime greater than 3, 
n (n* — 1) (n?— 4) (n? — 9) = M (27. 3°. 5.7). 
3. Shew that, if 2 be any odd number, 
(n+ 2m)" —(n + 2m) = M (24). 
4. Shew that a*"*? -— a"*? = M (30). 


5. Shew that, if VW—a’=a@ and (a+1)*—N=y, where a 
and y are positive; then VV —ay is a square. 


6. How many numbers are there less than 1000 which are 
not divisible by 2, 3 or 5% 


7. P, Q, R, p,q, 7 are integers, and p, g, r are prime 


to one another; prove that, if A a Sts be an integer, then 
= Q and = will all be integers. 
8. Shew that 284 and 220 are two ‘amicable’ numbers, 


that is two numbers such that each is equal to the sum of the 
divisors of the other. 


9. Shew that, if 2"—1 be a prime number, then 2"~'(2"—1) 
will be a ‘perfect’ number, that is a number which is equal to 
the sum of its divisors. 


10. Find all the integral values of a less than 20 which 
make 2'* — 1 divisible by 680. 


11. Shew that no number the sum of whose digits is 15 can 
be either a perfect square or a perfect cube. 


12. Shew that every square can be expressed as the differ- 
ence between two squares. 
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18. Find a general formula for all the numbers which 

_ when 
divided by 7, 8, 9 will leave remainders 1, 2, 3 respectively; 
and shew that 498 is the least of them. *% 


14. Ifm be a prime number, and J prime to n, shew that 
Nn*-n_] = (n’), and that Wa"-2""_] = M (n’). 


15. Shew that, if 2 be a prime number and WV be prime 
n, thentavill ited glen Mi (n’). e prime to 


16. Shew that, if p be a prime number, and (1 +a)? *=1+ 
az+ae+aa°+...; then a,+2, a,—3, a,+4, &e. will be 
multiples of p. 


17. Shew that if three prime numbers be in a.P. their 
common difference will be a multiple of 6, unless 3 be one of 
the primes. 


18. Shew that is an integer. 


2a |26 
|2n , 


19. Shew that bos Vit is an integer. 


ieee tam 
20. Shew that ———,, is an integer. 
[n{|r3 

21. Each of two numbers is the sum of n squares; shew 
that the product of the two numbers can be expressed as the 
sum of 4m (n—1) +1 squares. 

99. Shew that a°+% cannot be divisible by 3, unless both 
a and 6 are divisible by 3; shew also that the same result holds 
good for the numbers 7 and 11. 


93. Shew that, if a7+6*=c*, then ab (a?—6*) will be a 
multiple of 84. 


94. Shew that no rational values of a, b, c, d can be found 
which will satisfy either of the relations a? +b°=3 (+d), 
a? +b'=7(c? +d’) ora’ +°=11 (c? +d’). 

25, Shew that, if a? +c’= 20%, then a’—6*= M (24). 
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CONGRUENCES, 


385. Definition. If two numbers a and 6 leave the 
same remainder when divided by a third number ¢, they 
are said to be congruent with respect to the modulus c; and 
this is expressed by the notation a=6 (mod. c), which 
is called a congruence. 

For example, 21=1 (mod. 10), and (a+1)?=1 (mod. a). 

The congruence a= b (mod. c) shews that a—6b isa 

multiple of c, which can be expressed by 


a—b=0 (mod. c). 

386. Theorem. [fa,=b, (mod. «), and a,=b,(mod.a); 
then will a, +a,=b,+6, (mod. x), and a,a,=b,b, (mod. a). 

For let a,=me+r,, and a,=m,c+r,; then, by sup- — 
position, 6b, =n,#+r, and b,=n,@+7,. 

Hence a, + a, —(b,+5,) =(m, + m,—n, —n,) @; 

“. (a@,+4,) — (6, +5.) = 0 (mod. «), 

or a, + a,=b, +6, (mod. a). 

Again, it is easily seen that a,a, — 6,b, =a multiple of 
w, and therefore a,a, = 6,), (mod. 2). 


The proposition will clearly hold good for any number 
of congruences to the same modulus. 


387. Congruences have many properties analogous to 
equations. For example, if the congruence 


Az’ + Ba+C=0 (mod. p), 


wherein A, B, C have constant integral values, be satisfied 
by the three values a, b, ¢ of x, which are such that a—b 
is unity or prime to p, and so for every other pair, then 
the congruence will hold good for all integral values of a, 
and A, B, C will all be multiples of p. 


For we have 
Aa’ + Ba + C=0 (mod. p), 
and Ab’ + Bb + C=0 (mod. p); 
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by subtraction 
(a — b) {A (a +b) + B} = 0 (mod. p). 
Hence, as a —6 is unity or prime to p, we have 
A (a+b)+ B=0 (mod. p). 
Similarly, A (a+c)+B=0 (mod. p). 

Hence, by subtraction, A (b —c)=0 (mod. p). 

Therefore A = 0 (mod. p), since 6—c is unity or prime 
to p. 

Then, since A =0 (mod. p), it follows that B= 0 (mod. 
p), and then that C=0 (mod. p). ‘ 

Then, since A, B, C are all multiples of p, it follows 
that Az?+ Bu +C is also a multiple of p for all integral 
values of a. 

We can prove in a similar manner the general theorem, 
namely :— 

If a congruence of the nth degree in x be satisfied by 
more than n values of , which are such that the difference 
between any two is unity or is prume to the modulus, then 
the congruence will be satisfied for all integral values of 2, 
and the coefficients of all the different powers of « will be 
multiples of the modulus. 


388, Theorem. If a and b are prime to one another, 
the numbers a, 2a, 8a,...,(b—1)a@ will all leave different 
remainders when divided by 6. 


For suppose that ra and sa leave the same remainder 
when divided by 6. 

Then ra—sa= (6); but if b divide (r —s)a, and be 

rime to a, it must divide r—s, which is impossible if r 
and s are both less than 0. 

Hence the remainders obtained by dividing a, 2a, ..., 
(b—1)a by b are all different; and since there are b—1 of 
these remainders, they must be the numbers I, 2, ...... F 
(b—1) in some order or other. 


494 THEORY OF NUMBERS, 


If a be not prime to b the remainders obtained by dividing a, 2a, 
8a, ..., (6-1) a by b will not be all different. For let k be a common 
factor of a and 6b, and leta=kaandb=kf. Then it is easily seen 
that (r+ 8) a and ra will leave the same remainder when divided by b, 
and (r+) a and ra are both included in the series a, 2a, ..., (6-1) a 
provided r+ 6 <b-1, 

Cor. If a be prime to 8, and n be any integer what- 
ever, the remainders obtained by dividing n, n+a, 
n+ 2a,...,n+(b—1)a by b will all be different, and will 
therefore be the numbers 0, 1, 2,..., (b—1). 


389. Fermat’s Theorem. From the result of the 
preceding article, Fermat’s theorem can be easily deduced. 
For, if a and b are prime to each other, the numbers a, 
2a, ..., (6 —1)a will leave, in some order or other, the re- 
mainders 1, 2,...,(6—1), when divided by 6. Hence we have 


a.2a.3a...(6—1.a)=1.2.3...(6—1) (mod. b). 
that is [b-1 (a”*—1)=0 (mod. 8). 


Now, if 6 be a prime number, |5—1 will be prime to b; 


and we have a”*—1=0 (mod. 5), which is Fermat’s 
theorem. 


390. Wilson’s Theorem. Jf n bea prime number, 
1+|n—1 will be divisible by n. 


If a be any number less than the prime number 
n, a will be prime to n, and hence, from Art. 388, 
the remainders obtained by dividing a, 2a, ..., (n — 1)a by 
nm will be the numbers 1, 2, ..., (n—1); hence one and 
only one of the remainders will be unity. Let then ab be 
the multiple of a which gives rise to the remainder 1 ; then, 
if 6 were equal to a, we should have a=14M (n), or 
(a +1)(a—1)= M (n), and this can only be the case, since 
n is a prime, ifa=1 or a=n—1. Hence the numbers 
2, 3, ... (mn — 8), (n— 2) can be taken in pairs in such a way 
that the product of each pair, and therefore the product of 
all the pairs, is of the form M(n) + 1. 

Thus 2.3. 4...(n — 2) = M(n) +1; 

“. |un—1=M(n)x (n-1) +n-1. 
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Hence |jn—1+1=M(n). 
Wilson’s theorem may also be proved as follows :— 
From Art. 305, we have 


(ny —(@—1) (n— 2) + SADE q_ ayn. 


Now by Fermat’s theorem (n —1)"*=1+M(n), 
(n—2)"* =14+ M(n), &e. 
Hence we have 


1—(n—1) SME) yt 1) FH) 


= | n—1, 
that is (1—1)"* —(— 1)""4+ M(n) = |n—1; hence, asn—1 
is even, |n—1+1 = M(n). 

Wilson’s theorem is important on account of its express- 
ing a distinctive property of prime numbers; for 1+ |n—1 
is not divisible by n unless n is a prime. For if any 
number less than n divide n it will divide |n—1 and 
therefore cannot divide |n—1+1. 


391. Theorem. If the number of integers less than 
any number n and prime to n be denoted by b(n); then, uf 
a, b, ¢,... are prime to each other, 

(abc...) = $ (a) x (6) x P(C)..0008 ; 
provided that unity ws considered to be prime to any greater 
number. 

First take the case of two numbers a, 6 and their 


product ab. 
Arrange the ab numbers as under : 
1 oa Bee Bar ies ; | PARA ET 8: 
Gal a2, Games ions , GLI, sassan 2a 
Qa+1, 2a4+2, 2at+3,  «e- , 2AM, scsens 8a 


Rn ee Site ccarciasaie o.cie are's efolareinus sTererigp use se Sscr Seg eT Ce ea 
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Then it is clear that all the integers in the ‘th vertical 
column will or will not be prime to a according as & is or 
is not prime to a. Hence there are $ (a) columns of 
integers, including the first, all of which are prime to a. 
Then again, we know from Art. 388 that since a is prime 
to 6, the remainders obtained by dividing the numbers 
k, at+h,...,(b—1l)a+k by 6 are the numbers 0, I, y Ae 
(6 —1); and it is clear that a number is or is not prime to 
b according as the remainder obtained by dividing the 
number by 6 is or is not prime to 6, Hence there are 
as many integers prime to b in any one column as there 
are in the series 0, 1, 2,...(b—1), that is to say, there are 
in each column ¢ (0) integers prime to 6. Thus there are 
¢ (a) columns of integers prime to @ and each column 
contains ¢ (b) integers which are also prime to}. But all 
integers which are prime to a and also to 6 are prime to 
axb. Hence the number of integers less than ab and prime 


to ab is ¢ (a) x (0), so that p (ab) = $ (a) x $ (0). 
The proposition can at once be extended, for we have 
d (abc...) = p (ax be...) = f (a) x P(be...) 
= $ (a) $(b) 6...) 
= $ (a). $ (0). 6 (¢)-+- 


392. The number of integers less than a given number 
and prime to it can be found by means of the theorem in 
the preceding article. 


For let the number be VW =a*b®c’..., where a, ), ¢,... 
are the different prime factors of VV. 


To find the number of integers less than a* and prime 
to it, (unity being considered as one of these numbers) we 
must subtract a*~1 from a*; for the numbers a, 2a, 3a.,..., 
a*-1, a are not prime to a, and these are the only numbers 
which are not prime to a; thus 
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aoe 1 1 
Similarly ¢ (6°) = 6° @ — 5) , P(c%)=c7 (1 - 5) , &e. 
But, by the preceding article, 
 (a*. DP. cv...) = $ (a*). (OF). gf (C”)..65 


De erates tee. 


Hence $(N)=N(1 ss *) (1 ie 5) ( ss sib 


where a, b, ¢,... are the different prime factors of N, and 
unity is considered to be prime to a, b, c, &e. 


393. The following is an extension of Fermat’s 
Theorem :— 

If a and m are two numbers prime to one another, 
and &(m) the number of wntegers, including unity, which 
are less than m and prime to m; then at(™ —1=0 
(mod. m). 

Let the ¢ (m) integers less than m and prime to m be 
denoted by 1, @, 8, ¥,--- >» (m—1). Then the products a.1, 
aa, af, ary,...,0(m—1) must all leave different remainders 
when divided by m, for if any two, ra and sa suppose, left 
the same remainder, (r—s)a would be a multiple of m, 
which is impossible since a is prime to m and r—s is less 
than m. Moreover the remainders must all be prime to 
m, since the two factors of any one of the products are both 

rime to m; and therefore as the ¢ (m) remainders are 
all different, and are all prime to m, they must be, in some 
order or other, the ¢(m) numbers 1, a, B, y--- 


@.aa,a8....-- a(m—1)=1.a.8.¥... (m—1) (mod. m); 
 fat™—I1.a _B...(m — 1) = 0 (mod. m). 
Hence as 1.a.f...(m—1) is prime to m, we have 
ge”) —1 = 0 (mod. m). 
If m be a prime number, > (m)=m—1, and we have 
Fermat's Theorem. 


498 THEORY OF NUMBERS. 


394, Lagrange’s Theorem. If p bea prime number, 
the sum of all the products r together of the nwmbers 1, 2, 3 
--» p—I, ts dimsible. by p, r being any integer not greater 
than p — 2. 


Consider the identity 
(@—-1)(@—2)...a@—p+1)=a°'-8 a2?*#+8, 2% 


+00 (1PR, : 
Change # into «—1; then 


(a — 2) (@—8)...(@—p) =(@—1?*—S, (@—1)?? +... 
a5 ee 1) ¥ S.4 
Hence 
(@—p) {a?* — 8, oF * + S,aP* +... +(—1)"* 8} 
=(@-1) (@-1)"*-S,(@-1)* +... +(-1)""S,,}. 
_ Equate the coefficients of the different powers of # in 
the above identity; and we have 


i 
eS ), 


_P(p—1)(p-2) , g (p—-1)(p-2) 
eros cana qe go 7 shia snip ager 


P(p—1)(p—2)(p-8) (p — 1) (p— 2) (p—3) 

8. 5,= 1.2.3.4 +8,. a 
(p— 2) (p — 8) 
+8. 


eeoece —~ ee eesecesacny 


_P(p—1)...2 (p —1)(p—2)...2 
BTS pet te eh 


Since p is a prime the first term in each right-hand 
member is divisible by p ; whence it follows from the first 
equation that S, is a multiple of p, and then that S, is a 
multiple of p, and so on to S,,. 
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Lagrange’s Theorem may also be deduced from the 
Theorem of Art. 387, assuming that Fermat’s Theorem is 
known. 


For the congruence 

(a — 1) (a —2)...(a@—p+1)—a#"*+1=0 (mod. p), 
is of the (p—2)th degree in a, and by Fermat's Theorem 
it is satisfied by the p — 1 values 1, 2,..., p —1, which are 
such that the difference between any pair is either unity 
or is prime to p. Hence, by Art. 387 it is true for all 
integral values of #, and the coefficients of all the different 
powers of # are multiples of p. 

It should be remarked that Wilson’s Theorem follows 
at once by putting s=0. 


395. Reduction of fractions to circulating 
decimals. 

It is obvious that a fraction whose denominator con- 
tains only the factors 2 and 5 can be reduced to a ter- 
minating decimal, for 

a.m, 5” 28 
OF5' 5 2 107% 

If, however, the denominator contains any factor which 
is prime to 10, the fraction can only be reduced to a cir- 
culating decimal. 


Ae a 
Let the fraction in its lowest terms be aet 8? where 


bis prime to 10. Let this fraction be equivalent to a cir- 
culating decimal with « recurring and 8 non-recurring 
figures. 
Then 
Gis nD oe N . 
or Bf. ) LOrt.b. 108(10°—1)” 
= 107, b. VN =a. 5®. 2%. 108 (10*—1). 
Hence, as b is. prime to a and to 10, 10*-1=M (6), 
and @ is the lowest power of 10 for which thas is true, for 
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otherwise the fraction could be expressed as a circulating. 
decimal with fewer than a recurring figures. 
It should be noticed that the number of recurring 
figures in the circulating decimal depends only on @ and is 
not affected by the presence of 275% in the denominator, 
for the number is a, where a is the lowest power of 10 
which is equal to M (6) +1. 
We will now prove that a is either equal to ¢ (6) or to 
one of its sub-multiples. 
. By the extension of Fermat’s Theorem [Art. 393] we 
have 
10%@) — 1 = M (b). 
We have also 10*—-1= Mb). 


Hence, if a be not ¢ (0) or one of its sub-multiples, let 
(6) = ka+r, where r <a. 


Then 10¢@) -] =10% .10"—1 
= {M1 (6)+1}*.10"-1= 4% (6) +10"-1; 
. 10°—1 = M(b), 


which is impossible since r <a, and a is the lowest power 
of 10 which is equal to (6) + 1. 


Hence, of b be the factor of the denominator of a fraction 


which rs prume to 10, the number of recurring figures in the 
equivalent decimal is either $ (b) or one of its sub-multiples. - 


396. We shall conclude this chapter by considering 
the following examples :— 
Ex. 1. Shew that 3*+4—8n—-9 is a multiple of 64. — 
We have 
52+4 82-9 = (1+8)"+1— 8n-9=1+4 (n+1)8 + M(8%) — 8n-9=M(8?). 
Ex, 2. Shew that 3% — 32n?+24n—1=0 (mod. 512). 
Let Uy = 3" — 32n7+4 24n —1; 
then Un 4 = 3°44 _ 39 (n 41/2424 (n+1)-1. 
Hence uy,4, — 9u, = 256n? — 256n=256n (n-1)=M (512), 
since n (x —-1) is divisible by 2, 
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And since t,4;~ 9, =0 (mod, 512), it follows that u,4,=0 
(mod. 512) provided u,=0 (mod. 512). The theorem is therefore 
true for all values of n provided it is true for n=1, which is the case 
since u,=0. 


Ex. 3. Shew that no prime factor of n?+1 can be of the form 4m— 1. 

Every prime number, except 2, is of the form 2k+1. Let then 

2k+1 be a prime factor of n?+1. Then n is prime io 2k+1, and 
therefore by Fermat’s theorem n#*=M (2k+1)+1. 

But, by supposition, n?7+1=M (2k+1); 
fe ntk= {M (2k +1) -1}*=M (2k4+1)+(-1)*. 

Since n*®=M(2k+1)4+1 and n*=M(2k+1)+(-1)* it follows 
that & must be even, and therefore every prime factor of n?+1 is of 
the form 4m+1, and therefore no prime factor can be of the form 
4m—1. 

Since the product of any number of factors of the form 4m+1 is 
of the same form, it follows that every odd divisor of n2+1 is of the 
form 4m+1. 


Ex. 4. Shew that every whole number is a divisor of a series of nines 
followed by zeros. 

Divide the successive powers of 10 by the number, n suppose, then 
there can only be n different remainders including zero, and hence 
any particular remainder must recur. Let then 10* and 10” leave 
the same remainder when divided byn: then 10” — 104 is divisible by 
and is of the required form. 
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1. Prove the following :— 
(een 4 Qn? + 8n—-2=H (54). 
(i) Sti = 5n? +4n—5 = (120). 
(iii) 4°" + 3"+# = 0 (mod. 13). 
(iv) 37°42. 4*"*1 = 0 (mod. 17). 
2. Shew that, if a be a prime number, and 6 be prime to 
Svs 
a; then 1%’, 1 # CS) 2? will give different re- 


mainders when divided by a. 

3. Shew that, if 42+1 be a prime number, it will be a 
factor of {|2n}°+1; and that, if 4n—1 be a prime, it will be a 
factor of {[2n— 17-1. 

4. Shew that, if n be a prime number, and r be less than 
nm; then will |r—1 |n—r+ (-1ly7 = (x). 
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5. Shew that, if m and n are prime to one another, every 
odd divisor of m*+n* is of the form 44+ 1. 
1 pet ip 


1 Pare 
6. Shew that + yet a fe: tate: to infinity 


ren ec: tee 


where 2, 3, 5,... are the prime s) Oe in order. 
7. Shew that the arithmetic mean of all numbers less than 
m and prime to it (including unity) is 4n. 


8. Shew that, if VY be any number, and a, b, ¢, ... be its 
different prime factors; then the sum of all the numbers less 


than WV and prime to ¥ is ag (G- 2) (1-5) @ 2) as 


the sum of the squares of all tant numbers is 


= (in) (1-5) ...+$d-«)(-d... 


9. If ¢(m) denote the number of integers less than m 
and prime to it; and if d,, d,, d,,... be the different divisors 
of n; then will 3 ¢(d) =n. 

10. Shew that, if a fraction + 3 where 0 is prime and prime 
to 10, be reduced to a decimal, and if the number of figures 
in the recurring period is even ; then the sum of the first half of 
the figures added to the last half will consist wholly of nines. 


Tie If : be converted to a circulating decimal with p — 1 
figures in its recurring period, shew that p must be prime and 
that the recurring period being multiplied by 2, 3,......(p — 1) 
will reproduce its own digits in the same order. 


12. Shew that, if u has a circulating period of p figures, : 


ue 
of qg figures, and 3 of r figures,..., and if P, Q, R,... are prime, 
then P oe will have a circulating period of n figures, where 


m is the L.o.M. of p, q, 7... 


CHAPTER XXIX. 
INDETERMINATE EQUATIONS. 


397. We have already seen that a single equation 
with more than one unknown quantity, or m equations 
with more than n unknown quantities, can be satisfied in 
an indefinite number of ways, provided there is no restric- 
tion on the values which the unknown quantities may 
have. If, however, the values of the unknown quantities 
are subject to any restriction, 7 equations may suffice to 
determine the values of more than n unknown quantities. 

We shall in the present chapter consider some cases of 
equations in which the unknown quantities are restricted 
to integral values. 


398. It is clear that every equation of the first degree 
with two unknown quantities 2 and y can be reduced 
to one or other of the forms aw+by=+¢, aw—by=te, 
where a, b, c are positive integers. 

By changing « into —@ and y into —y, awt+by=c 
will become az -+by=—¢, and ax —by=c will become 
—axz+by=c; hence in order to shew how to find 
integral solutions of any equation of the first degree in @ 
and y, it is only necessary to consider the two types 

ax +by=c and ax—by=c. 

Now, it is evident that the equation ax + by =c cannot 
be satisfied by integral values of « and y, if a and 6 have 
any common factor which is not also a factor of c; and, if 
a, b and c have any common factor, the equation can be 


aA 84 
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divided throughout by that factor. In what follows it 
will therefore be supposed that a and b are prime to one 
another. 


399. To shew that integral values can always be found 
which will satisfy the equation ax + by =c, provided a and 
b are prime to one another. 


Let % be reduced to a continued fraction, and let 


b 


P be the convergent immediately preceding :: Then, 
from Art. 357, 
aq —pb=+1; 
+, at bicg) = bf dsc) = Gee seats <comeyts (i), 
and a'( + 0q).+ OCF ép) 6...) es (ii). 
Hence it follows from (i) that either «=cg, y=cp or 
x =—cq, y =—cp is a solution of the equation az —by=c; 


and from (ii) that either w=cq, y=—cp or «= —cq, 
y =cp is a solution of the equation aw + by =c. 

Hence at least one set of integral values of a and y can 
always be found which will satisfy the equation aw +by=c. 

The above investigation fails when a or b is unity. 
But the equation az + y=c is obviously satisfied by the 
values x= a, + y=c—aa, where a is any integer. So also 
x + by =c is satisfied by the values # =c F 68, y=8, where 
8 is any integer. 

Hence the equation ax+by=c always admits of at 
least one set of integral values. — 


400. Having given one set of integral values which 
satisfy the equation ax—by=c, to find all other possible 
integral solutions. 

Let w=a, y=B8 be one solution of the equation 
az —by=c; then aa—b8=c. Hence, by subtraction, 


a (@—4)—b(y—)=0. 
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Now since a divides a(#—a), it must also divide 
b(y—£); a must therefore be a factor of y —8, since it is 
prime to b. 

Let then y—8=ma, where m is any integer; then 
a(a— a) = mba, and therefore «= a-+mb. 

Hence, if =a, y= be one solution in integers of 
the equation az —by=c, all other solutions are given by 

x=a+mb, y=B+ma, . 
where m is any integer. 

It is clear from the above that there are an indefinite 
number of sets of integral values which satisfy the equation 
ax — by =c, provided there is one such set ; and, from the 
preceding article, we know that there is one set of integral 
values. 

It is also clear that, whether a and @ are positive 
or not, an indefinite number of values can be given to m 
which will make a+mb and 8 + ma both positive. 

Hence there are an infinite number of positive integral 
solutions of the equation aa —by =c. 


401. Having given one set of imtegral values which 
satisfy the equation am + by =e, to find all other possible 
integral solutions. 

Let w=a, y= be one integral solution of the 
equation az + by =c; then aa+b8=c. Hence, by sub- 
traction, a(# —a)+b(y—8) =9. 

Now, since a divides a(a—a), it must also divide 
b(y—8); @ must therefore be a factor of y — £, since it is 
prime to b. 7 

Let then y—S=ma, where m is any integer; then 
a (a—a)=—b(y—- 8) =— mab; and therefore «=a —mb. 

Hence, if = 4, y=B be one solution in integers of the 
equation aa —by =o, all other integral solutions are given 


by 


g=a—mb, y=B+ma, 


where m is any integer. ib 
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From the above, together with Art. 399, it follows that 
there are an indefinite number of sets of integral values 
which satisfy the equation ae+by=c. The number of 
positive integral solutions of the equation is, however, 
limited in number. 


402. To find the number of positive integral solutions 
of the equation ax + by =c. a 

We have proved in Art. 399, that the equation 
ax + by=c is satisfied by the values x=cq, y=—cp, or 
by the values « =— cq, y=cp, where p/q is the penultimate 
convergent to a/b. 

First suppose that «=cqg, y=—cp satisfy the equa- 
tion; then all other integral values which satisfy the 
equation are given by 

a2=cq—mb, Y=— CPt MO.......0050. (i), 
where m is any integer. 

From (i) itis clear that in order that x and y may both 
be positive, and not zero, m must be a positive integer, 


and that the greatest permissible value of m is I (F) 


and its least value J (2) +1, so that the number of 


different values of m is I (Z) —I (2) . Hence, as one 
set of values of 2 and y corresponds to each value of m, 
the number of solutions is J (#) -I (2). 
c C c a(cq)—b 
Let P= 1, +f, nd P=1,+/,; then $ = *(e0)= (cp) 
=G-2 =I,-I,+f,-f,. Hence I <) is J, — J, or 


. 
[,—J,—1 according as f, is not or is less than Fa. 


Thus the number of solutions is J (ss) +lorl (=) 
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og 


according as the fractional part of ie is or is not less than 
the fractional part of £ : 
It can be shewn in a similar manner that if 
a2=—cqg, y=cp satisfy the equation, the number of solu- 
Bena: fe. c c 
tio t = = 
ns in positive integers is I (5) +lorl bas) according 
as the fractional part of E is or is not less than the frac- 
tional part of a : 


Ex.1, Find the positive integral values of x and y which satisfy the 
equation 7x —13y=26. 
y ray ee aa 

We have 75=74.746" 
= Then 7.2-13.1=1; .. 7 (2 x 26)—13 (26)=26. 

Hence one solution is r=52, y=26; the general solution is there- 
fore c=52+413m, y=26+7m. 

[In this case the solution z=0, y= — 2 can be seen by inspection; 
and hence the general solution is =13m, y= —2+7m, which is 
easily seen to agree with the previous result.] 

Ex. 2. Find the positive integral values of x and y which satisfy the 
equation 7z+10y=280. 
7 ideas oie! aed | 

Here 75 =1 4.943 
7.8-10.2=1; ~. 7(3.280)+10(—2. 280) =280. 

Hence x= 840, y= — 560 is one solution in integers. The general 
solution in integers is therefore s=840— 10m, y= —560+7m; and, 
in order that 2 and y may be positive m + 84 andm-+80, Thus the 
only values are «=40, y=0; 2=380, y=7; 2=20, y=14; z=10, 
y=21; «=0, y= 28. 

Ex.3. Find the number of solutions in positive integers of the equation 
Ba + 5y=1306. 
Br lie acd 
ZS eres 8.2-5.1=1; 
Here 5 Pha ly Dasha: ; 
vB. (2 x 1806) +5 (- 1306) =1306. 

Hence the general solution is x= 2612 — 5m, y= 8m — 1306. 

For positive values of x and y we must have m> 435 and m+ 522, 

Hence the number of solutions is 522 — 435=87. 


the penultimate convergent is therefore 


the penultimate convergent being - . Then 
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403. Integral solutions of the two equations 
az + by+cz=d, wet+by+cz=d' 
can be obtained as follows. 


Eliminate one of the variables, z suppose; we then 
have the equation 


(ac’ — a’c) «+ (be — b'c) y= de’ —d’c.......... (i), 
and this equation has integral solutions provided ac’ —a’e 
and be’—b’c are prime to one another, or will become 


prime to one another after division by any common factor 
which is also a factor of de’ — d’c. 


Hence from (i) we obtain, as in the preceding articles, 
the general solution 


a=a+(be’ — b'c)n, y= 8 — (ac —a’c)n, 


where =a, y=8 is any integral solution, and n is any 
integer. 


Now substitute these values of « and y in either of 
the original equations: we then obtain an equation of the 
form Az+Bn=(, from which we can obtain integral 
solutions of the form z= y+ Bm, n=8— Am, provided A 
and B are prime to one another, or will become so after 
division by any common factor which is also a factor of C. 


Ex. Find integral solutions of the simultaneous equations 
5a+Ty+2z2=24, 82-—y—4z=4, 

Eliminating z, we have 13¢+13y=52, or 2+ y=4. Whence 

t=2+n,y=2-n. Then 5(2+n)+7 (2—n)+2z2=24, that ise—n=0. 
Hence the general solution is z=24+n, y=2—n, z=n. 

If x, y and z are to be positive, the only solutions are g=4, y=0, 

2=2; c=3, y=1, e=1; and «=2, y=2,z=0; and, if zero values are 

excluded, there is only one solution, namely s=3, y=1, z=1 


_ 404, The following are examples of some other forms 
of indeterminate equations, Other cases will be found in 
Barlow’s Theory of Numbers. 

Ex.1. Find the positive integral solutions (excluding zero values) of 

the equation 3x +42y+8z2=40. 


It is clear that z cannot be greater than 4, if zero and negative 
values of x and y are inadmissible. 
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Hence we have the following equations: 
2=4, 32+2y= 8; 
2=3, 3a+2y=16; 
z=2, 32+ 2y=24; 
z=l, 3x + 2y = 32. 


’ 


And it will be found that all the solutions required are 2, 1, 4, 
4, 2,3; 2, 5, 3; 6, 3,2; als hyn Ph Wh 1B TUS), iby ING 1 4,1; 6,7, 1 
4, 10,1; and 2, 13, 1. 

Ex. 2. Find the positive integral solutions of the equation 
6x? — 132y + 6y?=16. 

We have (3x —2y) (2 - 3y)=16; hence, as x and y are integers, 
32—2y must be an integer, and must therefore be a factor of 16. 
Thus one or other of the following simultaneous equations must 
hold good 

3a—2Qy=+16, 2c~-3y=+ 1...... (i) ; 
82—-Qy=+ 8, 2e-3y=+ 2...... (ii) ; 
82-Qy=+ 4, 2e-3By=+ 4...... (iii); 
8a-Qy=+ 2, 2r-3y=+ &...... (iv); 
Ba-2Qy=+ 1, 2a-3y=+16...... (v). 

Whence we find that 52 must be + (48-2), +(24-4), +(12-8), 
+ (6-16) or + (3 — 32). 

Hence the only integral values of « are 4 and 2, the corresponding 
yalues of y being 2 and 4. 


Ex. 3. Solve in positive integers the equation 
3024 Tay — 2x — 5y —385=0. 
We have y (74 — 5) + 322-22 —- 35=0; 
9 4 BUI 20-35 _, 
Ge eae be 
a — 245 
Ay Ty + 82+ pe = 95 
1716 


ae 49y + 21n+1-7 —5=0. 


Hence S ie must be an integer, and therefore 7” — 5 must be a 
factor of 1710, Whence it will be found that the only positive integral 
solutions are c=2, y=3 and z= 1, y=17. 
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EXAMPLES XL. 
1. Find all the positive integral solutions of the equations: 
(1) 7x+15y=59. (2) 8a+13y = 138. 
(3) Ta+9y=100. (4) 152+ 71ly = 10653. 
2, Find the number of positive integral solutions of 
2x + 3y = 133 and of Tx + lly = 2312. 
3. Find the general integral solutions of the equations 
(1) 7ae—13y=15, (2) 9e—lly=4. 
(3) 119%-105y=217. (4) 492-69y=100. 


4. Find the positive integral solutions (excluding zero) 
of the equations 


(1) 20+ 38y +72 = 23. (2) Ta+4y+182= 109, 
(3) da+y+72=39, (4) 30+ 2y + 3z= 250, 
2a + 4y + 9z = 63. 9a — 4y+5z=170. 


5. Solve in positive integers (excluding zero) the equa- 
tions : 


(i) 2ay—-3x+ 2y = 1329, 
li) a —ay + Qa -3y=11, 
y y 
(ili) 20° + Say — 12y° = 28, 
(iv) 2a? — ay — y* + 2x + Ty = 84, 


6. Shew that integral values of a, y and z which satisfy the 
equation ax + by + cz=d, form three arithmetical progressions. 


7. Divide 316 into two parts so that one part may be 
divisible by 13 and the other by 11. 


8. In how many ways can £1. 68. 6d. be paid with 
half-crowns and florins? 


9. In how many ways can £100 be made up of guineas and 
crowns } 
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10. In how many ways can a man who has only 8 crown 
pieces pay 11 shillings to another who has only florins! 


11. Find the greatest and least sums of money which can 
be paid in eight ways and no more with half-crowns and florins, 
both sorts of coins being used. 


12. Find all the different sums of money which can be paid 
in three ways and no more with four-penny pieces and three- 
penny pieces, both sorts of coins being used. 


13. Hind all the numbers of two digits which are multiples 
of the product of their digits. 


14. Two different numbers each of two digits, and which 
end with the same digit, are such that when divided by 9 the 
quotient of each is the remainder of the other. Find all the 
sets of numbers which satisfy the conditions, 


15. A man’s age in 1887 was equal to the sum of the digits 
in the year of his birth: how old was he? 


16. Shew that, if 


1 
(Ta) (Tae)... (Ta) 
then the number of solutions in positive integers (including 
zero) of the equation a,”, + 4,@,+ ...+G,0,=m,i8 A, a,,4,,..., 
a, being all integers. 
The number of solutions of the equations x+ 2y=n is 
4{2n+3+(—1)"}. 


Atan entertainment the prices of admission were 1s., 2s, and 
£5, and the total receipts £1000; shew that there are 1005201 
ways in which the audience might have been made up. 


=1+Ae+ ... 4A a" + 00, 


17. The money paid for admission to a concert was £300, 
the prices of admission being 5s., 3s. and 1s.; shew that the 
number of ways in which the audience may have been made up 
is 1201801. 


CHAPTER XXX, 
PROBABILITY, 


405. THE following is generally given as the defini- 
tions of probability or chance :-— 


Definition. If an event can happen in a ways and fail 
in 6 ways, and all these ways are equally likely to occur, 


then the probability of its happening is ee, and the pro- 


ee ate Meroe See 
bability of its failing is Ee \ 

To make the above definition complete it is necessary 
to explain what is meant by ‘equally likely.’ Events are 
said to be equally likely when we have no reason to expect 
any one rather than any other. For example, if we have 
to draw a ball from a bag which we know contains 
unknown numbers of black and white balls, and none of 
any other colour, we have just as much reason to expect 
a black ball as a white; the drawing of a black ball and of 
a white one are thus equally likely. Hence, as either a 
black ball or a white ball must be chosen, the probability 
of drawing either is }, for there are two equally likely 
cases, in one of which the event happens and in the other 
it fails. Again, if we have to draw a ball from a bag 
which we know contains only black, white and red balls, 
but in unknown proportions, we have just as much reason 
to expect one colour as to expect either of the others, so 
that the drawing of a black, of a white and of a red ball 
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are all equally likely; and hence the probability of draw- 
ing any particular colour is 4, for there are three equally 
likely cases, and any particular colour is drawn in one case 
and is not drawn in the other two cases, 


Another meaning may however be given to ‘ equally 
likely ;’ for events may be said to be equally likely when 
they occur equally often, in the long run. For example, if 
a coin be tossed up, we may know that in a very great 
number of trials, although the number of ‘ heads’ is by no 
means necessarily the same as. the number of ‘tails,’ yet 
the ratio of these numbers becomes more and more nearly 
equal to unity as the number of trials is increased, and that 
the ratio of the number of heads to the number of tails will 
differ from unity by a very small fraction when the number 
of trials is very great; and this is what is meant by saying 
that heads and tails occur equally often in the long run. 


Now, if each of the a ways in which an event can 
happen and each of the 6 ways in which it can fail occur 
equally often, in the long run, it follows that the event 
happens, in the long run, a times and fails b times out of 
every a+b cases. We may therefore say, consistently with 
the former definition, that the probability of an event is the 
ratio of the number of times in which the event occurs, in the 
long run, to the sum of the number of tumes in which events 
of that description occur and in which they faal to occur. 


Thus, if it be known that, in the long run, out of every 41 
children born, there are 21 boys and 20 girls, the probability of any 


particular birth being that of a boy is Zi: 


Again, if one of two players at any game win, in the long run, 
5 games out of every 8, the probability of his winning any particular 


game is 3° 


We may remark that, in the great majority of cases, 
including all the cases of practical utility, such as the data 
used by Assurance Companies, the only way in which pro- 
bability can be estimated is by the last method, namely, by 
finding the ratio of the actual number of times the event 
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occurs, in a large number of cases, to the whole number 
of times in which it occurs and in which it fails. 


406. If an event is certain it will occur without fail 
in every case: its probability is therefore unity. 

It follows at once from the definition of probability 
that if p be the probability that any event should occur, 
1—p will be the probability of its failing to occur. 

When the probability of the happening of an event is 
to the probability of its failure as @ is to b, the odds are 
said to be a to b for the event, or b to a against it, 
according as a is greater or less than 0. 


407. Exclusive events. Events are said to be 
mutually eaclusive when the supposition that any one 
takes place is incompatible with the supposition that any 
other takes place. 5 


When different events are mutually exclusive the chance 
that one or other of the different events occurs is the sum of 
the chances of the separate events. 

It will be sufficient to consider three events. 

Let the respective probabilities of the three events, 
expressed as fractions with the same denominator, be 

4, 2 and 4. 

Then, out of d equally likely ways, the three events 
can happen in a,, a, and a, ways respectively. 

Hence, as the events never concur, one or other of 
them will happen in a,+a,+a, out of d equally likely 


ways. Hence the probability of one or other of the three 
events happening is 


A+, soe soy | Oy Me 

d » that ist +342. 

This proves the proposition for three mutually ex- 
clusive events; and any other case can be proved in a 
similar manner, 
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et 1. Find the chance of throwing 3 with an ordinary six-faced 
e. 


Since any one face is as likely to be exposed as any other face, 
there is one favourable and five unfavourable cases which are all 


equally likely; hence the required probability is ue 


6 
Ex. 2. Find the chance of throwing an odd number with an ordinary 
die. Ans. - 


Ex. 3. Find the chance of drawing a red ball from a bag which con- 
tains 5 white and 7 red balls. 


Here any one ball is as likely to be drawn as any other; thus there 
are 7 favourable and 5 unfavourable cases which are all equally 


likely ; the required probability is therefore = a 
Ex. 4. Two balls are to be drawn from a bag containing 5 red and 7 
white balls; find the chance that they will both be white. 


Here any one pair of balls is as likely to be drawn as any other 
pair. The total number of pairs is ;.C,, and the number of pairs 
which are both white is ,C,: the required chance is therefore 


7.6 /12.11_ 7 
ees Wp sr OPS : 
Fix. 6. Shew that the odds are 7 to 3 against drawing 2 red balls 
from a bag containing 3 red and 2 white balls. 


Ex. 6. Three balls are to be drawn from a bag containing 2 black, 
2 white and 2 red balls; shew that the odds are 3 to 2 against drawing 
a ball of each colour, and 4 to 1 against drawing 2 white balls. 


Ex. 7. <A party of n persons take their seats at random at a round 
table: shew that it is n-3 to 2 against two specified persons 
sitting together. 


408. Independent vents. The probability that two 
independent events should both happen is the product of the 
separate probabilities of their happening. 


Suppose that the first event can happen in a, and fail 
in 0, equally likely ways; and suppose that the second 
event can happen in a, and fail in }, equally likely ways. 
Then each of the a, +6, cases may be associated with each 
of the a,+0, cases to make (a, + b,) (a, +6,) compound 
cases which are all equally likely; and in a, of these 
compound cases both events happen. Hence the proba- 
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Aas : aA, 
bility that both events happen is epe\ih CAY that 


ig et eg 2 hich th oposition. 
is ape anpin t ich proves the proposition 


Thus the probability of the concurrence of two inde- 
pendent events whose respective probabilities are p, and p, 


1S DP, X Py. 


Cor. If p, and p, be the probabilities of two inde- 
pendent events, the chance that they will both fail is 
(1 — p,)(1—p,), the chance that the first happens and the 
second fails is p,(1—~,), and the chance that the second 
happens and the first fails is (1 — p,) p,. 


Tt can be shewn in a similar manner that, if p,, p,, Pys--- 
be the probabilities of any number of independent events, 
then the probability that they all happen will be p,. 1 ee eee 
and that they all fail (1—p,)(1—p,)(1—p,)..., &e. 


409. Dependent Events. If two events are not 
independent, but the probability of the second is different 
when the first happens from what it is when the first fails, 
the reasoning of the previous article will still hold good 
provided that p, is the probability that the second event 
happens when the first is known to have happened. Thus 
if p, be the probability of any event, and p, the probability 
of any other event on the supposition that the first has 
happened; then the probability that both events will happen 
in the order specified will be p, x p,. And similarly for 
any number of dependent events. ie 


Ex. 1, Find the probability of throwing two heads with two throws of 
a coin. : 

1 

2 

1 Loe 


required probability is, by Art. 408, a*5=7° 


The probability of throwing heads is = for each throw; hence the 


Ex. 2. Find the probability of throwing one 6 at least in six throws 
with a die. 
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The probability of not throwing 6 is : in each throw. Hence the 
probability of not throwing a 6 in six throws is, by Art. 408, (3). 
and oe A) the probability of throwing one six at least is 
‘es (3) : 


Ex. 3. Find the chance of drawing 2 white balls in succession from a 
bag containing 5 red and 7 white balls, the balls drawn not being re- 
placed. 

The chance of drawing a white ball the first time is on and, 


having drawn a white ball the first time, there will be 5 red and 6 
white balls left, and therefore the chance of drawing a white ball 
the second time will be ae Hence, from Art. 409, the chance of 
drawing two white balls in succession will be i x * = ie 


[Compare Ex. 4, Art. 407.] 


Ex. 4. There are two bags, one of which contains 5 red and 7 white 
palls and the other 3 red and 12 white bails, and a ball is to be 
drawn from one or other of the two bags; find the chance of drawing 
a red ball. 


The chance of choosing the first bag is 4 and if the first bag be 


chosen the chance of drawing a red ball from it is hence the 


chance of drawing a red ball from the first bag is 5X oan 5 


Similarly the chance of drawing a red ball from the second bag is 
1 


5 % = =a" ‘Hence, as these events are mutually exclusive, the 
ibe Bey 


h ede 
chance required is 57 + 75 =]o9° 


Ex. 5. In two bags there are to be put altogether 2 red and 10 white 
balls, neither bag being empty. How must the balls be divided so as 
to give to a person who draws one ball from either bag, (1) the least 
chance and (2) the greatest chance of drawing a red ball. 


[The least chance is when one bag contains only one white ball, 
and the greatest chance is when one bag contains only one red ball, 


the chances being 2 and = respectively, ] 
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410. When the probability of the happening of an 
event in one trial is known, the probability of its. happen- 
ing exactly once, twice, three times, &c. in n trials can be 
at once written down. 


For, if p be the probability of the happening of the 
event, the probability of its failimg is l—p=q. Hence, 
from Art. 408, the probability of its happening r times 
and failing n—r times in any specified order is pq”. 
But the whole number of ways in which the event 
could happen 7 times exactly in n trials is ,C,, and these 
ways are all equally probable and are mutually exclusive. 
Hence the probability of the event happening r times 
exactly in n trials is ,OC,p"g"”. 

Thus, if ( + q)" be expanded by the binomial theorem, 
the successive terms will be the probability of the happen- 
ing of the event exactly n times, n—1 times, n—2 times, 
&e. in n trials, 


Cor. I. To find the most probable number of successes 
and failures in n trials it is only necessary to find the 
greatest term in the expansion of (p+ q)”. 


Cor. II. The probability of the event happening at 
least r times in n trials is 


n n— a n 
p’+n.p get by AG bet 


\s 

Ase ice 
[r ae ae 
Ex. 1. Find the chance of throwing 10 with 4 dice. 


The whole number of different throws is 64, for any one of six 
numbers can be exposed on each die; also the number of ways of 
throwing 10 is the coefficient of x! in (c+27+...+425)4 for this co- 
efficient gives the number of ways in which 10 can be made up by the 
addition of four of the numbers 1, 2; ..., 6, repetitions being allowed. 


Now the coefficient of 21° in (r+ 29+...4+2°)¢, that is in x4 te) 
; ; -«£ 
is easily found to be 80. Hence the required chance is 


80 4.26 
6.6.6.6 31° 
Kix. 2. Find the chance of throwing 8 with two dice. Ans. = 
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Ex. 3, Find the chance of throwing 10 with two dice. Ans. . 3 
Ex. 4. Find the chance of throwing 15 with three dice. Ans. —_ 


Ex. 5. A and B each throws a die; shew that it is 7: 5 that 4’s throw 
is not greater than B’s. 


Ex. 6. A and B each throw with two dice: find the chance that their 
throws are equal. y 73 
ns. 648 ° 


Ex.7. 4andB have equal chances of winning a single game at tennis; 
find the chance of A winning the ‘set’ (1) when. 4 has won 5 
games and B has won 4, (2) when 4 has won 5 games and B has won 
3, and (3) when 4 has won 4 games and B has won 2. 


Ans. (1) x (2) . (3) os 


Ex. 8. A and B have equal chances of winning a single game; and A 
wants 2 games and B wants 3 games to win a match: shew that it is 
11 to 5 that A wins the match. 


Ex. 9. A and B have equal chances of winning a single game; and A 
wants n games and B wants n+1 games to win a match: shew that 


1.3.5...(2n-1) 1.3.5..,(2n-1) 
the odds on 4 are 14+ —] 7 a to Soe rr a Ore» A 
Ex. 10. 4’s chance of winning a single game against B is 3: find the 


chance of his winning at least 2 games out of 3. 81 


Ans, [25° 


Ex. 11. A’s chance of winning a single game against B is find the 


chance of his winning at least 3 games out of 5. 192 
Ans. —-. 
243 
Ex. 12. What is the chance of throwing at least 2 sixes in 6 throws 
with a die? Fs 12281 
* 46656" 


Ex. 13. A coin is tossed five times in succession: shew that it is an 
even chance that three consecutive throws will be the same. 


Ex. 14. Three men toss in succession for a prize which is to be given 
to the first who gets ‘heads’, Find their respective chances. 


4 2 1 
Ans. 7? 7’ 7" 
S, A. 35 
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411, The value of a given chance of obtaining a given 
sum of money is called the expectation. 


If =F is the chance of obtaining a sum of money YU, 

a 

. . a 
then the expectation is If x mee 
For if E be the expectation in one trial, #(a +) will 

be the expectation ina+O trials. But the chance being 

a 
im a b ; . ° 
every a +6 trials; and hence the expectation in a+b 
trials is Ma. Hence #(a+b)=Ma; therefore 


the sum I will, on the average, be won a times in 


Fee eee 
a+b 


Thus the expectation is the sum which may be won 
multiplied by the chance of winning it. 


Ex. 1, A bag contains 5 white balls and 7 black ones. Find the 
expectation of a man who is allowed to draw a ball from the bag and 
who is to receive one shilling if he draws a black ball, and a crown if 
he draws a white one, 


The chance of drawing a black ball is ap and therefore the 
expectation from drawing a black ball is 7d. The chance of drawing 
a white ball is ae and therefore the expectation from drawing a 


white ball is 2s. ld. Hence, as these events are exclusive, the whole 
expectation is 2s. 8d. 


Ix. 2. A purse contains 2 sovereigns, 3 half-crowns and 7 shillings. 
What should be paid for permission to draw (1) one coin and (2) 
two coins? Ans. (1) 48. 64d. (2) 9s. 1d. 


Ex. 8. Two persons toss a shilling alternately on condition that the 
first who gets ‘heads’ wins the shilling: find their expectations. 
Ans, 8d., 4d. 
Ex. 4. Two persons throw a die alternately, and the first who throws 
6 is to receive 11 shillings: find their expectations, 
Ans, 63., 58. 
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412, Inverse Probability. When it is known that 
an event has happened and that it must have followed 
from some one of a certain number of causes, the deter- 
mination of the probabilities of the different possible 
causes is said to be a problem of inverse probability. 


For example, it may be known that a black ball was drawn from 
one or other of two bags, one of which was known to contain 2 
black and 7 white balls and the other 5 black and 4 white balls; and 
it may be required to determine the probability that the ball was 
drawn from the first bag. 


Now, if we suppose a great number, 2N, of drawings to be made, 
there will in the long run be N from each bag. But in N drawings 


from the first bag there are, on the average, 5 N which give a black 


ball; and in N drawings from the second bag there are aN which 


give a black ball. Hence, in the long run, *N out of a total of 


aN +2N black balls are due to drawings from the first bag; thus 


the probability that the ball was drawn from the first bag is 


2 2 5 Bae” 
5N+(5N+5N) s ee cd 


We now proceed to the general proposition :— 


Let P,, P,,..., P,, be the probabilities of the eaistence of n 
causes, which are mutually exclusive and are such that a 
certain event must have followed from one of them; and let 
Pys Par +++7 P, be the respective probabilities that when one 
of the causes P,, P,, ..., P, exists it will be followed by the 
event in question; then on any occasion when the event 1s 
known to have occurred the probability of the rth cause vs 


Pp, + (Pp, + Pp, + +--+ P,p,): 


Let a great number WV of trials be made; then the 
first cause will exist in VV’. P, cases, and the event will 
follow in N.P,.p, cases. So also the second cause exists 
and the event follows in V.P,.p, cases; and so on. ° 


Hence the event is due to the rth cause in V.P,.p, 
35—2 
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cases out of a total of N(P.p,+P,p,+...+P,p,); the 
rD, 
>=Pp° 

Having found the probability of the existence of each 
of the different causes, the probability that the event 
would occur on a second trial can be at once found. 

For let P,’ be the probability of the existence of the 
rth cause; then p, is the probability that the event will 
happen when the rth cause exists; and therefore P,’. p, is 
the probability that the event will happen from the rth 
cause. 

Hence, as the causes are mutually exclusive, the 
probability that the event would happen on a second 
trial is 


probability of the rth cause is therefore 


Pied oe Pea pek hee ks Des 


Ex. 1. There are 3 bags which are known to contain 2 white and 3 
black, 4 white and 1 black, and 3 white and 7 black balls respectively. 
A ball was drawn at random from one of the bags and found to be a 
black ball. Find the chance that it was drawn from the bag con- 
taining the most black balls. 


1 3 1 7 
Here P\=P,=P3=5. Also Pi=—E) P=; and Ps=79° 
DHT 
‘ Ba, 3° 10 7 
Hi th d bilit; ===. 
ence the required probability is r on Trt 
8°5*3°5 +3" 0 


Ex. 2. From a bag which is known to contain 4 balls each of which is 
just as likely to be black as white, a ball is drawn at random and 
found to be white. Find the chance that the bag contained 3 white 
and 1 black balls. 

The bag may have contained (1) 4 white, (2) 3 white and 1 black, 

(3) 2 white and 2 black, (4) 1 white and 3 black, and (5) 4 black; and 
: 1 a 

the chances of these are respectively 6’ 16’ i6’ i6 and i6° 

Art. 410. Also the chances of drawing a-white ball in these 


; ; need 
different cases will be 1, q’ 9? : and 0 respectively. 
Py 
Hence the required probability = 16 = 3 . 
Seer ar mE 
16*4°i6+2°i6+2' to 
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413, Probability of testimony. The method of 
dealing with questions relating to the credibility of wit- 
nesses will be seen from the following examples: 


Ex. 1. A ball has been drawn at random from a bag containing 99 
black balls and 1 white ball; and a man whose statements are 
accurate 9 times out of 10 asserts that the white ball was drawn. 
Find the chance that the white ball was really drawn. 


The probability that the white ball will really be drawn in any case 
is i00’ and therefore the probability that the man will truly assert 


oe 
100 * 10° 
The probability that the white ball will not be drawn is a , and 
therefore the probability that the man will falsely assert that the 
1 


that the white ball is drawn is Rd 


white ball is drawn is 100 * 10° 
Hence as in Art. 412 the required probability is 
1 9 
i0o*i0 1 
i TN ESE Bc OF 
Xo +t Xa 


100 ~ 10" 100° 10 


Ex. 2. From a bag containing 100 tickets numbered 1, 2, ..., 100 
respectively, a ticket has been drawn at random; and a witness, 
whose statements are accurate 9 times out of 10, asserts that a 
particular ticket has been drawn. Find the chance that this ticket 
was really drawn. 

In 1000N trials the ticket in question will be drawn 10N times; 
and the witness will correctly assert that it has been drawn 9N times, 
The ticket will not be drawn in 990N cases, and the witness will 
make a wrong assertion in 99N of these cases; but there are 99 ways 
of making a wrong assertion and these may all be supposed to be 
equally likely; hence the witness will wrongly assert that the 
particular ticket has been drawn in N cases. Hence the required 


probability is Ba , 80 that the probability is in this case equal to the . 
probability of the witness speaking the truth. 


Ex. 3. A speaks the truth three times out of four, and B five times 
out of six; and they agree in stating that a white ball has been drawn 
from a bag which was known to contain 1 white and 9 black balls, 
Find the chance that the white ball was really drawn. 


The probability that the white ball will be drawn in any case is 
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- , and therefore the probability that 4 and B will agree in truly 
Beet 
asserting that a white ball is drawn is a XZXG- 
The probability that a black ball will really be drawn in any 


case is a and therefore the probability that A and B will agree in 


falsely asserting that a white ball is drawn is a x ; x * 
Hence, as in Art, 412, the required probability is 
i olen 
10*4*6 5 
L- 8. bo OG 8 
X—-Xat—mXsXG 


Ex. 4. A speaks truth three times out of four, and B five times out of 
six; and they agree in stating that a white ball has been drawn from 
a bag which was known to contain 10 balls all of different colours, 
white being one, What is the chance that a white ball was really 
drawn ? 


The probability that the white ball will really be drawn in any 


case is a and therefore the probability that 4 and B will agree in 
< 5 4 elo 3 Oe ee 
truly asserting that the white ball is drawn is io *4*% 6716" 
The probability that the white ball will not be drawn in any case 
is To" The probability that A will make a wrong statement is ti 


hence, as there are nine ways of making a wrong statement which 
may all be supposed to be equally likely, the chance that A will 


wrongly assert that a white ball is drawn is - x * Therefore the 


chance that 4 and B will agree in falsely asserting that a white ball 
is drawn is 
9 i i uN 


10 * 4x9 * 6x9 2160" 


if 
‘ pare 16 135 
Hence the required probability is ae ee 
16 * 2160 


Ex. 5. It is 3 to 1 that A speaks truth, 4 to 1 that B does and 6 to 1 
that C does: find the probability that an event really took place 
which A and B assert to have happened and which C denies; the 


event being, independently of this evidence, as likely to have 
happened as not. Ans. 3. 
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414. We shall conclude this chapter by considering 
the following examples, referring the reader who wishes 
for fuller information on the subject of Probabilities to 
the article in the Encyclopaedia Britannica, and to Tod- 
hunter’s History of the Mathematical Theory of Proba- 
bility. 


Ex. 1. A bag contains m balls, and all numbers of white balls from 0 
to n are equally likely; find the chance that r white balls in succes- 
sion will be drawn, the balls not being replaced. 


The chance that the bag contains s white balls is ao and the 
chance that r balls in succession will be drawn from a bag contain- 


, . ., . 8(8—1)...(8—7r+1) 
ing n balls of which s are white is 7 CES pel ATSB 


Hence the chance required is 
1 ee} (n—-1) (n-2)...(n-7r) 


u+1 \n(n-1)...(n-—r+1)) n(n—-1)...(n-7r+1) a 
r(r—1)...1 
CES HC EEESTVG 


Now {1.2...7}+{2.3...(rt+I}+...4+{(n-r+]1)...(n-1) n} 


= (ort) norte) niet’) | by Arts 818; 
Tr 


Hence the required chance is ae , which is independent of the 


whole number of balls in the bag. 


If it be known that r white balls in succession have been drawn, 
the probability of the next drawing giving a white ball can be at 
once found from the preceding result. ’ ; ’ 

For in a great number N, of cases, there will be r white balls in 


succession in —— cases, and r+1 white balls in succession in —— 
r+1 r+2 


ired ch oe is ae ee 
cases. Hence the required chance Pip trcie cas 


Ex. 2. Two men 4 and B, who have a and b counters respectively to 
begin with, play a match consisting of separate games, none of which 
can be drawn, and the winner of a game receives a counter from the 
loser. Find their respective chances of winning the match, which is 
supposed to be continued until one of the players has no more 
counters, the odds being p: q that A wins any particular game, 
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Let A’s chance of ultimate success when he has counters be u, - 


Then 4’s chance of winning the next game is , and his chance 


of ultimate success will then be w,,,; also A’s chance of losing the 
next game is = , and his chance of ultimate success will then be 
Un—1° 


Pp q 
Hence wv, =——— Uyj,34 + — Un-13 
nD +q n+l ptq” 15 


oe Png, — (P + 7) Up + QUy—y= 0, from which it follows that u, 
A+Be 


will be the coefficient of 2" in the expansion of ——_—______, , 
p-(p+q)2+q2 


provided A and B be properly chosen. 
A+Ba F C D 
Ww ere rire be expressed in the form ace aes 
n 
and hence the coefficient of x” is D+< (2) : 


n 
Thus weDpe 1\" | where CG and D have to be determined. 


No 


But it is obvious that 4’s chance of winning is zero if he has no- 

counters and unity if he has a+), so that uy=0 and u,4,=1; hence 
atb 

0=D+ g. and 1=p+" (2) , whence the values of C and D 


are found, and we have 
=f-Qt / -0)"} 
Hence 4’s chance of winning the game is 
tha C$) haji 
] P 


Similarly B’s chance of winning the game is 
t-@} / t-G@)I- 
q ee 


EXAMPLES XLI. 


1. A and B throw alternately with two dice, and a prize 
is to be won by the one who first throws 8. Find their 
respective chances of winning if A throws first, 
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2. A, B and C throw alternately with three dice, and a 
prize is to be won by the one who first throws 6. Find their 
respective chances of winning if they throw in the order A, 
Bb, C. 

8. Three white balls and five black are placed in a bag, 
and three men draw a ball in succession (the balls drawn not 
being replaced) until a white ball is drawn: shew that their 
respective chances are as 27 : 18: 11. 


4. What is the most likely number of sixes in 50 throws 
of a die? 


5. Shew that with two dice the chance of throwing more 
than 7 is equal to the chance of throwing less than 7. 


6. In a bag there are three tickets numbered 1, 2, 3. 
A ticket is drawn at random and put back; and this is done 
four times: shew that it is 41 to 40 that the sum of the 
numbers drawn is even. 


7. From a bag containing 100 tickets numbered 1, 2, 
3,...100, two tickets are drawn at random; shew that it is 50 
to 49 that the sum of the numbers on the tickets will be odd. 


8. There are n tickets in a bag numbered 1, 2,...,% A 
man draws two tickets together at random, and is to receive a 
number of shillings equal to the product of the numbers he 
draws: find the value of his expectation. 


9. An event is known to have happened m times in 
m years: shew that the chance that it did not happen in a 


; : 1\* 
particular year is Q - -) : 


10. . If p things be distributed at random among p persons ; 
shew that the chance that one at least of the persons will be 
void is? LP, 

p 

11. A writes a letter to B and does not get an answer; 
assuming that one letter in m is lost in passing through the 
post, shew that the chance that B received the letter is 
m—1 
2m—1”’ 
the letter if he had received it. 


it being considered certain that B would have answered 
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12. From a bag containing 3 sovereigns and 3 shillings, 
four coins are drawn at random and placed in a purse; two 
coins are then drawn out of the purse and found to be both 
sovereigns. Shew that the value of the expectation of the 
remaining coins in the purse is lls, 6d. 


13. From a bag containing 4 sovereigns and 4 shillings, 
four coins are drawn at random and placed in a purse; two 
coins are then drawn out of the purse and found to be both 
sovereigns, Shew that the probable value of the coins left in 
the bag is 29} shillings. 


14. If three points are taken at random on a circle the 
chance of their lying on the same semi-circle is 3. 


15. A rod is broken at random into three pieces : find the 
chance that no one of the pieces is greater than the sum of the 
other two. 


16. <A rod is broken at random into four pieces: find the 
chance that no one of the pieces is greater than the sum of the 
other three. 


17. Three of the sides of a regular polygon of 4m sides are 
chosen at random; prove that the chance that they being 
produced will form an acute-angled triangle which will contain 

(n—1)(n- 
(4n—1) (4n — 


18. Out of m persons ah are sitting in a circle three are 
selected at random; prove that the chance that no two of 
(m— 4) (m—5) 
(am — 1) (mm — 2) 

19. If m odd integers and n even integers be written down 
at random, shew that the chance that no two odd numbers are 


|n [n+ 
m+n|n—m+ i: 


20. If m things are distributed amongst a men and 6 
women, shew that the chance that phe number of things 


1 (b+a)"-(6-a)" 
received by the group of men is odd, is 3 (bea 


the polygon is 


those selected are sitting next one another is 


adjacent to one another is m being > n+1. 
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21. The sum of two whole numbers is 100; find the chance 
that their product is greater than 1000. 


22. The sum of two positive quantities is given; prove 
that it is an even chance that their product will not be less 
than three-fourths of their greatest product; prove also that 
the chance of their product being less than one-half their 


greatest product is 1 — wh 


Je 

23. Two men A and B have a and b counters respectively, 
and they play a match consisting of separate games, none of 
which can be drawn, and the winner of a game receives a 
counter from the loser. The two players have an equal chance 
of winning any single game, and the match is continued until 
one of the players has no more counters. Shew that A’s chance of 
winning the match is ae 

a+b 

94. An urn contains a number of balls which are known 
to be either white or black, and all numbers are equally likely. 
If the result of p+q drawings (the balls not being replaced) is 
to give p white and q black balls, shew that.the chance that the 
‘ obree: eg 
next drawing will give a black ball is Perret 

25. Two sides play ata game in which the total number 
of points that can be scored is 2m +1; and the chances of any 
point being scored by one side or the other are as 2m + l-a 
to 2m+1—y, where « and y are the points already scored by 
the respective sides. Shew that the chance that the side 
which scores the first point will just win the game is 

(2m! 2m + 1!) 


(m0!)8m + LT 4am + 11 


CHAPTER XXXL 
DETERMINANTS. 


415. Ir there are nine quantities arranged in a square 
as under: 


a, a, a, 
b, b, b, 
C, Cy C, 


then all the possible products of the quantities three to- 
gether, subject to the condition that of the three quantities 
in each product one and only one is taken from each of 


the rows and one and only one from each of the columns, 
will be , 
A,b,0,, @,5,0,, 45,c,, a,b,c, a,b,c,, and a,b,c,. 

Let now these products be considered to be positive or 
negative according as there is an even or an odd number 
of unversions of the natural order in the suffixes; then the 
algebraic sum of all the products will be 

a,b,c, — @,b,0, + a,),c, — a,b,c, + a,b,c, — @,D,C,...... (A); 
for there are no inversions in a,b,c,, there is one inversion 
in a,b,c, since 3 precedes 2, there are two inversions in 
a,b,c, since 2 and 3 both precede 1, there is one inversion 
in a,b,c, since 2 precedes 1, there are two inversions in 
a,b,c, since 3 precedes both 1 and 2, and there are three 


inversions in a,b,c, since 3 precedes both 1 and 2 and 2 
precedes 1. 
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The expression (A) is called the determinant of the 
nine quantities a,, a,, &c., which are called its elements; 
and the products a,b,c,, a,b,c,, &c. are called the terms of 
the determinant. 


416. Definition. If there are n* quantities arranged 
in a square as under: 


he ands Ups Oy 
ning ear area b. 
C, ig Cau ses es Cs 
On, Wi, WW, sass m, 


the members of the same row being distinguished by the 
same letter, and the members of the same column by the 
same suffix; and if all the possible products of the quan- 
tities n at a time are taken subject to the condition that 
of the n quantities in each product one and only one is 
taken from every row and one and only one from every 
column, and if the sign of each product is considered to be 
positive or negative according as there is an even or an odd 
number of inversions of the natural order in the suffixes ; 
then the algebraic sum of all the products so formed is 
called the determinant of the n’ quantities or elements. 

To denote that the n? quantities are to be operated 
upon in the manner above described, they are enclosed by 
two lines, as in the above scheme. 

The diagonal through the left-hand top corner is called 
the principal diagonal; and the product of the n elements 
GRO JO ,m, which lie along it, is called the principal 
term of the determinant. 

All the other terms can be formed in order from the 
principal term by taking the letters in their alphabetical 
order and permuting the suffixes in every possible way: 
on this account a determinant is sometimes represented 
by enclosing its principal term in brackets ; thus the 
above determinant would be written [a,),c,...m,], the 
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determinant is also often represented by the notation 
> (+ a,b,c,...m,). 

When only one determinant is considered it is 
generally denoted by the symbol A. 

A determinant is said to be of the nth order when 
there are n elements in each of its rows or columns, and 
therefore also n elements in each of its terms. 


417, Since there are as many terms in a determinant 
of the nth order as there are permutations of the n suffixes, 
it follows that there are |n terms in a determinant of the 
nth order. There are, for example, six terms in a deter- 
minant of the third order. 


418. The law by which the sign of any term of a 
determinant is found is equivalent to the following : 

Take the elements in order from the successive rows 
beginning at the first; then the sign of any term is positive 
or negative according as there is an even or an odd number 
of inversions in the order of the columns from which the 
elements are taken. 

We will now shew that the words row and column may 
be interchanged in the above law. To prove this, consider 
any product, for example, a,b,c,d.e,f, and its equivalent 
¢, f,b,0,2,¢,, where in the first form the letters follow the 
alphabetical order and in the second form the numbers 
follow the natural order. 


We have to shew that the number of inversions 
in the suffixes in the first form is the same as the number 
of inversions of the alphabetical order in the second form. 
This follows immediately from the fact that if, in the first 
form, any suffix follow r suffixes greater than itself; then, 
in the second form, the letter corresponding to that suffix 
must precede r letters earlier than itself in alphabetical 
order. Thus, in the example, 2 follows four suffixes greater 
than itself in a,b,c,d,¢,f and f precedes four letters earlier 
than itself in c, 7,b,d,a,¢,- 
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_ Since the words rows and columns are interchangeable 
in the law which determines the sign of any term, we have 
the following 


Theorem. A determinant is unaltered by changing tts 
rows into columns and its columns into rows. 


For example | a, 0, c, |= |a, a a, 
Oh O INOS be babe 
a, b, Cs C, C, Cy 


Ex, 1. Count the number of inversions in 2314, 3142 and 4231. 
Ans, 2, 3, 5. 
Ex. 2. Count the number of inversions in 4132, 35142 and 531264. 
Ans, 4, 6, 7. 
Ex. 8. What are the signs of the terms bfg, cdh and ceg in the 
determinant | a b c |? 
TE oN fi 
g hk 
[The order of the columns is 231, 312 and 321.] 
Ans. +, +, —« 
Ex. 4. What are the signs of the terms bgiq, celn and dfkm in the 
determinant |a@ b c dj? 
EMS Vigo 'h 
i-j kt 
mn p 


q 
[The order of the columns is 2314, 3142 and 4231.] 
Ans. +, -y —» 


419, Theorem I. Ifinany term ofa determinant any 
two suffimes be interchanged, another term of the determinant 
will be obtained whose sign ts opposite to that of the original 
term. 


Let P.h,.ks be any term of a determinant, P being 
the product of all the elements except h, and keg; then, by 
interchanging a and 8 we have P.hg.k,. Now since 
Pha. ke is a term of the determinant, P can contain no 
element from the rows of h’s and k’s and no element from 
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the « or 8 columns; and this is a sufficient condition that 
Phgk, should also be a term of the determinant. 

We have now to shew that the two terms have 
different signs. ; 

First suppose that two consecutive suffixes are inter- 
changed. 

onsider the term Ah,kgB where A denotes the product 
of all the elements which precede A, and B the product of 
all the elements which follow kg. By interchanging « and 
B we have Ahgk,B, which we have already found is a term 
of the determinant. 

Now the number of inversions in the two terms must 
be the same so far as the suffixes contained in A, or in B, 
are concerned, whether compared with one another or with 
a and 8; but there must be an inversion in one or other of 
a8 and Ba but not in both. Hence the numbers of 
the inversions in the two terms differ by unity, and therefore 
the signs of the terms must be different. 

Now suppose that two non-consecutive suffixes are 
interchanged ; and let there be r elements between the two 
whose suffixes, a and 8 suppose, are to be interchanged. 

Then @ will be brought into the place of @ by r+1 in- 
terchanges of consecutive suffixes,and 8 can then be brought 
into the original place occupied by a by r interchanges 
of consecutive suffixes; and therefore the interchange of 
a and @ can be made by means of 2r +1, that is by an odd 
number, of interchanges of successive suffixes. But, by the 
first case, each such interchange gives rise to a loss or gain 
of one inversion; and hence there must on the whole be a 
loss or gain of an odd number of inversions: the sign of the 
new term will therefore be different from the sign of the 
original term. 


420. Theorem II. A determinant is unaltered in — 
absolute value, but 1s changed in sign, by the interchange 
of any two columns or any two rows. 

Suppose that in any determinant the rows in which 
the letters h and k occur are interchanged. Then, if 
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A .ha.B.kg.C be any term of the original determinant, 
the term of the new determinant formed by the elements 
which occur in the same places as before will be Ak, BhgO; 
and these two terms must have the same sign in the two de- 
terminants. Now by Art. 419 we know that A.k..B.hg.C 
is a term of the original determinant and that its sign 
is diferent from that of A.h,.B.kg.C. Hence any 
term of the new determinant is also a term of the original 
determinant but the sign of the term is different: the two 
determinants must therefore be equal in absolute magni- 
tude but different in sign. 


The proposition being true for rows is, from Art. 418, 
true also for columns. 


For example 


& 4g G3 |=—| % Ag Ag |=] 4. ag ay |e 
b, by by b, bo, by Cy Cy Cy 
C, Cg Cy Cy Cy Cy b, 0b, by 


421. Theorem III. A determinant, in which two 
rows or two columns are identical, is equal to zero. 


When two rows (or two columns) are identical, the 
determinant is unaltered either in sign or magnitude by 
the interchange of these two rows (or columns), But, by 
Theorem II, the interchange of any two rows (or columns) 
of a determinant changes its sign. Thus the determinant 
is not altered in value by changing its sign: its value 
must therefore be zero. 


laa 
1b GB 
1 ¢ ¢ 


It is obvious that two rows would become identical, and therefore 
the determinant would vanish, if a=b. Hence A must be equal to 
an expression which has a—6 as a factor. Similarly b—c andc-a 
must be factors of A. But A is by inspection seen to be of the third 
degree in a, b, c; hence A=L(b-—c)(c—a)(a—b), where L is 
numerical. The principal term of A is bc? and this is the only 
term which gives bc?, and the coefficient of bc? in L(b—c) (c—a)(a—b) 
is L; therefore L=1, Thus A=(b-c) (c—a) (a—6). 


S. A, 36 


Ex. 1. Find the value of 


‘ 
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Ex. 2, Find the valueof|1 a a? a3}. 
16 BF B 
1 orice 
ea wat d* 
Ans. —(b-©) (c—a) (a—b) (a—d) (b—d) (c- a). 


1 ray ae 
Ans. —(b—c) (¢—a) (a—) (a—d) (6-4) (cd) (a+b+c+d). 


422. Theorem IV. If all the elements of one row or 
of one column of a determinant be multiplied by the same 
quantity, the whole determinant will be multiplied by that 
quantity. 

For every term of the determinant contains one 
element and only one from each column and from each 
row ; and it therefore follows that if all the terms of one 
row or of one column be multiplied by the same quantity, 
every term of the determinant, and therefore the sum of 
all the terms, will be multiplied by that quantity. 

Cor. From the above, together with Theorem III, it 
follows that if two rows or two columns of a determinant 
only differ by a constant factor, the determinant must 
vanish. 

For example 
=| ma, nb, pr |. 


aq by 
my nb, Ply 


Gg bg Cy 
dy bg Cg 
=mn|aa 1 
b ob L 
Wt il 


| ma, mb, me, |=mnp 
NM, Ndy Neg 


| pag pbs peg | Maz Nby Ply 


Also ma na 1 
mb nb 1 


m ne 1 


423. Minor determinants. When any number of 


_ columns and the same number of rows of a determinant 


are suppressed, the determinant formed by the remaining 
elements is called a minor determinant. 
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A minor determinant is said to be of the first order, or 
to be a first minor, when one column and one row are 
suppressed ; it is said to be of the second order, or to be a 
second minor, when two columns and two rows are sup- 
pressed ; and so on. 


The determinant obtained by suppressing the line and 
the column through any particular element is called the 
minor of that element, and will be denoted by A, where 
is the element in question. 


Thus | a, 06,{,| a, ¢, |and| b, cq| are first minors of 
Qa, by 2amcs bg Cy 

a, b, ¢c, |, and are A,» As, and Aa, respectively. 

ay by Cy 

az by Cs 


424. Development of determinants. Consider the 
determinant of the fourth order 


A=|a, a, a, 4a,|, 


b, b, b 3 b, 
Cmts wie, we, 
d, d, d, d, 


A certain number of the terms of A will contain a,; 
let the sum of all these terms be a,.A,. Similarly let 
the sum of all the terms which contain a,, a, and a,, be 
respectively a,.A,,a,.A, and a,.A,. Then, since no term 
can contain more than one of the letters a,, a,, a,, a, we 
have 

A=G,A, + GA, + GA, +A). 0.cspesees. (i). 


Now, since no term of A which contains a, can contain 
any element from the column or the row through a,, it 
follows that every term of A which contains a, is the 
product of a, and some term of A,,; conversely the product 
of a, and any term, 7, of Az, will be a term of A, and the 
sign of the term a,.Z' of A will be the same as the sign of 
the term 7’ of A,,, for there is no change in the number of 

36—2 
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inversions. Hence the sum of all the terms of A which 
contain a, 1s a,. Ag. a 

So also, every term of A which contains a, 18 the 
product of a, and some term of A,,, and the product of a, 
and any term, T, of A,, will be a term of A, but there is 
one more inversion in the term a,. 7’ of A than there is in 
the term 7’ of A,,, since 2 precedes 1. Hence the sum of 
all the terms in A which contain a, 1s — d,. Ag, 

Similarly the sum of all the terms of A which contain 
a, are a,. A,,; and the sum of all the terms which con- 
tain a, are —a,. Ag, 

Hence 

A =ay. Ag, — Oy. Na, + yay — Uy. Nay eeereres (ii). 

By means of Articles 419 and 420, we can shew in a 

similar manner that 


A=—6,4,, +b, As, — b, As, + b, Ao, 
= a, Ag, —}, As, +o Ac, — d, Aa, = &e. 
Cor. By comparing (i) and (ii) we see that the co- 


factors of the elements a,, a,, &e., are equal in absolute 
magnitude to the minors of the same elements. 


425. We have in the previous article considered the 
case of a determinant of the fourth order; the reasoning is 
however perfectly general, so that if A be a determinant 
of the nth order having a,, a,,..., a, for the elements of its 
first row or column; then will | 

A=a,. Ag, —a,Ag,+-..+(—1)"" a, Ag, 
So also 
A=(—1)" {k,. Ay, — hy. Ap, +...-+(— 1)" &, Ay}. 
Where k,, k,,..., &, are the elements of the rth row. 


For example 


A, Ag Mg |=Gq| by bg |—ay| by bg |+ag| b, by 
by by dg Co Cy Gk C, Cy 
CrAca aes 


= Gy (byC3 — byCq) — dg (D,C3 — byC,) + Ag (016g — bg C ). 
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Prove the following : 


yt | 1 1 2 \=4 @ 2. =1 2 2 |=27. 
Qed” Eb 2 -1 2 
ley tt! | 22 i= I 
3. 122 78 (=18 4. 6) deb) | =16. 
: i2 c 6 5 
2 oieL 56 5 6 
6. |a 0 ec |=2abc 6. |a@ a a |=a(b-c) (a-b). 
‘s | ab0O w | ab b 
0 be . la be 
7 a+b c¢ ¢ |=4abc, 3 b+e c¢ b |=4abe 
Vv a b+e a Vv c cta a | 
6 b cta b a atb| 
9. }8 2 2 2)=9 105s oie te aia 
J ya Ty Mar) JS gb Te atts Soa: 
22 8 2 1 38 6 10 
Pe BY Oe 1 4 10 20 


11. Write down the co-factors of a, f and ¢ in the expansion of 
the determinant A=|a h g |. 


an A 
LINE 
Shew that, if 4A, B, &. are the co-factors of a, b, &o. in the 


above determinant, and A’, B’, &c., the co-factors of A, B, &c. in 
the determinant 


‘ pr 
(is ay ee ee, 
H BF a ob 
G F C 


426. Theorem V. [If the elements of one column of 
a determinant be multiplied in order by the co-factors of 
the corresponding elements of any other column ; then the 
sum of the products will be zero. 


Let the elements of the rth column be multiplied by 
the co-factors of the corresponding elements in the sth 
column; then the sum of the products will be 


a,.A,+6,.B,+... 
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Now consider the determinant which differs from the 
original determinant only in having the sth column 
identical with the rth; then A,, B,, &c. will be the same 
in the new determinant as in the original one. 


The value of the new determinant will therefore, by 
Art. 425, be equal to 
+{a,.A,+6,.B,+...] 
=+4a,A)4+0..B;-iad, 
since a,=4a,, b,=b,, &e. 
But, from Art, 421, we know that the new determinant 
is zero. 
Hence a,.A4,+b,.B,+...=0. 


Thus in the determinant A=[a,b,c,d,], we have 
A= 0,4; + 044+ Ag4g+ asd 45 
also O= b,A, + by4g+ b,4g+0,4,, 
0=4,4,+b,By+ ¢,Cy+a,D;, &e, 


427. Theorem VI. If each element of any row (or 
column) of a determinant be the sum of two quantities, the 
determinant can be expressed as the sum of two deter- 
minants of the same order. 

It will be sufficient to take as an example the deter- 
minant 

a,+a, Bb, «|. 
a,+a, 6b ¢, 
a,+a, 6b, «¢, 


By Art. 424, we have, if A,, A,, A;, be the co-factors of 
the elements of the first column, 


A=(a,+4)A,+ (a, +%)A,+(a,+4,) A, 
=|a, b qg|+|/q & «|. 
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Similarly it can be proved that 

+a, -f a] b 
Agta, by-By Cy dy by Cy 
dzt+dg bs—Bs Cg dg bs Cy 
% BY a PB, |. 
a, By Cy @ By ¢ 
dz Bg Cg as Bg Cg 


+/a, by Gy 


de bg Cy 


ag bg Cg 


541 


428. fheorem VII. A determinant is not altered in 
value by adding to all the elements of any column (or row) 
the same multiples of the corresponding elements of any 


number of other columns (or rows). 


Take as an example a determinant of the third order: 


we have to shew that 


a, 6, o,| = |a,+mb,+ne, 5 ©, 
0 0. a,+mb,+nce, 5, ¢, 
a, b, C, a, a mb, as NC, b, 8 


By Theorem VI, the last determinant is equal to 


a, b c| + (mb, 5, o| +|ne, 4 
OA Dee 0 mb, 6, ©, ne, 0, 
HALD? °C, mo, D, *C, nc, 6, 


Ci}. 


Cs 


But each of the last two determinants is zero [Art. 422, 


Cor.]; this proves the theorem. 


Ex. 1. Shewthat|1 a b+e \=0. 
1 6b c+a 
1 c¢ a+b 


Add the second column to the third; then 


A=|1 a atb+e |=(a+b+c)|1 a 1 |=, 
1 b at+b+e ih tay al 
1 ¢ at+b+te hi cnet 


since two columns are now identical. 
Ex. 2. Shew that a b ce d |:=8abcd. 


-a 6 Cam 
Sh lye Te 
Sh Sth SOW 
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Add the first row to each of the others; then 


=A,a@ b e¢ d |=a|2b 2c 2d |=2ab 2c 2d |=8abed. 
0 2b 2 2d Ou ae 2d | 0 2d | 
0 0 2 2d 0 a4 
0 0 0 2d 
Kix. 8. Shew that |a+2b a+4b a+6bd 
a+8b a+5b a+7b J 


a+4b a+6b a+8b 


Take the second row from the third, and then the first from 

the second, : 
Ex. 4. Shew that | b+c a-c a-—b 
b-c c+a b-a 
c—-b c-a a+b 
Ex. 5. Find the value of | te lo ra FA 


=8abe. y 


Ig 6. vo 
8 10 ll 5 
190s F216 
A=| 1 15 14 4\=48) 1S 1514 <4 
12 6 7 9 Te ae Oe!) 
-4 4 4 -4 ifge gees dene 
12 -12 -12 12 ae cee wk 
=48| 1 165 %4 4 |=0. 
12. 6) -s7ae 9 
=1 1 1 =) 
0 0 0 0 
Ex. 6. Find the values of 
0 -1 -1 1 j,and|;3 2 2 2 
AS eo SL: 203 a2. 2 
B79) Aa Se 2278) 2 
i7e ‘ rw 2 Pa ogks 


Ans. 0, 9. 
. 429, The following is an important example. 
To shew that 


a, b cg Lom on |=} a by Gy a, B |. 
a bo Co p gq 7 G, bg Cy a By Ye 
ag bg cg 8 t Uw ag bg Cg a; Bs Ys 
0 0 Oia, Ry m1 

0 0 0 a fe Y 

0 0 0 a Bs 
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It is in the first place clear that a term of the determinant of the 

’ sixth order will be obtained by taking any term of [a,bcs] with any 

term of [a,yy,]. Thus A=[a@,b,cs].[a,Syy3] together with terms 

involving 1, m, n, &c,; and we have to shew that all terms involving 
any of the letters 1, m, n, &c. will vanish. 


Now, in every term of the minor of J, three elements must be 
chosen from the last three rows, and two only of these can be chosen 
from the last two columns; hence one of the three elements must be 
zero, and therefore every term of A; is zero. Hence the minor of J, 
and so also the minor of each of the elements m, n, &c. is zero; this 
proves that there are no terms involving any of the letters 1, m,n, &c. 

It can be proved in a similar manner that any determinant of the 
2Qnth order is the product of two determinants of the nth order, 
provided every element of one of the nth minors of the original 
determinant is zero. 


430. Multiplication of determinants. We shall 
consider the case of two determinants of the third order: 
the method is however perfectly general. 


To express as a determinant of the third order, the 
product of the two determinants. 


Ay=lae 7b) ce, and “Ay="|'a By oy: i 


a, b, C, a, B 2 Ya 
TR ee Clea by Srp: 
We know from Art. 429 that 
RIA =\ay 6) ¥e, 1° 0 Ol Plesoe seeeane: (A). 

xe DOO 180 
ied peo OD) WO ome} 
Os LOM, Onn ae P Pye oy, 
OM.07 0 aie Bh 8a ry, 
O08 0, 45 8M 4; 


Multiply the first three rows by a,, A,, y, and add the 
products to the fourth row; then multiply the first three 
rows by a,, &,, y, respectively and add the products to the 
fifth row; and then multiply the first three rows by @,, 8,, 7, 
respectively and add the products to the sixth row. e 
shall then have the equivalent determinant 


| a, hj cf al fp, a 
Jar bese | x [4 BL Ms 


arene dy 4, 7 
544 DETERMINANTS. 
a 9 by ’ cy eed a 0 : 0 
ay ° by ’ Cg ’ oO, =d; 0 
as , bs 4 C3 * 2 OgnoG: .—2t 
M40, +48, +437, bya, +098, +b371, G+ +ey1, 9, O, O 
Ay + MpBg+Az¥q, dydgtboBgtbgyg, CAgtCxBgtcsy, 9, O, O 
Adz + Ao8g+Agyg,  Dyagt boBg+byyg, Cytgt+CoBg3t+cyygz, 9, O, O 


which is by Art. 429 equivalent to the product o 
-|-1 0 0 |, that is 1, and 
1 -1 0 
L O=rege Sy 

G0, + AB) + gy, bya, +98, + dgyy, C40, +028, + egy 
yg + AoBy+ Ag¥q, Dydgt OBotbgy2, 14+ CoB t+ CyVe 
Adz t+ ASgtagys, byagtbBgtbgyg, C23+Ca83+CgVg 

Hence the required product is the determinant last 
written. 


Ex, 1. Multiply |« y z|by|ac bj. 
£0 5Y bae 
) 8 cb a 
The required product is | X Y Z|, where X=ax+by+cz, 
Ao VG 
VT Zeek 


Y=ay+bz+cx, and Z=az+be+cy. 
Since| ze y « |=234y3+4+23-3ayz, and the other determinants 
say 
BOG 
are of the same form, we see that the product of any two expressions 


of the form 2°+y%+23-3zyz can be expressed in the same form. 
[See Art. 156, Hix, 4.] 


Ex. 2. Shew that | 2bc— a, om b? |= (a8+-674c8 — 3abc)2, 
cy 2ac — b?, a ; 
v2, a, 2ab —c? 
Form the product of} a4, -b, cj} and, -a, b cc}. 
c, -a, b —c, ab 
b, -c, a -b, ¢ a 
Ex. 3. Shew that| 4, B, ©, |=| a, 2% c¢, |%, where 4,, B,, &@. 
A, By, OC, dy by Cy 
4, By Cy dg bg Cg 


are the co-factors of a,, b,, &c. in the expansion of the determinant 
(a,baC5]. 
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For| 4, By, C,|.| a 4, a3 |=| [a,b cg] 0 0 
4, By G by by by 0 — [abjcs] 0 ‘ 
4, By Cyl 1 Cy oes 0 0 — [abaes] 
. since Ay GQ, + Agdg + Agdg= Bb, + Byby + Bb 
= Oye, + Cycg + Cgeg=[4454¢s], 
and A,b, + Ab, + Agb,= &o.=0 [Art. 426]. 


Hence = [4 B,C] « [a,b eg] = [4020s]. 


431. The notation 


a4 @& a 4G, | | 
b, b, b, b, 
CO Ce OG, | 


is employed to denote the system of four determinants 
obtained by omitting any one of the columns. 


432. We conclude with the following important appli- 
cations of determinants. 


Simultaneous Equations of the First degree, 
The solution of any number of simultaneous equations of 
the first degree can be at once obtained by means of the 
foregoing properties of determinants. 

First take the case of the three equations 

a2 + by + 62> k,, 
Of + by + O2= ky, 
a, + by +¢,2=k,. 

Multiply the equations in order by 4,, A,, A,, where 

A,, A,, A, are the co-factors of a,, a,, a, respectively in the 


determinant | a, 5, ¢, 


Then we have by addition 
(a,4, a a,A, ng a,A,) & ie (6,4, os bA, =, b,A,) ¥y 
+(¢,A,+0¢,4,+¢,4,)2=k,A,+k,A,+k,A,; 
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that is [a, b, c,] ¢ =[%, b, c,], 
for from Art. 426 the coefficients of y and z are zero. 
Similarly we obtain 
[a, b, C5] a [a, k, ¢,), 
and [a, 6, c,] z=[a, 6, k,}. 
Now consider n equations of the form 
a,@, + b,@, + 6,%,+0,8, + 000... =k,. 
As before, multiply the equations in order by A,, A,, 


A,, &c. the co-factors respectively of a,, a,, a,, &c. in the 
determinant [a, b, c,...]; then we have by addition 


(a,A,+a,4,+4,A,+...)e=kA,+k,A,+k,A, +..., 
the coefficients of y, z, &c. being all zero by Art. 426. 


Hence peak LARS 
[a, b, ¢,...] 
So also y ol lies 
[a, 6, ¢,.-.] 
Ex. 1. Solve the equations 
x+2y+3z2=6, 
2e+4y+2 =7, 
: 38a+2y+9z=14. 
The values of x, y, # are respectively 
6 2 8 1 6 38 I 2 6 
7 4 | Tay fa a 2 ay 
14 2 9 3 14 9 3.2 14 
[$811 3.5] =a oo 
2441 2441 2441 
8 2 9 3° 2-9 83.9 


and it will be found that each determinant is -—20, so that 
z=y=z=1, 
Ex. 2. Solve the equations 
xz ty +z +w +k =0, 
ax +by +cz +dw +k?=0, 
atx + by +072 + d*w+k?=0, 
adz + by + cz + dw + kt=0, 


DETERMINANTS. BAT 


We have 
pee leuk) doe eqed oll 2 ak 
|b ¢ d@ | |a b ¢ a 
cat a? b? ct. d 
bs c® d® kt a BF c® d 
_k(e~d) (d-B) (0-0) (kB) (k-e) (F-4), 
= (ed) (d=) (=<) (a—8) (a6) (a= di) ’ 
pak (b-2) (b= 0) (k= 4) 
(a=) (a—e) (ad) ’ 
and the values of y, 2 and w can be written down from that of «. 


433. Elimination. To find the condition that the 
three equations 
aco+by+c,=09, 
av + by + 6, =9, 
a,v + by + ¢, = 0, 
may be simultaneously true. 


Multiply the equations in order by C,, C,, O,, the 
co-factors of ¢,, ©, ¢, respectively in the determinant 


a; .b, 4, Then by addition we have 
a, b, C, 
a, b, Cs 


(a,C, a aC, oh a,C;) @ as (0,0, ss b,C, a8 b,C;) y 
+¢,C, + ¢,0,+¢,C, =9, 


that is, from Art. 426, 


[a, 6, ¢ |=9, 
a, b, C, 
a, b, C, 


which is the required condition. 


The three homogeneous equations a,¢+ by +¢4=a,e+ bey + Coz 
= dg + byy +¢,2=0 are obviously satisfied by the values s=y=2z=0. 
If however x, y, z are not all zero, it follows from the above that the 
condition [a,b,¢,]=0 must hold good. 
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It can be shewn in a similar manner that the condition 
that n equations of the form ae +by+...+k,=0, with 
(n — 1) unknown quantities, may be simultaneously true is 
[a.Don... Ke] =0: 


434. Sylvester’s method of Elimination. This is 
a method by which « can be eliminated from any two 
rational and integral equations in z. The method will be 
understood from the following examples. 
Ex. 1. Eliminate « from the equations 
az? +be+c=0 and px2?+qa+r=0. 
From the given equations we have 
avi+be27+cz =0, 
aa? +bae+c=0, 
pr+qzit+re =0, 
and px'+qzr+r=0. 
Now we may consider the different powers of x as so many different 


unknown quantities; and the result of eliminating 23, x? and x from 
the four last equations is by Art. 433 


@o6be 0);=0 
0abe 
p.@ r 0 
Op gqsr | 
[This result is equivalent to that obtained in Art. 153, Ex. 3.] 
Ex. 2. Hliminate w from the equations az?+bz2+ca+d=0 and 
pai+qu+r=0. 
From the given equations we have 
axt+baS+ca2+dz =0, 
ax’ + bx2+cx+d=0, 
px + ga? + ra? =0, 
pe+qzitre =0, 
px? +gqe+r=0. 
Eliminating x‘, «3, 2, x from the five last equations as if the 


different powers of z were so many different unknown quantities, we 
have the condition 


ec ad 0/=0. 
d 


olols oO s 
o's © a o 
Aa SSS, A 


0 
0 
r 


1. 


9. 


10. 


11. 
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EXAMPLES XLII. 


Shew that | 6?7+c? ab ac = 4a22%, 
ab c?+a?_ be 
ca cb a? +? 
Shew that|1 a a*—bc|=0. 
1 6b b*-ca 
1 c¢ c?—ab 
Shew that; b+c c+a a+b | =2| a Cj. 
b/+c’ oc’ + a’ aa’ +! eb iaecd 
6” + c. ce” + q’ qa” + b” ae Nee cl 
Shew that | a+6+42c¢ a b =2(a+b+c)%. 
c b6+c+2a 6 
¢ a c+a+2b 
Shew that a be = ac +c? | = 4a°b?, 
at+ab BP ac 
ba = «8+ be ? 
Shew that | (b+c)? oe b? =2(be+ca+ab)%, 
rc (c+a)? a 
b? a (a + 6)* 
Shewthat| -—be be+b? be+c?|=(be+ca+ab)3. 
ca+a* -ca ca+c? 
ab+a* ab+b? -—-ab 
Shew that; (a+0)? ca be =2abe(a+b+c)%. 
ca (b+c)? ab 
be ab (ce +a)? 
Shew that | (b+c¢)? a a =2abe (a+b+c)* 
b3 (c+taf 8B 
ca a (a+b)? 
Shewthat}0 @ b ecj=|0 111 
ay Otc b 10 cre 
bec Oa Pct 0F a? 
c b a 0 1 0* a 0 
=-—(a+b+ce)(-a+b+c) (—b+c+a) (—c+a+b). 
Prove that| 0 a? 0? c?|=|0 aa bB cy|. 
Gam Ole yas aa O cy bp 
(a get We ce bB cy O aa 
(ot eth ice ot) cy bB aa 0 
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12. 


N 


13. 


14. 


15. 


16. 


17. 


19. 


2o. 


EXAMPLES. 
Shew that | 1 1 if 1 = abe. 
1 i¢+a 1 1 
1 1 14+5 1 
it 1 1 l+c 
Shew that 
jlta 2 2 bk acetate 
Co tae i aed AE ae ries ae 


1 

1 

af 1 “ite "2 
i 1 1 14d 

d 

c 

b 

a 

—c- 


Shew that|a@ 6 c 

bad 

c ada 

a c10 
=(a+b+ce+d) (a+b -d)(a+e—b—d) (a+d—b—c). 
Shew that|1l+2 2 3 4 |=a3(¢+10). 

1 2+2 3 4 

1 2 38+” 4 

1 2 3 442 


Shew that | @ b ¢ d |=(a+0?+c7+d*), 


-c d a -—b 


-d -c 0b a 
Shew that|1 a a? a’+bced | =0. 
1b BU b3+cda 
1 c¢ 2 c3+dab 
1d @ d@+abe 
Shew that|a @ a a|=a(b-a), 
ab6baa 
aaba 
la aa ob 
Shew that|a@ b b b|=-(a—-D)4. 
abaa 
b ba b 
aaa b 
Shew that | ax — by —cz ay + bx cz + az 
ay+bz by-—cz—ar be+cy 
cr +az be+cy cz — ax — by 


= (a? + b? + 7) (22 + y? + 27) (ax + by +2). 
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21. Shew that 
a? a?-(b-—c)? be 
b? b?-(c—a)? ca 
c? c?—(a—b)? ab 
22. Shew that 
(6-6)? (a-b)? (a—c)3 
(b- a)? (c-a)? (b—c)? 
(c-a)? (c~b)? (a—d)? 
23. Shew that, if any determinant vanishes, the minors of any one 
row will be proportional to the minors of any other row. 


24. Shewthat|a*+1l ab ac ad |=a?+}? +c24 d?+1. 
ba =F +1 oe bd 
ca cb 6c?+1~— ocd 
da db de @+1 


=(b—c¢) (ce —a) (a—b) (a+b+c) (427+ 0? +c). 


= — 2(a*+ 6? + c? — be — ca — ad)?, 


25. Shew that 
0 1 1 i =(by—cB+ca-ay+aB—ba)’. 
1 a*+a? ab+aB ac+ay 
1 ab+aB8 67+f2 bc+Py 
1 actay bet+Py +7 


26. Shew that the determinants 


000abe 
0. 0, 2.00. 6.0 
Oy Oa de 
tO] 0, 0F bc 
zayez00 | 
are all zero. 
27. Shew that |a?-yz y?-ze 22-sy|=|e y 2 |% 
e—sy x?-yz y*-zx ye ee 
y2—-za 2 -acy w-y2 egw yi 
28. Shew that 
AY, ¢. -=b a2+r2 ab+de ac—Xb | =} (A? +474 b?+0%)8, 
-c 2 a ab—-)de b7+r? be+ra 
bo -a@ ac+nrb be-da c*+ 
29. Shew that 
@ Bf 2 2D) = | ow” yz Z-W Hae 
Gaol. Cad: a+d b+t+e a-d b-c} 
decba 
wey & 


CHAPTER XXXII 
THEORY OF EQUATIONS. 


435. Any algebraical expression which contains # is 
called a function of #, and is denoted for brevity by / (2), 
F (a), $ (a), or some similar symbol. 

The most general rational and integral expression 
[Art. 75] of the nth degree in # may be written. 


Apt + Aye" + A," + 2... +An, 
where a), @, @,... do not contain . 
Since all the terms of any equation can be transposed 


to one side, every equation of the nth degree in # can be 
written in the form 


Age” + a," + a2" +... +n = 9, 
where n is any integer, and the coefficients a, a, a... 
do not contain 2. 

Now any equation in @ is equivalent to that obtained 
by dividing every one of its terms by any quantity which 
does not contain #; and, if we divide the left side of the 
above equation by a», the coefficient of x*, we shall obtain 
the equation of the nth degree in its simplest form, 
namely 

DO" + 140? + pan” +... + Pn = O, 
where 9, Pa, Ps)... do not contain #, but are otherwise 
unrestricted, 
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436. If we assume the fundamental theorem* that 
every equation has a root real or imaginary, it is easy to 
prove that an equation of the nth degree has n roots. 


For suppose the equation to be f(x) = 0, where 
SJ (a) SO + py + pw + 0. + Dn 
Since f(x)=0 has a root, a, suppose, we have f(a,)=0, 
and therefore [Art. 88] f(x) must be divisible by a —a,, 
so that f(x)=(«—4a,) $(a), where d(a) is an_ integral 
function of # and of the (n—1)th degree. Similarly, 
since the equation ¢(#)=0 has a root, a, suppose, we 
have $(x)=(a—d,.)(x), where W(a) is an integral 
function of # of the (n—2)th degree. Hence 


Ff (@) =(@— &) (@ — a2) (2). 


Proceeding in this way we shall find n factors of f(a) of 
the form #—4,, and we have finally 


J (@) = (@ — m4) (@ — dy). --(@ — On). 


It is now clear that a,, ds,..., @, are roots of the 
equation f(z)=0; also no other value of « will make 
Jf () vanish, so that the equation can oniy have these 
m roots. 


In the above the quantities a,, d,, ds,... need not be 
all different from one another; but if the factors #- a, 
& — Ay, & — ds, &uc. be repeated p, g, r, &c. times respectively 
in f(z), we must have 


SF (&) = (@ — %)? (@ = a)8 (@ — Os) roe 
where p+atrt...=n. 


The equation f(z) =0 has in this case p roots each ay, 
q roots each a,, &c., the whole number of roots being 
pratrt... =n 


* Proofs of this fundamental proposition have been given by Cauchy, 
Clifford and others: the proofs are, however. long and difficult. 
37—2 
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437. Relations between the roots and the coeffi- 
cients of an equation. 

We have seen that if a,, ds, d,--- be the roots of the 
equation f (~)=0; then 


(a) = (@— a) (@—a)...(@— a) 
Hence [Art. 260] 


a” + pao + paw” + 20. + Pn 
=a"—§,.0°24S,.077%-—...+(—1)"8,, 
where S, is the sum of all the products of a,, ds, ds,.-- 
taken r together. 
Equating the coefficients of the different powers of « 
on the two sides of the above identity, we have 


S,=—p,, Sa=pa,.--S, =(— 1) pr,---Sn = (— 1)" pn. 


438. By means of the relations obtained in Art. 437, which give the 
values of certain symmetrical functions of the roots of an equation 
in terms of its coefficients, the values of many other symmetrical 
functions of the roots can be easily obtained without knowing th 
roots themselves. : 

The following are simple examples: 


Ex. 1. Ifa, }, c be the roots of the equation 
3+ p2?+qr+r=0, 
find the value of (i) Za? and (ii) 2a%b?. 


We have a+b+c= —p, 
be+ca+ab=q 
and abe= —% 
Hence 
a?+b?4c2=(a+b+c)?—2(be+ca+ab) =p? — 2g. 
Algo, 


Zb2c= (be + ca + ab)? — Babe (a +b+c)=G?—2pr. - 
Ex. 2. If a, b, c,... be the roots of 2*+p,c") + pat"? +... +P,=9, 

find the values of Za? and Za%. 

We know that Sa= —p,, Zab=p, and Zabe= — pg. 

Now (Za)?=(a+b+e+...)?=Za?+ 2Zab (Ari. 65]; 
Se Za?= (Za)? — 2Zab=p,?-- 2p,. 

Again 2a?. Za= Za? + Zab, 
and Za*b= Zab. Za—3zZabe. 


THEORY OF EQUATIONS. 555 


[For in Zab. Ea there can only be terms of the types a*b and abe; of 
these the term ab will occur once, but the term abe will occur three 
times, for we can take either a or b or c from Za and multiply by be, 

ca or ab respectively from Zab. Thus Zab. 2a= Za%b+3=abe.] : 


Hence 
Za? = Za? . La — Lab. Za + 3Labe = (p,2—2pq) (— py) — po (—P,) — 3p. 


439. Theorem. If there are any n quantities a, 
Gy, As, &c., and m be any positive integer not greater than 
n; then will 
Za” = Lay™ , Sa, — Day. Saya, + Lay". Taydes — «.. 
a> 0, Alas cy 970 alg At Dns 
The following relations hold good: 


xa,” = La,za,"— => Ya" ay, 
La," a, = La,a,. Sa"? — Ta? ass, 
Lass = LA MaMy . DO" — Tay" agg, }...[ A], 


Day 2 hey. « «Dany = D4 Ag. «Ayn —y » Ay — MYA... 


To prove the first relation it is only necessary to notice 
that the product Ya,. 2a," can only give rise to terms 
of the types a,” and a,”"a,; also every term of either 
type will occur, and no term can occur more than once. 


Thus La,. Da," = Ta,” + Ta™ a,. 


The other relations, except the last, will be seen to be 
true in a similar manner. 

Also, the product Ya,a,...¢m—+. 2a, can only give 
rise to terms of the types ay%doM3...dm—+ ANd Ay...dm; 
the first of these terms can only occur once, namely as 
Ay Qglz.+.Am— X a,; the second term will, however, occur 
m times, for we get the term by taking any one of the 
m factors it contains from 2a, and multiplying this by 
the proper term of 2a,d,...dm—1. 


Hence 
LAyOge « Qyn—y » Ly = DAyPAglhg. ea + 0. Dy lly.» ne 
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From the relations [A], we have at once 


Sa” = Sa". La, — Sa”. Saja, + La," Zaya.43—..- 


If now ay, ds, a3, &c. be the n roots of the equation 
a” + 0" + Pat” + ... + pn = 0, 
we know that 
La, =— 1, 2A,0.= Ps, YA,A;=— ps, &e. 
Hence, by substituting in [B] and transposing we have 
Lay™ + py. Lay" + pay"? + 0.6 + Pm ath 
+ Dm ~ M0... .000.--- [C}. 


The formula [C] gives the sum of the mth powers of 
the roots of an equation of the nth degree [m+n] in 
terms of the coefficients and the sums of lower powers of 
the roots. [See also Art. 471.] 


The sum of the mth powers of the roots of an 
equation can therefore be obtained from the formulae 


a+ p, =0, 

Da?+ pra, + 2p, =0, 

La? + pa, + p.Xa, + 8p, = 0, 

Lay! + pda? + pera, + ps. Yai + 4p, =0, 


Pere e esses eesseHereveseeeSeseoreoseeereese feeeee 


If we eliminate Sa,? and Sa, from the first three 
equations we have 


Dp: Pp. 3p,+2a°|=0 Sat+|p. p, 3p;|=0. 
1 Pr 2Ds 1 Pr 2, 
OM, ep pled Bigs 4 


To find Sa,™ we must eliminate Sa," Ya,"-,..., Sa, 
from the first m equations, and we have 
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Pi Pa Ps---Pma M.Dm + a,™ =0. 
1 py Paes Pm» (mM—1) Pm 
O 1 gy.--DPms (m—2) Pm 
0 O 1...Pm—~« (m—3)Pm-s 


Pee eres ere eee ees OOF eee eosoerereverneveee 


Ouro a th 


The coefficient of Sa," is a determinant of which all 
the elements on one side of its principal diagonal are 
zeros, the elements along the principal diagonal being all 
equal to 1; the determinant is therefore equal to 1. Hence 
Sa,™ is equal to an integral function of p,, ps, &e. 


If m be greater than n the relation corresponding to 
[C] can be very easily obtained. For, since Q, dg,... are 
roots of f(a) =0, we have n equations of the type 

Gy” + pay” + Pty”? +... + Pn = 0. 

Multiply by a"-, a,”~,... respectively; then we shall 

have n equations of the type 
a,” + pia + pa; +... + Put” ” i 0. 


Hence, by addition, we have 
Say” + prSa™ + pada + ... + prea” ™ = 0...[D]. 


By means of the relations [C] and [D], which were 
first given by Newton, it is easily seen that the swm of the 
mth powers of the roots of any equation can be expressed as 
a rational and integral function of the coefficients, m being 
any positive integer. 


440, Any rational and integral symmetrical function 
of the roots of an equation can be expressed in terms of 
the coefficients by means of the relations 


Za, =—Ppr, LAO =P, LAAs = — Ds; &e. 
Consider the symmetric functions of the third degree. 
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It is easily seen that 
— pi = 2a,* + SLA; + 62, AM, 
— Pra = Lad, + 32a; A4As, 
— Py = Aj Aly. 

Thus we have three equations to determine 2a,’, Sa,2a, 
and 2a,d,a,, and these are the only symmetrical functions 
of the third degree. 

Similarly each of the products p,‘, p,7p., pips, P.? and py 
can be expressed in terms of symmetric functions of the 
fourth degree, and there will be as many such equations as 
there are symmetric functions of the fourth degree. 

The same will hold good with respect to symmetric 
functions of any other degree. 

The sum of the suffixes of the p’s will in all cases be 
equal to the degree of the symmetrical function. 


441, A rational and integral symmetrical function of 
the roots of an equation can also be expressed in terms of 
sums of powers of the roots, and thence by Newton’s 
Theorem in terms of the coefficients of the equation. 
The method will be seen from the following examples, 


Ex. 1, Express Za,?a,% in terms of Za”, Za,% and Za,P, 
ZAP = AyP + Ag? + dg? +... 200 
Za,t =a,t+ ag +azl+...... 
“. Zay?. Dayt= La,P + Ta,Pa,e, 
Thus 2a,Pagt=Za,P . Za,t- Za,P+e, 
If, however, p=q; then we have 
Za,” . La,” = La,” + 2Ea,Pa,”. 
Thus Za,Pa,? =} (Za,?)? — } Za,”. 
Ex, 2. Express Za,"a,%a," in terms of the sumn of powers of the 
separate roots, 
2a? = Sp=a,? + ag? +a? +0... 
Dat =Sq = 4,4 + a9 + alt... 
Bay" = Sy = gh + Os” + gh + occcee 
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Hence Sp. Sq-S,=Za,Pter + FaPtar 
; + DaP rast + Datta? + Za,Paytag’, 
Hence, from Ex. 1, 
Za,Paslag = Sp. Sq-S-—Sp4q+ Sp— Spry» Sq— Sar Sp+2Sprape- 


The above will only hold good when p, g, r are all different. If 
p=q=r we shall have 


Sp>= Sp + 32a;?a,? + 6Za;Pa_Pa,”; 
v Za,PasPay?=% {Sp — 38a . Sp + 25gp}. 


TRANSFORMATION OF EQUATIONS. 


442, We now consider some cases in which an equa- 
tion is to be found such that its roots are connected with 
the roots of a given equation in some specified manner. 


I. To find an equation whose roots are those of a 
given equation with contrary signs. 

If the given equation be f (a) =0, the required equa- 
tion will be f(—y)=0. For, if a be any root of the 
given equation so that f (a) =0, then — a will be a root of 


PI. 
Thus if the given equation be 


PA + pa + pel" + os .000 +pn=0, 

the required equation will be 

Po(—y)" + Pi(— YP + Pa YP + ore + Pn =O, 
or poy” — pry" + pay? — .02--- +(— 1)" pn = 0. 

II. To find an equation whose roots are those of a 
given equation each multiplied by a given quantity. 

Let f()=0 be the given equation, and let c be the 
quantity by which each of its roots is to be multiplied. 


Let y= ca, or uaa; then f (%) = 0 is the equation 
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required. For, if a be any root of f(x)=0, 80 that 
f(a) =0, ac will be a root of f (2) =O 


Thus, if the given equation be 


Pod” + pyc” + pee" +... + pn=9, 
the required equation will be 
n n-1 na 
Po () oP Pr (2) + Po (¥) t= Zelaeam + Pn i 0, 
Y c c 
or poy” + pricy” + prey * + oeeeee + prc” = 0. 
The above transformation is useful for getting rid of fractional 
coefficients. 


Ex. Find the equation whose roots are the roots of 
a8 — Ag2+ doo +yy=0 
each multiplied by e. 
The required equation is 
y® — goy® + pyc7y + yycF=0. 


We can now choose c 80 that all the coefficients may be integers ; 
the smallest possible value of c is easily seen to be 6. 


Ill. To find an equation whose roots are those of a 
given equation each diminished by the same given quantity. 


Let f(a)=0 be the given equation, and let ¢ be the 
quantity by which each of its roots is to be diminished. 

Let y=a—c, or a=y+c; then f(y+c)=0 will be 
the equation required. For, if a be any root of f(#)=0, 
so that f (a) =0, a—c will be a root of f(y+c) =0. 

An expeditious method of finding f(y+c) will be 
given later on. [Art. 472.] 


The chief use of above transformation is in finding 
approximate solutions of numerical equations; it can also 
be used to obtain from any given equation another equa- 
tion in which a particular term is absent. 


Ex. Find the equation whose roots are those of a3 —322-97+5=0 
each diminished by c, and find what c must be im order that in 
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the transformed equation (i) the sum of the roots, and (ii) the 
sum of the products two together of the roots, may be zero. 

The equation required is f (y+c)=0, that is 
(y+e)®—3 (y+c)?-9 (yt+e)+5=0, 
or y+ (3c — 8) y2+ (3c? — 6c — 9) y +e — 8c? 9¢-+ 5=0. 


The sum of the roots will be zero if the coefficient of y* be zero; 
that is, if c=1. 


The sum of the products two together of the roots will be 
zero if the coefficient of y be zero; that is, if c?—2c -3=0, or 
(ce - 8) (c+1)=0. 


IV. To find an equation whose roots are the reciprocals 
of the roots of a given equation. 

Let f (a) =0 be the given equation. Then the equa- 
tion f (=) =0 is satisfied by the reciprocal of any value of 


x which satisfies the original equation. 


This transformation enables us to find the sum of any 
negative power of the roots of the equation f(«) =0, for 
we have only to find the sum of the corresponding positive 


power of the roots of the equation f (3) = 0. 


443. A reciprocal equation is one in which the 
reciprocal of any root is also a root. 


To find the conditions that an equation may be a 
reciprocal equation. 


Let the equation be 
PW + py + qo" + vrenee + pn = 9. 


Then the equation whose roots are the reciprocals of 
the roots of the given equation is 


1\* 1" 1\"—= 
Po (=) + Pi (5) + ps () + sesece t+ Pn =9, 
or, multiplying by @, 

Pot Prt + pot? + eieiaiaia . + pat” = 0. 
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The equation last written must be the same as the 
original equation, the ratio of corresponding coefficients 
must therefore be the same throughout. Thus 

Po_ Pr _ Pa _ Pn 


Pn Pn» Pn-s Po 

From the first and last we have p,?=~p,%, so that 
n= +p, whence it follows that the coefficients are the 
same when read backwards as forwards, or else that all 
the coefficients read in order backwards differ in sign only 
from the coefficients read in order forwards. These two 
forms of reciprocal equations are often said to be of the 
first and of the second class respectively. 


444, The following important properties of reciprocal 
equations can easily be proved. 


I. A reciprocal equation of the first class and of odd degree has one 
root equal to —1. 


II. A reciprocal equation of the second class and of odd degree has 
one root equal to +1. 


iI. A reciprocal equation of the second class and of even degree has 
the two roots +1, 
[These follow at once from Art. 87.] 


IV. After rejecting the factor corresponding to the roots given in I, 
II, II, we are in all cases left with a reciprocal equation of the 
first class and of even degree. 


V. The problem of solving a reciprocal equation of the first class and 
of even degree can, by means of the substitution r+21=y, be 
reduced to that of solving an equation of half the dimensions. For 
the equation may be written ~ 


Qy (2 +1) +a, (21 42)4+...=0. 
Divide by x"; then 
Gy (2* +2) +4, (c® 142-4) +.,.=0. 
Now, if ttot=y, 2142 %=y?-2; 
and, from the general relation 
a + ome (a1 4 g—WHl) (@ + 2) — (a2 + 2), 


it follows by induction that 2*+2-" can be expressed as a rational 
and integral expression of the nth degree in y. 
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Ex. Solve the equation 62° — 2525+ 3124 — 31a?+ 25x -6=0. 


As in III, the expression on the left has the factor 2?-1 corre- 
sponding to the roots +1, Thus we have 


6 (2® — 1) — 25a (a — 1) + 314? (x? -1)=0. 
Hence the required roots are +1 and the roots of 
6a — 2503 + 3722 — 25a +6=0. 
Divide by x3; then 


6 (2455) — 25 (« +5) +87=0. 
x x 


Put a4i=y3 ee a4 ay?—2 
Hence 6y? — 25y + 25=0; 
5 5 
oe Y=95 or y=3° 


’ From See we have 1=2 ie 
692 2 


From atta we have a=; (5+/—11). 


Thus the required roots are +1, 2, 2 (5a —11). 


445, The method of dealing with other cases of trans- 
formation will be seen from the following examples. 
Ex. 1. Ifa, b, c be the roots of the equation 2°+pz7+qz+r=0, find 
the equation whose roots are bc, ca, ab. 
be r 


Since bes =e, if we put ha the three values of y cor- 


responding to the values a, b, ¢ of x will be be, ca, ab. Hence the 
equation required will be obtained by substituting for z in the 


given equation, so that the required equation is 


(5) +2 (5B) +4(Z)+r=0, 
y y y 
or : r2+pry+qy?+y%=0. 
Ex. 2. Find the equation whose roots are the squares of the roots of 
the equation 23+ pz2?+qr+r=0. 
We have x (x?+q)= — (pa? +r); 
oe ao? (x24 q)?= (pa? +r)? 
Now put y=2?, and we have the required equation, namely 
y y+a)=(pytr)- 
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Ex. 3. If a, b,c be the roots of 23+ px?+g2+r=0, find the equation 
whose roots are a(b+c), b(c+a), ¢(a+). 


a(b+c)=a(-p—a); &e. 
Hence, if we put y=2(—p—-), y will have the values required 


provided a is restricted to the three values a, 6, c; that is provided 
@ satisfies the equation 


2 4+p22+qz+r=0. 
Thus if we eliminate « between the given equation and the equa- 
tion 
2i+pr+y=0, 
we shall get the required equation in y. 


Multiply the second equation by # and subtract; then (y—q) c=r. 
Now substitute for z in the second equation, and we obtain the 
equation required, namely 


12+ pr (y-q)+y (y—-9)?=0. 


EXAMPLES XLII. 


1. If a, ag, a be the roots of the equation 25+pr+q=0, find 
the values of 


(i) (dg +4) (4g +) (A,+49)- (ii) (4g+@y—2a) (ag + 24 — 249) (4 + Aq - 22s). 

(iii) Za,?. (iv) 2a,5. (v) Za,4. (vi) 2a,2a,. (vii) Za,8a,. 

(viii) © (a3? — aya) (ag* — 444). (ix) (4,7 — agg) (ag? — 43%) (4g? - @,49)- 
: 1 a 1 

aan (xi) re ae (xii) 2 ea 


2. Find the sum (ji) of the squares, (ii) of the cubes and (iii) of 
the fourth powers of the roots of the equation «4+pr+q=0. 


(x) 2 


8. If a, b, c be the roots of the equation 2°+pa7+qr+r=0, find 
the values of 


(i) (b+¢-8a) (¢+a— 8b) (a+b —8c). 


oy Godt) Gb-2) Gel-2) 
1 


moc aes a 


4. Find thesum of the squares and the sum of the cubes of the roots 
of the equations 


(i) «-1424+8=0. (ii) 2-220? +842 - 49=0. 
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6. Ifa, d,¢,... be the roots of the equation 
a+ pia") + pyt” 9 +... + Pn=0, 
find the values of 


(i) Za’. (ii) Za. Gi) 25. 
2 
Gy 2%.) zo, (i) 2%. 


6. Find the equation each of whose roots exceeds by 2 a root of 
the equation 
a? —473432-1=0. 


7, Find the equation whose roots are those of the equation 
623 — 522?-4=0, 


each multiplied by ¢, and find the least value of ¢ in order that the 
resulting equation may have integral coefiicients with unity for the coef- 
ficient of the highest power. 


s. If a, b, c be the roots of the equation 23+ pz*+qzr+r=0, find 
the equation whose roots are 


= ~ ac: a b c 
(i) be, ca, ab. (ii) b+e, c+a, a+b. (iii) pee ea vaah 
(iv) a(b+c), b(e+a), ¢ (a+b), (vy) b2+c%, c? +07, a7+b?. 


(vi) be —a?, ca—b?, ab— c, 


9. Ifa, b, c, d be the roots of the equation 24+p2*+qa?+r2+s=0, 
find the equation whose roots are 


(i) b+e+d, &. (ii) bte+d—2a, ke. 
. (iii) 0? +0?+d?- a?, &o. 


10. Find the equation whose roots are the cubes of the roots of 
the equation 2°+p27+gz+r=0. 


446. In any equation with real coefficients imaginary 
roots occur in pairs. 


For, if a+bV —1 be a root of f (x)= 0,2-a—bV—-1 
will be a factor of f(a), and therefore [Art. 193] 
x-a+bV—1 will also be a factor, whence it follows 
that a—bV—1 is also a root of f(x) =0. 


Corresponding to the two roots a + bv —1 of f(x) =0, 
f (a) will have the real quadratic factor {(a — a) + By}. 
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447. In any equation with rational coefficients quad- 
ratic surd roots occur in pairs. 

For, if a+/b be a root of f(x)=0, Vb being irra- 
tional, c —a—»/b will be a factor of f(x), and therefore 
[Art. 179] «-—a+¥b will also be a factor of f(z), whence 
it follows that a —/b will also be a root of f (a) =0. 

Corresponding to the roots a + /b, f () will have the 
rational quadratic factor {(a — a)*— b}. 

Ex. 1. Solve the equation 2*— 223 — 222?+4622-—15=0, having given 
that one root is 2+,/3. 
Since both 2+,/3 and 2—,/3 are roots of the equation, 
(a —2—-,/3) (a -2+,/3), 


that is «2—42+41, must be a factor of the left-hand member of the 
equation. Thus we have 


(x? — 4a +1) (w+ 22 —15)=0. 
Whence the roots required are 2,/3 and the roots of 
wc? +22-15=0. 
Ex. 2. Solve the equation 2x3 - 1527+ 462 —-42=0, having given that 
one root is 3+ ,/—5. 


Since 3+ ,/—5 are roots of the equation 


(v-8-,/ —5) (t-3+,/—5) 
must be a factor of the left-hand member of the equation, which 
may be written 
{(w — 3)? +5} (22 -3)=0. 
Whence the roots required are 3+: ,/—5, a: 
Ex. 3. Solve the equation «6 — 425 - 11244 4023 4 1129-42-1=0, 
having given that one root is ,/2+,/3. 


If /a+,/b be a root of any equation with rational coefficients, 
Ae eu Vb not being similar surds, then +,/a+,/b will all four be 
roots. 


Hence in the present case 


(2 —n/2~—W/8) (© n/2-+0/8) (0+n/2—n/8) (@ +4/2-44/3), 


that is 2*-102?+1 will be a factor of f(z). The equation may 
therefore be written 


(v* — 1023+ 1) (x? -4a-—1)=0, 
whence the roots are +,/24,/3, 2/5. 


THEORY OF EQUATIONS. 567 


Ex. 4. Solve a4 — 23 -—9n?-147+4+8=0, 
having given that one root is —1+ 3/3. 


z+1—,/3 is a factor of f(x); and therefore, as f(x) is rational, 
the rational expression of lowest degree of which r+1-,/3 is a 
factor, namely the expression (a+1)?—8, must be a factor of f(z). 
Thus we have 

{(2+1)3- 3} (2-4)=0. 
Thus the roots are 
4, -14+8/3, -1+0,/3, -1+07f/3, 

where w is an imaginary cube root of unity. 


448, Roots common to two equations. If the 
two equations f(#)=0 and ¢(#)=0 have one or more 
roots in common, f(x) and ¢(#) must have a common 
factor, which will be found by the process of Art. 98. 


Ex. Find the common roots of the equations 
23 — 302-102 +24=0 and «?-—62?-402+192=0. 


_ The u.0.F. of the left-hand members will be found to be x-4. 
Hence z=4 gives the common root. 


449. When it is known that two roots of an equation 
are connected by any given relation, these roots can be 
found. 

Ex. 1. Solve the cubic 2?-322-102+24=0, having given that one 
voot is double another. 
Let a and b be the two roots and let a=2b. 
Then, since a is a root of the given equation 
a? —8a9— 10a +24=0 .....0000 ee TST 
Also, since 6 is a root, 


a\3 a\? a 
(5) -8 (5) -10(3) +24=0 
or a3 — 6a*—40a+192=0 ......-4- RCA Ncnne (ii). 
The factor common to the left-hand members of (i) and (ii) will 


be found to be a—4.‘ Thus a=4 and b=2; the remaining root of 
the cukic is then easily found to be —3. 


Ex. 2. Solve the cubic 2x8 — 1527+ 37x —- 30=0, having given that the 
roots are in A. P. 


The sum of the roots is equal to three times the mean root, 


S. A, 38 
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a@ suppose. Thus 3a= oe whence a= 4 Divide f(x) by the 
factor 2# — 5, and the remaining roots are given by 2?7-52+6. 

5 
’ Di &: 

In the general case suppose that a and 6 are roots 
of the equation f(«)=0 connected by the relation b=¢(a). 
Then f(«)=0 and f{¢(x)}=0 have a common root, 
namely a; and this common root can be found as in Art. 
448. Thus a and ¢ (a) can both be found. 

Ex. (i), Find the condition that the roots of a4p2?+qe+r=0 may 
be (i) in Arithmetic Progression, (ii) in Geometrical Progression. 
Let a, b, ¢ be the roots in order of magnitude, 


Hence the roots are 2 


(i) a+b+e=3b; . b= -. 
Hence, as b is a root, we have 


p\* p\? : 2 tiga 
(-§) +2 (-§) +2(-5)+7=9 
whence Qp8 — 9pq + 27r=0. 
(ii) abe=0*; b=s/-r. 
Hence, as b is a root, we have 
-r+p(-*)8+(- 1) +7=0, 

whence pr=q*. 

450. Commensurable roots. When the coefficients 
of an equation are all rational the commensurable roots 
can easily be found. 

It is at once seen that an equation with integral 
coefficients and with unity for the coefficient of the first 
term cannot have a fractional root. 

For if > 


b 


its lowest terms, we have 


(F) + ri(F) tee + Pa =O. 


Multiply by 6"; then all the terms will be integral 
except the first which will be fractional [for a is prime to 


be a root of f(a)=0, ; being a fraction in 
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b and therefore a” is also prime to 6], and this is im- 
possible, 

Now, from Art. 442, 11, any equation can be trans- 
formed into another with integral coefficients and with 
unity for the coefficient of its first term; hence, from the 
above, we have only to find integral roots. 

Now it is clear that if a be an integral root of f(~)=0, 
so that «—a is a factor of f(z), a must be a factor of the 
term which is independent of 2 Thus if we apply the 
test of Art. 88 to all the factors of p, we shall discover all 
the integral roots. 


Ex. Find the commensurable roots of #4— 2722+ 4274+8=0. 


Here the commensurable roots, if any, are factors of 8. Hence 
we have only to test whether any of the numbers +8, +4, +2, +1 
are roots. It will be found that 4 and 2 are roots. Having found 
two roots the equation can be completely solved ; for we have 


(a — 2) (x —4) (27+ 62+1)=0. 
Hence the roots of the equation are 2, 4, —-3+2,/2. 


EXAMPLES XLIV. 


1. Solve the equation 24+22*- 1627 22%+7=0, having given that 
A 2+,/3 is one root. 


x 2. Solve the equation 32°-232?+72c¢-70=0, having given that 

3+,/—5 is one root. 

3. One root of the equation $ 

Ba — dart — 4223 + 56x74 274 —36=0 

is ,/2—,/5, find the remaining roots. 

4. One root of the equation 2c*-325+45z24+6a5—277+81=0 is 
J/2+/—1. Find the remaining roots. 

S. Find the biquadratic equation with rational coefficients one root 
of which is ,/3—,/5. 

6. Find the biquadratic equation with rational coefficients one root 
of which is ./2+,/- 3. 

7. Shew that 23-22?-2¢+1=0 and «4—72?4+1=0 have two roots 
in common. 


gs. Solve the equation 24— 425+ 112% —14+10=0 of which two 
roots are of the form a+8,/- 1 and a+26,/-1. 
38—2 
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9. Find the condition that the roots of z*+pz*+q2+r=0 may be in 
Harmonical Progression. 


10. Find the conditions that the roots of 24+p2*+q27+rz+s=0 may 
be in A. P. 


11. Find the roots of the equation «* — 322-1324 15=0, having given 
that the roots are in a. P. 


12. Solve the equation a+ 2x5 — 212?- 222+40=0, having given that 
DN the roots are in A. P. 


18. Find the commensurable roots of 
(i) 28 — 7a? +172-15=0, 
(ii) _ at-—23— 13224162 —48=0, 
(iii) 323 - 26274342 —-12=0. 


14. Solve the equation 4a°-3222-2+48=0, having given that the 
sum of two roots is zero. 


15. Solve the equation «4+423—523-8z2+6=0, having given that 
the sum of two roots is zero. 


16. Find the condition that the sum of two roots of the equation 
a+ pa? +q2*+r2+s=0 may be equal to zero. 


17. Solve the equation 2 — 792 +210=0, having given that two of the 
roots are connected by the relation a=28+1. 


18. Solve the equation 325-—322?+332+108=0, having given that 
one root is the square of another. 
19. Shew that, if the roots of the equation 
n(n—-1) 
152 


m+ npor— + qz*?+...=0, 


Ss : : 2 3 (p?-q)) 4 ste 
be in a.p., they will be obtained from —p+r Peet by giving tor 
the values 1, 3, 5,... when m is even, and the values 2, 4, 6,... when 
nis odd, 


20. Find the condition that the four roots a, 8B, y, 8 of the equation 
24+pa3+4q29+r2+s=0 may be connected (i) by the relation a8=~y6, and 
(ii) by the relation o8 + yi=0. 


21. Shew that, if four of the roots of the equation 
ax‘ + bx +cx?+dz+e=0, 

be connected by the relation a+f=y+6, then will 4abc — b’ — 8a7d=0. 

22. Ifa, b, c,... be the roots of the equation ; 

a" +p," + p.c"-2 4 ...+p,=0, 

prove that (1-8) (1—b°) (1—c’)...=A®+B%+C%—3ABC, 
where A=PytPy_gt--> B=PyitPna—at --+ 
and C=Py t+ Pn—st o— 
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451. Derived functions. Let 
SF (@) = Pot” + Pye + Py" + roves +Pn3 
then, if +h be put for 2, we have 


Seth) =p (wt h)™+p, (a+ hy + ps(@thy* +... + Dn 


If now (x +h)", (ec +h), &e. be expanded by the Bi- 
nomial Theorem, and the result arranged according to 
powers of h, we shall have 


SF (@+hy=f (a) +h {npr + (n—1) pra 
+(n — 2) p.0"* + 20... + Pn} 
+ higher powers of h. 


This expansion is usually written in the form 
, ha My 
Sf (at+h=f (a) +hf @+pl (&) + .ors00 


[The reader who is acquainted with the Differential 
Calculus will see that the expansion of f(#+h) in powers 
of h is an example of Taylor’s Theorem.] 

It will be seen at once that f’ (a) is obtained by multi- 
plying every term of f (a) by the index of the power of « 
it contains and then diminishing that index by unity. 

It will also be easily seen that f” (w) can be obtained 
from f’ (#) in a similar manner, and so for f”” (x), &c. in 
succession. We shall however in what follows only be 
concerned with /’ (a). 


Def. The function f’ («) is called the first derived 
function of f(a), the function /” (x) is called the second 
derived function of / (x), and so on. 

Thus if Ff (2) =pot* + P,2* + pot? + Pet + Py 
Ff" (2) =4pot8 + 3p, 29 + 2pyt + Psy 
Sf" (@) = 12p 9x? + 6p,a + 2py, 


Oo See 
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452, Theorem. If (a) be any rational and integral 
function of x and f’ (x) be rts first derived function, then will 


Peat Og te): Melin 


Z—-, C-A, L—As 


eeeeee 


WHEE Ay, Ay, Agy...00. are the n roots, real or imaginary, of 
the equation f (x) = 0. 
We know that 
F (&) = po (@ — ay) (@ — Ag) (© — As) «2000 
Hence } 

f (@ +h) = py (@ — ay + h) (@ — a +h) (e@ — a5 +h)... 
The coefficient of A in the expression on the right is by 
Art. 260 equal to p,x (sum of all the products n—1 
together of the n quantities e—@,, ©— dy,...... , ©— An). 

But f (a +h) =f (2) +hf’ («) + higher powers of h. 
Hence /’(z)=p, x (sum of all the products n—1 
together of the n quantities #—a@,, 7— dy, ...... , & — An). 


Hence t' (2) _f@ * SF (@) Es 
@— 0," @— Oy 
In the above the quantities a, ds, ....-. , a, need not 


be all different from one another; but if a, occur r times, 
and a, occur s times, &c., we shall have 


ott, 


G—-A G—As 


453. Tiqual Roots. We have seen in the preceding 
Article that if a,, da, .....- , , be the n roots of the equa- 
tion f («) = 0, so that f (a) = po(@ — a) (@— a)... (%— An); 
then will f’(x)=p, x (sum of all the products n—1 
together of the n quantities x—a,, #— dy, ...... , &— An). 

Now, if any root, for example a,, is not repeated, so 
that the factor «—a, occurs only once in f (#), then the 
factor «— a, will be left out of one of the terms of /’ (@) 
but will occur in all the others; whence it follows that 
f’ (a) is not divisible by «—a, Thus a root of f(#)=0 
which is not repeated is not a root of f’ (a) =0. 
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If, however, r roots of the equation f (#) =0 are equal 
to a,, the factor #—a, will occur r times in f(a), and 
therefore 2—a, will occur atleast r—1 times in every 
term of f’ (a), for every term of f’ (a) is formed from f () 
by omitting one of its factors. Hence a root of f («)=0 
which is repeated r times is also a root of f’ («)=0 re- 
peated r—1 trmes. 


We can therefore find whether the equation f(#) =0 

has any equal roots, by finding the H.C.F. of f(a) and 

’(w); and if f (a) be divided by this H.C. F. the quotient 

. when equated to zero will be an equation whose roots are 

the different roots of f (#) =0, but with each root occur- 
ring only once. 


Ex. 1. Find the equal roots of the equation 
at — 523 - 9x24 812 -108=0. 
Here f(z) =24 — 523 - 927+ 81a — 108, 
f' (x) =423 - 1527-182 +81. 
: The H. o.¥. of f (x) and f’ (x) will be found to be a?-62+9, that 
2 ae (e- 3)? is a factor of f’ (x), (t- 3) will be a factor of f(z), 


and it will be found that f (x)=(x— 3)* (v+4). 
Thus the roots of the given equation are 3, 3, 3, — 4. 


Ex. 2. Shew that in any cubic equation a multiple root must be 
commensurable. 


This follows from Art. 445 and 446, and from the fact that a 
cubic equation can only have three roots. 


Ex. 3. Solve the equation 2° ~ 1525+ 1027+ 602 — 72=0 by testing for 
equal roots. 


Here f (2) =25 — 1525 + 102? + 602 — 72; 
fe f! (a) =5a4 — 4527+ 20a + 60. 
Ié will be found that the u.0.r. of f (x) and f’ (x) is 
a8 —2?-82+12. 


If now we divide f(x) by #8-27-8xr+12 the quotient will be 
22+ —6, and the roots of 22+2—-6=0 are 2 and —3. 

Thus the given equation has only two different roots, namely 2 
and —3; and it will be found that f (x) = (a -—2)* (w+3)?. Thus the 
roots of f (x)=0 are 2, 2, 2, -3, - 3. 
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454. Continuity of any rational and integral 
function of z. 


Let pou™ + p20" + pt” + ...0.. + pn be any rational 
and integral function of # arranged according to descend- 
ing powers of a. 

Then each term will be finite provided 2 is finite; and 
therefore, as the number of the terms is finite, the sum of 
them all will be finite for any finite value of a. 

It can be easily proved that the first (or any other 
term) can be made to exceed the sum of all the terms 
which follow it by giving to # a value sufficiently great; 
and also that the last (or any other term) can be made to 
exceed the sum of all the terms which precede it by 
giving to x a value sufficiently small. 


For let & be the greatest of the coefficients; then 


: Pot” Pot” (v — 1) 
pie ian ie k (a1 + ,..1) 5. 6 


Fo (z—1). 


Now Po (e—1) can be made as great as we please by sufficiently 


increasing x. 
We can prove in a similar manner that py/(pp»_ t+... +po2") can 
be made as great as we please by sufficiently diminishing z. 


Now suppose that a is changed into «+h; then we 
shall have 


Seth) —f (a) =hf' @+ a" @)+ er 


where the coefficients f’ (a), f” (a), &c. of the different 
powers of A are finite quantities. 

Then by the above, the first term on the right (or if this 
term vanishes for any particular value of «, then the first 
term on the right which does not vanish for that value) 
will exceed the sum of all the terms which follow it, 
provided h be taken small enough. But the first term 
will itself become indefinitely small when A is indefinitely 
small. Therefore f(a+h)— f(a) can be made as small 
as we please by taking h sufficiently small. This shews 
that as # changes from any value a to another value b 
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Ff (@) will change gradually and without any interruption 
_ from f(a) to f (b), so that f(#) must pass once at least 
through every value intermediate to f(a) and / (0). 

It must be noticed that it is not proved that f(a) 
always increases or always diminishes from f(a) to f (0), 
it may be sometimes increasing and sometimes diminish- 
ing as 2 is changed from a to 6; what has been proved is 
that there is no sudden change in the value of f («). 


455. Theorem. Jf f(a) and f(8) have contrary 
signs one root at least of the equation f (x)= 0 must le be- 
tween a and B. 

For since f(x) changes continuously from f(a) to f(8), 
it must pass once at least through any value intermediate 
to f (a) and f (8); it therefore follows that for at least one 
value of x intermediate to a and f it must pass through 
the value zero, which is intermediate to f(a) and /(@) 
since f(a) and f(8) are of contrary sign. Thus the 
equation f (x) =0 is satisfied by at least one value of « 
which lies between a and 8. 


For example, if f(z)=2*-42+2, then f(1)=-1 and f(2)=2. 
Hence one root of the equation 2? —4%+2=0 lies between 1 and 2. 


456. Theorem. An equation of an odd degree has 
at least one real root. 
Let the equation be f (~)= 0, where 


f(@)=a" + pae™ + ...... + Ponta 
Then f (+00) is positive, f(0)=pmy, and f(—) 1s 
negative. 
Thus there must in all cases be one real root, which 
is positive or negative according a8 Pm is negative or 
positive. 


457. Theorem. An equation of even degree, the 
coefficient of whose first terms unity and whose last term 
is negative, has at least two real roots which are of con- 
trary signs. 
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Let 2" + po" + ......+Pm=O0 be the equation, Pan 
being negative. : 

Then f (+0) is positive, f(0)=pm, and f(—) is 
positive. 

Hence, a8 Pom is negative, there must be one real root 
at least between + and 0, and also one at least between 
0 and —«. 


458, The following is a very important example. 


To prove that if a, b, ¢, f, g, h be all real the roots of the equation 

(« — a) (w—b) (x - 0) — f? (« — a) — g? (w— b) — h? (wc) — 2fgh=0, 
will always be real. 

We may suppose Without loss of generality that a>b>c. 

Write the equation in the form 

(wa) {(2—2) (zc) - 2} - {92 (@—b) + #? (w—c) + 2fgh} =0. 
By substituting +, b,c, —@ respectively for x in 
(a —b) (z-c¢) = f4, 

we see that the roots of the equation (x — b) (zc) —f?=0 are always 
real; and if a and 6 be these roots, where a>, then a>b>c>8. 

Now substitute +0, a, 8, —@ for « in the left-hand member of 


the cubic equation, and we shall have respectively the following 
results 


+0, —{g/a—b+hJa—c}, +{9/b-B+h/c-B}, - 0. 

Hence there is one root of the cubic between +o and a, one root 
between a and , and one root between 8 and -o, 

If, however, a=f the above proof fails; but if a=, then 
(x -—b) (w—c)—f?, must be a perfect square, whence it follows that 
b=c and f=0. 

The cubic equation in this case becomes 

(x — a) (x — b)? — (9? + h?) (x — b) =0, 
the roots of which are at once seen to be all real. 

If a be a root of the cubic equation itself, there will be another 
real root less than 8. Hence all the roots of the cubic must be real, 
for the equation cannot have one imaginary root. 

The cubic equation considered above is of great importance in 
Solid Geometry, and is called the Discriminating Cubic, 


_ 459. Theorem. Jf f(a) and f (8) are of contrary 
signs, then an odd number of roots of f (x)=0 lie between 


aand 8; also uf f(a) and f (B) are of the same sign, then 
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no roots or an even number of roots of f («)=0 he between 
aand B. 


eh Gs One) <neees , k be all the roots of the equation 
f (x)=0 which lie between a and §; then 
f (a) = (a—4@) (a —b) (a#—0¢)...... (a —k) $(@), 


where $ (a) is the product of quadratic factors. (correspond- 
ing to pairs of imaginary roots) which can never change 
sign, and of real factors which do not change sign while « 
lies between a and £. 


Then 
f(a) =(a—4) (a—6) (a—C0)...0-. (a —k) } (a), 
and 7 (8)=(8 —4)(8 — 8) (B -0)..,-..(B— h) $ (B)- 
Now, supposing a > 8 all the factors a —a, a—6, ...... j 


B—kare negative; also p (a) and ¢ (8) have the same sign. 
Therefore if f (a) and f(8) have contrary signs there must 
be an odd number of the roots a, 8, ¢,...... ,k. Also, if 
f (a) and f (8) have the same sign there must be no such 
roots or an even number of them. 


460. Rolle’s Theorem. A real root of the equation 
J’ (a) =0 hes between every adjacent two of the real roots 
of the equation f (x) = 0. 
Let the real roots of f(«)=0, arranged in descending 
order of magnitude, be a, }, ¢, -.., k. Then 
f (2) =(e—a)(2—0)...a—B) $ @) 
where ¢ (2) is the product of real quadratic factors corre- 
sponding to pairs of imaginary roots and these quadratic 
expressions keep their signs unchanged for all real values 
of a. 
Then 
f(@tr)=(@-a+r) (4-6 +2)...@—k +) 
x {p (w) +d’ (#) + higher powers of r} 
f(2) _, £@ £@_ fO¥ oO 
= f(a) nfs Ett agt $ (a) + &e. 
[See Art. 452.] 


578 THEORY OF EQUATIONS. 


Hence f’ (x) = L@) , LO) tO 4f@O9(@) 


c—-a «x—b a—k $ (2) 


Now all the terms on the right except the first contain 
the factor «—a, and that term 1s 


(a —b) (a —c)...(a — k) p (@). 


f’ (a) =(a— b) (a — ¢)...(a—&) $ (@). 
So Sf’ (b) =(6 — 4) (6 —¢)...(6 —*) 6 ©), 
OA GO GER ge OF 


eeeescse core veeeeseserreseressassereesrsene 


Hence 


Now ¢(a), $(b), ¢(c), &c. have all the same sign. 
Hence as a>b>c..., the signs of f’(a), f’(6), f’(c), &e. 
are alternately positive and negative. Hence there is at 
least one root of f’(«)=0 between a and 6, one root 
between b and c, Wc. 


461. Descartes’ Rule of Signs. In any equation 

f(a) =0 the number of real posite roots cannot exceed the 
number of changes in the signs of the coefficients of the 
terms in f(a), and the number of real negative roots cannot 
exceed the number of changes in the signs of the coefficients 
of f(—2). 
‘ We shall first shew that if any polynomial be multi- 
plied by a factor «—a, where a is positive, there will be 
at least one more change in the product than in the original 
polynomial. 

Suppose that the signs of any polynomial succeed each 
other in the order ++—++-—-——+-, in which there 
are five changes of sign. 

Then writing only the signs which occur we shall have 


++—-++---4+- 
Toe 
++—-+4+—---4- 


Now we cannot write down the second partial product 
for we do not know that all the possible terms in the 
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polynomial are present; but whenever there is a change 
of sign in the first partial product it is clear that if there 
is in the second row any term of the same degree in 2, 
so that it would be put under this term which has the 
changed sign, it must arise from the multiplication of 
the next preceding term so that the two terms would have 
the same sign. ‘Thus whenever there is a change of sign 
in the first partial product that sign will be retained in 
the addition of the two lines of partial products. The 
number of changes of sign, exclusive of the additional one 
which must be added at the end, cannot therefore be 
diminished. 

Hence the product of any polynomial by the factor 
z—a will contain at least one more change of sign than 
there are in the original polynomial. 

If then we suppose the product of all the factors 
corresponding to negative and imaginary roots’ to be first 
formed, one more change of sign at least is introduced by 
multiplying by the factor corresponding to each positive 
root. ‘Therefore the equation f(«)=0 cannot have more 
positive roots than there are changes of sign in the 
coefficients of the terms in f(@). 

The second part of the theorem follows at once from 
the first, for the positive roots of f(— «)=0 are the nega- 
tive roots of f(a) =0. 


The above proof may be made clearer by taking as a definite 
example the multiplication of #7+42a6-a‘+423+32-1 by 2-1. 
The signs of the two lines of partial products will be 


++ -+ F- 
-- +- - + 
+ - + - + 


In the third line the only signs written down are those under 
the changes in the first line, which changes are all retained in the 
final product, Hence no matter what has occurred iv the intervals 


the number of changes (exclusive of the one at the end) cannot be 
diminished. 


462. Descartes’ Rule of Signs only gives a superior 
limit to the number of real roots of an equation, but does 
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not determine the actual number of real roots. The 
number of the real roots of any equation with numerical | 
coefficients can be found by means of Sturm’s Theorem. 
Before considering Sturm’s Theorem we shall shew how 
to find algebraical solutions of cubic and biquadratic 
(quartic) equations in their most general forms. Abel 
has proved that an algebraical solution, that is a solution 
by radicals, of a general equation of higher degree than 
the fourth cannot be found, although particular forms 
of such equations can be solved, for example any reciprocal 
equation of the fifth degree can always be solved. 


EXAMPLES XLY. 


2. Solve the following equations each of which has equal roots: 
4x? (i) 4-122" 152-4=0, 
(ii) 24-623 +132? -242+436=0, 
(iii) 16a4-2422+162-3=0, 
(iv) 2a4— 2323+ 8423-802 —64=0. 


2. Find the condition that the equation axz$+3ba?+3ce+d=0 may 
have two equal roots, 


8. Shew that, if the equation az5+3bz?+3cx+d=0 have two equal 
roots, they are each equal to 


1 be -ad 
2 ac—b?° 
4. Shew that the roots of the equation 


a? v3 ¢ K3 
boy ey ot poe ee 


are all real. 


6. Shew that all the roots of the equation 


a? b? G: 
— + 
@-a @-B 2£-y¥ 


+..=m+nig 
are real, 
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6. If a), dg, Gg, .--) Gon be in descending order of magnitude, and if 
b be positive, ve that the roots of the equation 
(2 = ay) (@ =a) --. (© — day 1) +B (@— ag) (2-4) «0. (2 ~ Ogq) =0 


will all be real, and Ae their positions. 


7. Prove that if a, b, c, d be unequal positive quantities, the roots of 
the equation 


Ey A Se ojtetd= 0 
a-a «-bd 
will all bé real; and that, if the roots be a, B, ¥, 5, then will 
ai b? 


(a—a)(a-f) (@—-7) (a-8) * (b “JOA E- NOH @-B) 0-1 e 


* (=a) e- a) = =7) (e-8) 
s. Form the equation whose roots are the values of pw+qu™, where 
w is a fifth root of unity, and shew that the equation is 


2° — 5pgqz3 + 5p’q?e — p>-— g>= 


9. Ifa, B, y, 8 be the roots of the equation 
x +4pa3 + 6qa?+4ra+s=0 
form the equations whose roots are 
(i) aB+yé, ay+fd, 25+ By. 
(ii) (2+8) (y+), (a+7) (B48), (+9) (8 +7). 4 
10. If a, B, 7, 5 be the roots of the equation 
24+ 4px? + 6qx?+4ra+s=0 
form the equation whose roots are 
(a+B-y-8)%, (a-B+y-8), (@-B- +0) 
11, if ‘Sy dy, a, be the roots of 
a + p27 + pot +Ps=9, 
shew that | ZazPag?=2p,"Ps— Pi Ps + P2Ps+ 
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Cusic EQUATIONS. 


463. The most general form of a cubic equation is | 
+ ae+ba+c=0. 
We have however seen [Art. 442, 111] that by in- 
creasing each root by a? the equation will take the simpler 


form 2° + px +q=0. 
We shall therefore suppose that the equation has 
already been reduced to this simplified form. 


464, To solve the cubic equation a* + px +q=0. 


The solution is at once obtained by comparing the 
equation with 
a — 8abe + a? +B? = 0, 
Le. (2+ a+b) (a+ a+ wd) (a+ wa + wb) =0, 


where w is an imaginary cube root of unity [Art. 139]. 
Thus the roots required are 


—a—b, —wa—w%, —w'a—ob, 
where a and b have to be determined from the equations 
p=—3ab, g=a'+b% 
Whence a? and b? are given by 


q ? 2 
13 t NAV “ Ft. 

465. The foregoing solution is a slight modification of 
that called Carden’s solution. It is a complete algebraical 
solution of the equation and the values found for « would 
satisfy the given equation identically. If, however, nu- 
merical values be given to p and q, the numerical values 


2 3 
of a and 6 cannot be found when z + Ee is negative, for we 
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cannot reduce an expression of the form (8 + 5\/ — 1)3, for 


example, to the form a+ 8/—1. Thus when p and q are 
- * ’ a 3 

numerical quantities sucn that z + e is negative, Carden’s 

solution altogether fails to give a numerical result. 

This case is called the ‘irreducible case,’ and 
we shall see further on [Art. 467, Ex. 3] that when 
m2 
+ £ is negative all the roots of the cubic are real. 


It should also be noted that in any case the approxi- 
mate values of the real roots of a cubic can be obtained 
much more easily by Horner’s general process [Art. 475] 
than by Carden’s solution. 


Ex. Solve the cubic equation 73+ 42-5=0. 
Comparing with x3 — 8aba+a3+b5=0, 
we have —3ab=4 and a'+b3=-—-5, 
whence a and D are given by 


The approximate values of a and b can therefore be found, and then 
the roots are 
—-a-—b, —wa—wb, —w*a-—wb. 


In this example the solution can be obtained in a very simple 
manner. For, using the test given in Art. 449 for commensurable 
roots, we are led to find that 1 is a commensurable root, and writing 
the equation in the form (x —1) (c?+2+5)=0, the roots are at once 
seen to be 


i i, -5 (1+ y=). 


BIQUADRATIC EQUATIONS. 


466. Several methods of solution of a biquadratic 
equation have been given. In all of them the solution is 
shewn to follow from the solution of a cubic equation. 
The simplest method of solution is that due to Ferrari, 

S. A, 39 
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To solve the equation a+ pa? + qa*+ra+s=0. 


Ferrari’s Solution. Add (ax +)? to both sides of 
the equation; then 


a+ pad + (q+ 02) a+ (r+ 208) 0 +8 + B?=(ax+ BY. 
Now the left-hand member will be a perfect square, 


namely (« +5 + ») , provided 


2, 
an +P =g+ar, prx=r+2a8 and M=s8+ fh 


Eliminating « and B, we have a cubic equation to 
determine A, namely 


4 (M3 — 8) (a+e- ) — (pr =r =0. 


One root of this cubic equation is always real, and if 
this root be found the values of a and P are determined. 
We then have 


(+4 2+n) = (an +B), 


whence +P a+r x (aw +B)=0, 


where a, 8 and ® are known. Thus the biquadratic - 
equation can be completely solved. 


Ex. Solve the equation 
a+ 603 + 14234 2224+5=0.. 
Add (ax +)? to both sides; then 
xt + 622+ (144.4%) 22+ (22 +208) 2+5+62=(ax+6)* 
The left-hand member is the square of 22+ 32+A provided 
9+2\=14+07, 6\=22+4208 and d\*=5+ 6" 
Whence (A? — 5) (24-5) — (8A-11)?=03 
ue 3 — 702-+4+28d - 48=0. 
The real root of the cubic is 3. 


THEORY OF EQUATIONS. 585 


Then, taking \=3, we have a2=1, 2a8= —4, p?=4. 
Hence (22 +32 + 3)2= (2 — 2), 
whence we obtain the roots -2+,/3, -1+2,/-1. 


Sturm’s THEOREM. 


467. Sturm’s Theorem. Let /(x)=0 be an equa- 
tion cleared of equal roots, and let f, (x) be the first derived 
function of f(x). Let the process of finding the highest 
common factor of f(z) and f,(«) be performed with the 
modification that the sign of every remainder is changed 
before using it as a divisor, and let the operation be con- 
tinued until a remainder is arrived at which does not 
contain « (this will always happen since f(z)=0 has 
no equal roots and therefore f(~) and f,(#) have no 
common measure in #), and change also the sign of this 
last remainder. 

Let f(a), fr(2),---» fn (@) be the series of modified 
remainders so obtained, of which the last, f,,(#), does not 
contain 2. 

Then the number of real roots of the equation f(x) =0 
between a and 8, [8 >] ts equal to the excess of the num- 
ber of changes of sign in the series f(x), fil), fa(@)>+ ++» Sm (x) 
when «=a over the number of changes of sign when x= B. 

For, let 9:, Qa,---» Ym— be the successive quotients ; 
then we have the series of identities 


Ff @)=Gfh(@) -f(@) 
ji (a) = qa fr (2) —f; (2), 
Fi: (2) = fs (") — fa (2), 


Sm—s(#) = dma Fm (#) — fm (#). 

Now (i) it is clear that no two consecutive functions 
can vanish for the same value of w, for in that case all the 
succeeding functions, including fn(«), would vanish for 
that value of («); and, (ii) it is also clear that when any 

39—2 
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one of the functions except f(z) vanishes, the two adjacent 
functions will have contrary signs. 

It follows from (i) and (ii) that so long as the increasing 
value of x does not make /(«) itself vanish, that is unless 
we pass through a real root of the equation f (x) =0, there 
can be no alteration in the number of changes of sign in the 
series of Sturm’s functions ; for no function will change 
sign unless it passes through a zero value, and when this 
is the case for any function, since the two adjacent func- 
tions have opposite signs, there must be one and only one 
change in the group of three. 

Next suppose that a is a real root of the equation 
f(e)=0. Then f(atr)=f(a) + rf’ (a) + &e.; and as 
f(a)=0, the sign of the series on the right will, if \ be 
very small, be the same as the sign of ¢A/’(a). Hence, 
however small 7 may be, the sign of f(a—2) must be 
opposite to that of f’(a), and the sign of f(a +A) must 
be the same as the sign of f’ (a). 

Thus as x increases through a real root of the equation 
f(x) =0, the series of Sturm’s functions will lose one change 
of sign. 

Since we have proved that as # increases the series of 
Sturm’s functions never lose or gain a change of sign 
except when # passes through a real root of the equation 
f (x) =0, in which case one change of sign is always lost, it 
follows that the excess of the number of changes of sign 
when «=a over the number of changes when «=8 must 
be equal to the number of real roots of the equation which 
lie between a and B. 

To find the total number of real roots of an equation 
we must substitute —0oo and +0 in Sturm’s functions; 
then the excess of the number of changes of sign in the 
series in the former case over that in the latter will give 
the whole number of real roots. 


Ex. 1. Find the number of the real roots of the equation 
a4 403 — 4 -13=0. 
Here SF (a) =a4+ 423 — 4a — 13, 
Sf, (@) =4 (2° + 327-1). 
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N.B. We may clearly multiply or divide by positive numerical 
quantities as in the ordinary process for finding u.o.¥. It will be 
found that 

f,(z)=e+2+4, 


Ss (x)= 20 +3, 
Fi, (x)= —-19. 
Substitute —«,0,-+c in the above functions, and the series of 
signs will be 
fo+—A3 --t+t+-j F+44-. 


Thus there is one real root between — and 0, and one real root 
between 0 and +o. 


Ex. 2. Find the number and the position of the real roots of the 
equation 2°-52+1=0. 


Here f (e)=2>-52r+1, 
and Fy (2) =5 (4-1). 
It will be found that 
fa (2) =42 -1, 
J, (2) = + 255. 


The following are the series of signs corresponding to the values 
of written in the same line 


=O > Fy 
aD et 
-1, + 0- + 
OSES =) Sete ty 
ZL, oa O dk 


Be Mae Pe 
Hence there is one real negative root between -2 and —1, one 
positive root between 0 and 1 and another between 1 and 2, the 
remaining two roots being imaginary. 
Ex. 3. Find the condition thas all the roots of the equation 


8+pz+q=0 
may be real. 
f(z)=e+pr+4, 


f(a) =307-+p. 
The other functions will be found to be 
fa (x)= — 2px - 39, 

Sa (x)= — (27g? + 4p’). 
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The signs for —o and +o are 
—, +, +2p, —(279°+4p%), 
and +, +, —2p, —(27q7+4p’). 
In order that the roots may be all real, it is necessary and 
sufficient that there shall be three changes of sign in the first line 
and none in the second, the conditions for which are that p and 


27q2+4p% must both be negative, the second of which implies the 
first. 


468. Although Sturm’s Theorem completely solves 
the problem of determining the number and the position 
of the real roots of an equation, it is often a very laborious 
process. In some cases the position of the real roots can 
be determined without difficulty by actual substitution ; 
and sometimes the necessity for using Sturm’s Theorem 
can be obviated by some special device. 


Ex. 1. Find the number and position of the real roots of the equation 
v4 — 4122+ 4024+126=0. 


Substitute in f(x) the values 1, 2, 3, 4, 5,6 in succession, and 
the signs will be +, +, —, —, —, +. Hence there is one root (at 
least) between 2 and 3, and one (at least) between 5 and 6; but by 
Descartes’ Rule of Signs there cannot be more than two positive 
roots. 

Hence there are two positive roots which lie between 2 and 3 and 
between 5 and 6 respectively. 

We can find in a similar manner that there are two negative roots 
which lie between —1 and —2 and between —6 and —7 respectively. 


Ex. 2, Find the number and position of the real roots of the equation 
a4 —14272+41624+9=0. 


In this case we should easily find the two negative roots which 
lie between 0 and —1 and between —4 and —5 respectively. The 
positive roots would, however, probably escape notice (unless Sturm’s 
Theorem were used) as they both lie between 2 and 3; it will in fact 
be found that f (2) is +, f (24) is —, and f(3) is +. 


Ex. 3. Find in any manner the number and position of the real roots 
of the equation 
28 — 525 —7e7+4+82420=0. | 


By Descartes’ Rule of Signs we see by inspection that there 
cannot be more than two positive roots and there cannot be more 
than two negative roots. 

Now f(1) is +, f(2) is —; thus one real root lies between 1 and 
2. Since f(o) is +, there must be another positive root which is 
easily found to lie between 5 and 6. 


THEORY OF EQUATIONS. 589 


Change x into —2, then the negative roots of the given equation 
are positive roots of 


28+ 5a5— 7x?-S2+4+20=0. 


Now f(z) must clearly be positive for all positive values between 
Oand1; andifz>l, 


Sf (x) > 624 — 1527 + 20, 
which is always positive since 
4x6x20-157>0. 
Hence there can be no real negative roots. 


469. Equation of Differences. If f(x)=0 be any 
equation of which a and 8 are any two roots, and if 
y=a—B, we shall obtain an equation in y whose roots 
are the differences of the roots of the given equation by 
eliminating 6 from the equations f(y + 8)=0 and f(8)=9. 
Since a— 8 and B—a will both be roots of this equation, 
it follows that the equation in y will only contain even 


powers of y; and it is easily seen that the equation in 7? 
has as many positive roots as there are pairs of real roots 
of the equation f(#) =0, and that the equation in y* has 
all its roots real and positive if the roots of the equation 
f(#)=0 are all real. 

In the case of the cubic a+ px+q=0 the equation 


in y? can be found more easily as under. 


To find the equation whose roots are the differences of the roots 
of the cubic 22+ pr+q=0. 


Let y?=(a—)?, where a, B, 7 are the roots of tne cubic, 


Then yt=(a+ A) dap 
. P-yy+4q=0. 
Also P+pytq=0. 
Hence y=3q/(y?+P)3 
2. 2798 + 8pq (y? +P)? +49 (y? +P) =O 
ie. y+ 6pyt+ 9p4y? + 4p? + 279° =0, 


which is the equation required. 


By Descartes’ Rule of Signs the above cubic in y? cannot have 
three positive roots unless p and 4p? 4+-27q” are both negative, Also- 


590 THEORY OF EQUATIONS. 


if 4p3+27q? be negative the equation in y? will have three positive 
roots which are separated by +o, —2p, —p, 0. 
Thus a necessary and sufficient condition that the cubic 


2+pr+q=0 
may have all its roots real is that 4p + 27q? may be negative. 


470. We shall conclude by shewing how to find the 
approximate values of the real roots of any equation. 
This can be done in various ways; we shall, however, only 
give Horner’s method. We must first give the explan- 
ations of the separate processes which are employed. 


471, Synthetic Division. Suppose that when 
SF (&) = M0" + a" + A,0" + 22 + On 
is divided by «—2 the quotient is 
Q = bya + bya"? + 6,0"? +... + On, 
and that the remainder is R, where R does not contain a. 
Then S(@=Qx(@—-A)+#. 
But Q x (@—2)+ £ is at once seen to be 
byw” + (by — Ay) a + (by — Ay) BF 4+... 
+ (On — Abp_») & + BR -ADp4. 
Equating coefficients of the different powers of x in f(x) 
and in the expression last written, we have 
b= apy bf = A0, =a O, — Nb = Gan cere 
Bas — ADng = On gy B—Adyn 4g = Gps 
From the above relations it will be seen that the values 


_ of by, b,, bz, &c. can be obtained at once by the process 
indicated below: 


Conn Ci gn i leteces)- rosy | Oke 


bg Oe Dib, | 30, be ake 
First 6) =a); multiply b, by % and add to a, the sum is 
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b,; multiply 6, by X and add to a,, the sum is b,; proceed 
in this way to the end. 


Ex. Find the quotient and the remainder when 
a> — 6944 223 4+ 1527+7 
is divided by 2-2. 
1-6424154+0+ 7 
2-8-124+6+412 
1-4-—6+ 34+6+19 
Thus the required quotient is 
wt — 408 — 627+ 30+ 6, 
the remainder being 19. 


The above process is called the method of Synthetic 
Division. The method can easily be extended to the 
case when the divisor is a multinomial expression, but 
this extension is not needed for our present purposes. 


472. The actual values of by, b,, bg, &e. in terms of ay, a, dg, ke. 
and ) can be at once written down; they are 


byp= ay, by=a,+Ady, bg=Ag+Aa,+N7Ap, 


bg=GgtAdg t+ 7d +APdgy .-000 ’ 
By = Ina + AGy—at A2p—gt Mngt vey $A" Ao, 
and R= y+ Oy +... =f (r)- 
Thus i) agz™1 + (a, +Aay) a"? +... 


From the above we can obtain the formula of Art. 439. 


For, if a, b, ¢, ... be the roots of the equation f(a)=0; then 


f(y = 20), HO 5.. 


= {age™ + (a, +.40,) 2-9 + (aq + aay +7) 2-9 + ...$ 
+ {age"-} + (a + ba) 2-2 + (a, + ba, + b?a9) a” +...} 
+... 
=nayz"™ + (na, +ayZa) 2? 
+ (Na+, 54+ ayZa?) c™-$ +... 
But ff” (at) =naga™—1 + (m — 1) aya-9 + (1 — 2) ga? + oe 
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Equating the coefficients of like powers in the two expansions, 
we have 
NAy=Ndy, 
(n—1) a,=na,+a)=a, 
(n — 2) dg=Ndg + a,Z0+ aaa", 
Whence the required result follows at once. 
473, We have already seen [Art. 442, 11] that in 
order to diminish each of the roots of the equation f(z) =0 


by 2, we have only to substitute y+” for 2 in f (@). 
Let the equation whose roots are those of 
Ag” + AO" + gk"? + aoe + a, =, 
each diminished by A, be 
boy” + by” + by? +... +b,=0. 
Then, since y=a—N, the last equation is equivalent to 
by (a — 2d)" +b, (@ — AF «+ Ona (a — 2) + bn = 0. 
The equation last written must be identical with f (#) = 0. 
Hence we have identically 
F(a) = by (@—AP +0, (UA! +. + bn (@ — A) + dn. 
From the form of the right-hand member of the above 
identity, it follows that if we divide f(#) by «—A, and 
then divide the quotient by (#—2), and so on, the suc- 
cessive remainders will be the quantities Dp, ba-a,---) D1, bo. 


Ex. 1. Find the equation whose roots are those of 
at —203+32-5=0, 
each diminished by 2. 
Using the method of Art. 469 to perform the successive divisions, 


the whole operation is indicated below, the successive remainders 
being printed in black type. 


1-2+ 0+ 3-5 

bc i Fe 
10 0 3841 
Pei 1G) 
Fie ey 
2S: 

14 12 
2 

1 6 
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The first division gives the quotient 2°43 with remainder 1; the 
second division gives the quotient «?+20+44 with remainder 11; the 
third division gives the quotient ++4 with remainder 12, and the 
last division gives the quotient 1, and remainder 6, 


Ex. 2, Find the equation whose roots are those of 
a —2?-2+4=0, 
each increased by 3. 


The divisor is here x +3, and the work is as under, 


1- 1-14 4 DEP tS vans 
< —— 1- 4411|-29 
— 4411-29 — 7432 
— 3421 <a. 
1- 7+32 
- 3 
1-10 


Thus the transformed equation is 
23 — 102? +322 —-29=0. 


_ We shall in future write the operation as on the right, the multi-- 
plication and addition being performed mentally, aud the result only 
being written down. 


474, In order to multiply all the roots of the equation 
Cigo™ + Ayu + Age” +. + On = 0 
by ten, we must substitute z for # in its left-hand 
member. If we then multiply throughout by 10", the 
transformed equation will be 
aye” + 10a,a"4 + 10°02" +... + 10a” = 0. 
Thus in an equation with numerical coefficients the roots will be 


multiplied by 10 by affixing one nought to the coefficient of 2°, two 
noughts to the coefficient of a*-2, and so on. 


For example, the equation whose roots are those of 
a*—2a34+52+8=0, 
each multiplied by ten, is 
xt — 2023 + 50002 + 80000 =0. 


475. Worner’s method of approximating to the 
real roots of equations with numerical coefficients. 


Having found (by trial or by Sturm’s Theorem) two 
consecutive integers between which a real positive root of 


594 THEORY OF EQUATIONS. 


the given equation must lie, the first step is to diminish 
all the roots of the given equation by the smaller of those 
antegers. ‘Then, by supposition, the transformed equation 
will have a root between 0 and 1. We now multiply 
all the roots of the last equation by 10 by the process of 
Art. 472, so that this new equation has by supposition a 
root between 0 and 10; now find by trial between what two 
integers less than 10 the root lies, and diminish the roots 
of the equation by the smaller of these integers. Then 
again multiply the roots by 10, and continue the process 
until the required degree of accuracy is attained. 


After the roots of the given equation have been di- 
minished by the integral part of the required root, the 
roots are multiplied by 10 in order to avoid decimals in 
the work, the next integral root found must therefore 
originally have been so many tenths. After again multi- 
plying the roots by ten, the next integral root found 
corresponds to hundredths in the original equation; and 
SO on. 


By the above process it is clear that we are con- 
tinually approximating to the root sought; care must, 
however, be taken that wé do not pass beyond the root, 
which would be shewn by the change in sign of the 
constant term. 


The negative roots can be found approximately in a 
similar manner after changing # into —a. 


Ex. 1. Find to two places of decimals, the positive root of the equation 
z—32-—4=0. 


There can only be one positive root, and by trial this must lie 
between 2 and 8. First diminish the roots by 2, and the transformed 
equation will be found to be 2°+623+92-2=0. Multiply the 
roots by 10 and we have the equation 2x§ + 60x?+ 9002 —2000=0, 
which will be found to have a root between 1 and 2. Diminish the 
roots of this last equation by 1, and the transformed equation will 
be a +63a7+1023¢—1039=0, Multiply the roots of this equation 
by 10, and the resulting equation will be found to have a root 
between 9 and 10. Diminish the roots of the last equation by 9, 
and the resulting equation is 23+ 657z*+ 113883" —66541=0, which 
could be used to obtain a more accurate result. 
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The work is written as under, lines being drawn to indicate the 
completion of each stage of the process. 


2 Pru fee Ve SCs 


102300 
108051 


113883 


Ex. 2. Find the cube root of 30. 


We have to find the positive root of the equation z* — 30 =0. We 
proceed as under 


1 0 0 -30 _( 3107 
3 9 |= 3000 
haga 7 (eae 
90 2791 — 209000000 
91 [28830000 
92 
9300. 28895149 [— 6733957 
9307 | 28960347 
ed 
9321 


It will be seen that after two or three multiplications of the roots 
by 10, the numbers in the two last columns will become very much 
greater than in the others; a contracted process can then be em- 
ployed, namely, instead of affixing one, two, three, &c. zeros to the 
coefficients after the first in order from left to right, we may cut off 
one, two, three, &c. figures from the coefficients after the first in 
order from right to left. Proceeding in this way with the above 
example after the stage at which it was left, we have 


% 932% 28960347 — 6733957 ( 8°1072325 


2896220 

289640§ — 941517 
- 72597 
- 14669 
- 189 


The first of the new figures is 2; and after finding 2, the numbers 
standing in the columns will be 93, 2896406, — 941517, the original 
first column having previously disappeared. We then cut off one figure 
from the second column and both from the first; we then have only 
to divide 941517 by 289640, cutting off one figure from. the divisor 
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at each successive stage, a8 in the ordinary method of contracted 
division. 


476. Imaginary roots. The numerical values of the imaginary 
roots of an equation can theoretically be obtained in the following 
manner, but the work would except in very simple cases be very 
laborious. 


Ex. Find the numerical values of the imaginary roots of the equation 
23+32-1=0. 


Put a+.8 for x in f(x), and equate the real and imaginary ex- 
pressions separately to zero; then we shall have 


a3+3a—1—3a8?=0 and 3a78— 6?+38=0. 


Rejecting the factor 8=0, which corresponds to a real root of the 
given equation, we have by eliminating 8 the equation 


8a? + 6a+1=0. 


Now a must be a real root of the equation last written, and this 
real root will be found to be —-16109...... 


Then f6?=3(a?+1), whence f is found to be 1°75488,... Thus 
the required roots are —°16109... 1-75438..../—1. 


EXAMPLES XLYI. 


2. Solve the following equations: 
x @ a$-— 122+ 65=0. A (ii) 23-9274 28=0. 


(iii) 23 — 482 — 520=0. (iv) 28-21 — 344-0, 
(v) 23-27+4+5=0. (vi) 23—62—11=0. 
2%. Solve the following equations: 
@) a4203+ 140415 =0, (ii) at-122-5=0. 
(iii) a4 — 12024 242+4140=0. (iv) 4a*+4a3— 722-42 -—12=0. 


3. Apply Sturm’s Theorem to find the number and position of the 
real roots of the following equations: . 


(i) 2-32+6=0. (ii) 23-—2?-332+61=0. 
(iii) 2c4~2?-10e+3=0. (iv) a4-14234162+9=0. 
(vy) 24—72?+3x2—-20=0. 


4. Find all Sturm’s functions for the equation 2° + 3p22+ 8qa+7r=0 
and hence shew that, if p?<g, there must be two hind bot: 


5. Prove that the roots of «°+pa*+7r=0 are all real if either porr 
be negative, and —4p%r be greater than 27r?. 
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_ 6. The coefficients of the algebraical equation f(x)=0 are all 
integers. Shew that, if f(0) and (1) are both odd numbers, the equa- 
tion can have no integral roois. 


7. Shew that one root of the equation a3 —2a-5=0 is 2°09455148. 


s. Find the real positive roots of the following equations, each to 
4 places of decimals: 


(i) a-7x+7=0. (iv) at+a3—4a?-16=0. 
(ii) a%-82-—40=0. (v) at—142741604+9=0. 
(iii) a3 — 6x? + 9x-3=0. (vi) 25-2=0. 


9. Find the number and position of the real roots of 
(i) 244229 — 2327-247 +144=0, 
and (ii) 2*— 2627+482+9=0. 


10. Prove that the equation 
: 26 — 7234 1527+ 32—-4=0 
cannot have more than 4 real roots; prove also that these roots must lie 
between 1 and —1. 


11. Solve the equation 


20° — Txt +603 —112?4+42+6=0, 
having given that the real roots are commensurable. 


12. Find the equation whose roots are the square of the roots of 
gz? —8px?—3 (1-p)%+1=0, 
hence shew that the given equation has three real roots for all real 
values of p. 
13. Prove that the equation 
23 — 3px?—3(1-p)z+1=0 
has three real roots for all real values of p. 
Prove also that, if these roots be a, B, y then 
B(1-y)=7(1-a)=4(1-f)=1, 
or p(1-a)=7(1-8)=a(1-y)=1. 
14. Shew that the equation whose roots are the sum of pairs of 
roots of the quintic 25+pr+q=6 is 
x10 — 8pa6 — 11g2° — 4px? + 4pqa — g?=0. 
15. Prove that the equation 
x +4ax + 60%? + 4ar+1=0 
has no real roots unless 
1l>at> : 
9 3 
and that the equation has two real roots if a? is between these limits. 
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16. Prove that, if a be the root of the equation 
a4+az3 — 62? -—-ax+1=0, 


. l+a 
80 also is ——— 
l-a 
Prove also that the other two roots are 
sae and ~— . ; 
a a+l 


17. Prove that, if a, f, y, ... be the roots of 
a” + pc") + pow? +... +p,=0, 
then ZaB?y= — pops + 3p; Py — 5ps- 
1s. Shew that, if a,, a,,...be the roots of 
a — Spa’ + 5p%x — q=0, 
then Za,{a,%a,7a, + 5q?+500p°=0, 


MISCELLANEOUS EXAMPLES. 


1. Find the factors of the expressions: 
(i) a (b-c)(¢c+a—b)(a+b—c) +6? (c—a)(a+b—c)(b+e~a) 
+c (a—b) (b+c—a)(e+a—b). 
(ii) abcd (a? + b? + c? + d*) — B7c7d? — c*d?a? — d?a*b? — a7b°c?. 
(iii) 2 (a° + B+ c®) +07 + ac + Be + Bat ca + 0b — 3abe. 
(iv) af (6 +e) +b4(c +a) +c4 (a+ 6) +a% (b+)? + B (c +a)? 
+c (a+b)? + 2abe (be + ca + ab). 
2. If a?—a?=6'— f?=c?—y*, prove that 
Byer oy © Ca — ay | aB—ba_¢ 
a—a b-£B c-¥ 
3. Shew that, if yz + 2x2 + xy =a’, then 
1 1 i 
yz (a? + a") wae (a* yy) ay (a? + 27) 
‘“s 2a? 
© ayes /{(a* + 22) (a? + y?) (a? +22)}° 
4, Shew that, if yz+2c+ay =0, then 
(y +z) (2+ a)? (at y)* + 2ary?? 
=a (y+2) ty (z+ a)? +24 (a+ y)% 
5. Prove that, if f(x), any rational integral function of 2, 
be divided by (x —a) (w— 6), the remainder will be 
et DF) , PO) =~ (a) 
a—b a—b 


6. Prove that 2 {(b—c)*+(c—a)*+ (a—b)*} is a perfect 
square. 
7. Find the square root of 
3 {(b—c)§ + (c—a)* + (a— b)8— 2 (a? +.B? + 0° — be — ca — a)*}. 
8. Shew that 
(=o + (ea + (@—B) = (0-0) (0a) (4-1) 3 (0 ~) 


S. a. 40 
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9, Shew that, if a, 6, ¢ be positive quantities and not 
all equal to one another, 


bc (a— b) (a —c) + ca (b—c) (b— a) + ab (c—a) (c — 6) 
will be positive. 
10. Shew that, ifa+6+c=0, then will 
a(a—b) (a—c)?+b (b—c)? (b—a)? +e (¢ — a) (e—by 
+27 abe (bc + ca + ab) = 0. 
11. Shew that, ifa+6+¢e+d=0, 


(i) (Sat?=230'4 Sabed, (i) 3 72 SH 


Shew also that Sat is divisible by Sa’, if n be a positive 
integer. 


12. Shew that, ifa+b+c+d=0=a7+b?+c7 +d, then 
PHP e dad az (atsdircs dy, 


13. Shew that, ifa+b+c+d+e+f=0, 


and +++ Pret fr= 
then will OO CE ee 
and 7} Xa =? 5 iat x5 Sai. 


14. Shew that, if one of the three quantities 
ax+by+cz, by+cu+az, czet+ayt+bx 
vanishes, the sum of the cubes of the other two will be equal to 
(a® + BF + 8 — Sade) (a5 + y8 + 2° — 3xyz). 
15. Prove that, if 
w=atrytezta(yt2—2x), 
v=aty+z+a(z+u—2y), 
w=ent+yt+uzta(ut+y— 2z), 
then =. 27a? (a? + y° + 2° — 3ayz) =u? + v8 + w* — 3uvw. 
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16. Shew that, if 
X= ax + by + cz, A=axn+cyt+bz 
Y=cx + ay+ bz, B= bx + ay+cz, 
Z=bue+cy + az, C=cx + by + az, 
then will 
(X- 4){X - B)(X-C)=(¥- 4) (¥-B)(¥-0) 
=(Z— A) (4-B) (4-C)=XYZ—-ABC. 


17. Prove that, if 6°<4ac and 6" <4a’c’, then 
(bc’ — b’c) (ab’ —a’b) < (ca’ — ac’?. 


18. Having given that 
b, be —2 and abe+ 2lmn — al? — bm? — cn® 


are all positive, prove that a, c, ac—m? and ab—7’ are all 
positive, all the letters denoting real quantities. 


19. Shew that, if a, b,c be unequal, and 
a(b—c) +b(c—a) y+c(a—6b) z=0, 
a(b—c) yz+b (c—a) za+c (a—b) xy=0, 
then L=Y=2, 
20. Shew that, if 
ax? + by? + cx? + 2fyz+ Qgea + Zhay 
5 (la+my+nz) (lat my + nz), 
then (mn’—m'n) (gh —af) = (nl — n't) (hf — bg) 
= (Im' —I'm) (fg —ch). 


21. Eliminate (i) 2, y, 2 and (ii) a, b, c from the equations 
cy +bz=az+ ce =bx + ay =ax + by + cz 


22. Shew that, if 


40—2 
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23. Shew that, ifa+b+c=0, then 
2 = 
secs : 3°52 = dabo(3=)". 
b—c a a 


24. Prove that the necessary and sufficient conditions that 
the roots of 
d (aa? + ba +c) + p (ax? + b'a +c’) =0 
may be real for all real values of \ and p are that 
b? — 4ac > 0 
and (bc' — b'c) (ab — a’b) — (ca’ — c'a)*> 0. 


25. Find the condition that the solution of the equations 
Qa (1—«x)+(b +e) w= 2b(1—y)+(c+a)y, 
Qd (1—a)+(e+f) w= 2e(l—y)+(f+d)y 


may be indeterminate. 


26. Having given that 7+ y+z=0, and 
oe ¥ 2 


b-c e-a a-—b 
prove that & (6 —c) (b+ — 2a)*/x* = 0. 


=0, 


27. Prove that, if 
e+yt+2=O=a7x+ by + c%z, 
then (@+b+c) (a®x+ db y + cz) 
= (be + ca + ab) (bea + cay + abz). 


28. Solve the equations : 
(i) J Pa®@ 14 Ja*— 30-2 =,/2a7+ 2434 J/aP—w + 2. 


ii (a—a)*+ (b- a) _ a—by? 
(ii) GcayreGeur b)*. 


i) (Fos) a eaa)e aes) 
9 (@= a) (x —b) (aw — c) 
2 ala) (eee) emcee 
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(iv) «+y+z2=0, 
ax + by + cz=0, 
ata? + by® + cz = 3 (b —c) (c— a) (a —B). 


(v) 2yz=y+2, (vi) w(a@+y+z2)+yz=a, 
22a =2 + a, y (e+ y+2)+ 20 = 6%, 
Qey=xe+y. a(a+yt+2)+ay=c’. 


(vil) a? (a? + 4) = y? (y? + 4) = 2? (27 + 4) = Bayz. 
(viii) ayz + by + cz =bza+cz+ax 
=caytax+by=a+brte. 


(ix) w-y=2, wz—yw=3, x2*?-yu'*=5, 


and ca — yu* = 9. 
(x) w+y+z2 =0, 
onthe gil < eee. BOG 
(c-a)x2 (a—b)y (b-c)z ” 
b-c c-a a-b 11 1 
= +——=-+7+-. 
x y z a6 ¢ 
(ai) TUDE IEA cad Saal 


YR BO ary 


(xii) yz + bea + aby +caz = 0, 
ze + abu + cay + bez = 0, 
ay + cax+ bey + abz= 0. 


29. Shew that, if 


it Se ee 
ata b+a cta 


ge ete ec 
at+B 6+B c+B 
x v le 
and a+ytb+y ery 1; 
: o ys aBy 
then will a 5 hee Ahern 
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80. Prove that the three equations 
G) bo eta. ee 


We ilies hiya 
b b! é 
yy gate Sa, 
Diet ear 
c z x 


are inconsistent unless a+6+c=0. 


' 81. Eliminate a, y, z from the equations 
p=axt cyt bz, 
g=cx + by + az, 
r= bx + ay +t cz, 

e+ y+ 2 — y2z—2z0—-ay=0. 


32. Determine those pairs of positive integers whose 
product is twelve times their sum. 


83. Prove that, if 
Mii yr %> Wy Yo > %5 ei Ys > % 
be the three solutions of the equations 
e+P+e2+axyz=0, la+my+nz=0, 
then Vy Ly Ls + Yi YoYs + %,2,%, = 9. 


1~2°3 
34. Shew that, if 
LEY+L=Py, YF+UL+LY=Py, LYZ—=Psz, 


and if e+yz=a, yrtee=—b, v2+ay=c; 
then a+b+c=pi—p,, be+ca+ab=p,5p,— 2p, ps — ps’, 
and abe = p;*p,— 6p, prp3+ po® + 8p;". 


35. Shew that, if 
%= 2 +e3+e5+... ad inf, 
= % +e27+04+... ad inf, 


eee Serene ane 


then Nt, = ne, + ne? + na? +... ad inf. 
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36. Find four numbers a, y, 2, u such that «—1, y—1, 


z+1, w+ 1 are in arithmetical progression, as are also Be Yes 
and 27, 24, uv. 


37. Shew that any number can be expressed in the form 
PitPr|2+P, 3+ [44-5 


where p,, Ya, --- are positive integers, and p, <2, p,<3, and 
soon. Express 999 in this way. 


38. Find Wso that the arithmetic, geometric and harmonic 
means of the first and last terms of the series 
BD eG: Aish ersess N-2, N-1, WN, 
may be terms of the series. 


39. The result of multiplying a whole number of three 
digits in the scale of r by (7 — 1) is to interchange the first and 
last digits and to increase the middle digit by the difference 
between the first and last, Find the number. 


40. Shew that the number of permutations of n things 
r together when two of the things are excluded from having 
definite positions is 
(n? — 32 + 3)q_2 Pr_a- 


41, Shew that, if m be a positive integer, the series 
1 (2n— 1) _2n= 1),(2n — 2) iy 
—_ {1 \2 eee 


n-i (2% —1)(2n-2)... (n+ 1) 
jn—1 
is equal to 


(— 1)?" (2n — 2) (2n - 3)... (n+ 1) m/|m—1. 
42. Sum the series 

Pee Ln: eR 

oTpl* feo8 2 fe=s(B PE Jet 


43. By means of the identity 
{1—a(2—a)y t= (1-2) 


+ (-1) 
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prove that 
| 2n |2n— 2 bath 4 =n 
n(n |i |[n-1 “(i [psa in-4 
44. Shew that, if a, b, c,d be the coefficients of any four 
consecutive terms in the expansion of (1 +)", then 


(a +b) (c? — bd) = (c +d) (6? — ac). 
45. Prove that the coefficient of x” in the expansion of 
(1+a)"(1—a)™ 
is 
oe |ntr-1 1 Rete: jen tects (se Ly ate Mladabsies 
aks Ce Se ee 


+(-1)""n. 2. 


46. Sum the series 
(17+1) [1+ (2?+1) [24 (8°41) [3+...+ (41) [n 
47. Shew that, if 2 be any positive integer greater than 2 
rh are ah ae a ate ea) 


|2 


ado) Ais Aslae) Fgh 0S 


’ 


to m terms is equal to zero. 


48. Shew that, if 
1 


Tian ael =l+p,e+ prt .. ot Dy" + ecg 


then 
l-ax 1 
Lt+aa" 1—(a? + 2a) 2+ aPa® 
x being such that both series are convergent. 
49. Prove that, if «<1, 
x xn a 
(I=ayp” (T-af* (—ayp* 


= 1 + p,°x + pax" + see 9 
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* 50. Prove Pa 

[ees oh ge ae o)t-(lt—o)(L = ==) * 

* (ead ae itil 
k (2—h) 


a a (2 - a) a) ; 6 (2-8) ies 
(l-a)?  (1-a)? (1-6) (1—a)?)(1 —6)....1—&)? 
51. Find the value of the infinite series 

eae eel Oe 14 LO 13 216 


1+7,8,4.8,12,16 4, 80l2,16120004° 
52. Sum the series 
Sh Ae di 
in [3 Knie 
53. Find the nth term of the series 
2+ + 4x74 190° + 704+ 229% +... , 


it being assumed that there is a linear relation between every 
four consecutive coefficients. 


=1+-+—Y 
.. to infinity. 


54. Find the mth term of the recurring series 1, 2, 3, 5, 8, 
13, &c., in which each term, after the second, is the sum of 
the two preceding terms. Shew that in this series the number 
of terms which have the same number of digits is always either 


4 or 5. 
55. Find the sum to infinity of the series 
neti + Pa ys al + 
1.2.4 3.4.6 5.6.8 
56. Prove that, if n be a positive integer, 
1 n 1 , wnat 1 
(+1) 1° @+2"° 1.2 (+3) 
fs 
1 


1 1 n.n-1 91 et Aer, 
=e a aia a3-eri O42 an 


—...ton+1 terms 
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57. Ié£ 
y= + 0? + Qad + ——===_ gt+l4... ad inf, 
CALE cus 
prove that y—y+x=0, 
and deduce that 
3 | 27 
of =e + Sat + Qa + eos + ae get+3 + e020 @ 


58. If ,H, denote the aum of all the homogeneous pro- 
ducts of 7 dimensions of the x letters a, b, c, ...; shew that 
the sum of all the homogeneous products of r dimensions 
wherein no letter is raised to so high a power as the mth, 
will be 


nthe me gb ge gg SO” ay nee 


59. Shew that the sum of all the homogeneous products of 
a, 6, c of all dimensions from 0 to n is 


ants bn+8 ents 


(a—6) (a—c) (eal (6—c) (6—a)(6—1)~ (c—a)(ce—b)(c—1) 
1 
~ @=-1) (6-1) @=-1)- 


60. A man addresses » envelopes and writes ~ cheques 
in payment of n bills; shew that the number of ways of en- 
closing within each envelope one bill and one cheque in such 
a manner that in no instance are the enclosures completely 
correct, is 


ni {nt = os vet rE 1} : 


61. Ina plane » circles are drawn so that each circle inter- 
sects all the others, and no three meet in a point. Prove that 
the plane is divided into n?—n +2 parts. 
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62. Shew that 
nm (n—1)" | n(n—1) (n—-2)" 
z+n la+n—1 1.2 w+n-2 °° 
oe) |” 
~ (+1) (%+2)...(a+n)’ 


63. Test the convergency of the following series: 


? 2 3 n 
(i) ee shee b> nialeres 
s 2 3 n 
(ii) a sts 33_] F see et og | +0 
3 _— = 
(iii) a+ eh att tea A" + reve 
: pT Di Bat Same Sastre 
Gv) arg TBF, oF. oF 


9%. 42. 5%. 73... (3n—1)8(3n + 1)° 
+ 353, 6. 6... (n)*(an)3 


(v) (1. logs - 1) 4 (2 log gol) 


+(n ee in — ticl)te. 


64, Find the condition that the series whose rth term is 
(m+n)" (2m—n) (8m — 2n) ... (rm — 7 — r—1n) 
(m—n)* (2m +n) (3m + 2n) .. qe +r—1n) 
may be convergent. 


65. Shew that the limit when x is infinite of 


Blandi 


ect) (ee UR CAROL EO. 
first) Geese 


66. Shew that 


CW re oe : 


1 
n+4n+n+4n+°"° 
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67. If 
a, a a rigs a 
; ad (041) Sy a a 
then will Toney 2s reg ere bon 


68. If pp/q, and p,_1/dn-, be the last and last but one 
convergents to 


prove that 
1 i i 1 1 1 1 1 = Pada + PrPn-1 
SHO HO eae be Aor eae In + PnIn-1 


69. Shew that the nth convergent to the continued fraction 


}. 2.8 n ig he 
Des ie A ene °T+ 3" [r- 
70. Find the nth convergent to the continued fraction 
ar eae 
2-5-10-—...—n?+1- 


71. Prove that the nth convergent to the continued fraction 
a Gq As 
a&+1—-—a+l—a+1l—~° 
is o,/(o,+1), where o, =a + 4,4, + @,0,0, + ... to m terms, 


; 72. Prove that the continued fraction 
1 @ @(l-a) (1 —a?) 
1-l1- il = il ashe 
Sie ae a a? 
loan loa ita 


=(1 oe sania 
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73. Prove that a being greater than 1, the nth convergent 
to the continued fraction 


1 (a—1)(2a—1) (24-1) (8a—1)  (n—1 a—1)(na—1) 
2a—1+ 2a+ 2a+ a 2a+ a 
is equal to 


1 1 
ees} te —1) (2a—1) (2a—1) (3a- eee 
yeah Ure ae \. 
(na —1)(n+1 a~1) 


74. The difference of the first convergents of the square 
roots of two consecutive odd integers expressed as continued 
fractions is 1, and the difference of their third convergents is 


497 : 
3855? find the integers. 


75, Shew that, in the ascending continued fraction 
b+ b,+ by+ y+ 
eat antes 5 
the n convergent p,/g, is given by the laws 
Pn = MPn-1 + ba; In = %nYn-1° 
Hence shew that the value of the fraction 
a hee oa wad inf, 
is unity. 
76. Prove that the continued fraction 
1 a a+1 2(@+2) (n-1)(e+n+1) 


Togs 1l=e+o— ate x+2n—1 
is equal to 
(2 +1) (+2)... (w+ m)/|m. 
77. If ee 1 


pom = a, + — ae eee rie & | 
Gig + Az + | + Uy 
shew that pipe . pe oa 2." . ye . 
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78. Prove that, if p,/g, be the rth convergent to the con- 
tinued fraction 
aA om on 
e+ eet 
and p,/q, be the rth convergent to the continued fraction 


Gan Any—1 a 

1l+14+°° +1?’ 
then In = P'n-1 + q'n-1 Ini =U n-a 
and Pn-1= %Yn-a- 


79. Shew that the value of the continued fraction 
mt (m+) (m+2) 
Im +1—2m+3—2m+5— 


.. ad inf. is m. 


1 
80. Shew that, if » be any positive integer, V* can be 

expressed as a non-recurring continued fraction with unit 
numerators, and in the particular case when N=2, n=3, 
prove that 

4 5 29 

3” 4’ 23 
are convergents to it. 


81. Find the greatest value of 
(a — x) (6—y) (c—2) (ax + by + cz), 
where a, 6, c are known positive quantities, and 


a-—a, b-y, c-—2z 
are also positive. 


82. Ifa, 6, c be three positive quantities such that the sum 
of any two.is greater than the third, and if 


ax + by + cx=0, 
prove that ayz + bz + cay 


is always negative for real values of a. 
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83. If mand n be positive integers and m>n, shew that if 
x be positive 
L+otatt...ta™ i> ltatar+... +a 


m < ” ’ 


‘ > 
according as x _ 1. 


84, Shew that, if @ be any positive quantity and p > q, 
a®—1 at—l 

> ’ 

?. | 


unless p > 0 > q. 


85. Prove that, if « be any positive quantity, 
ei>ae®>lt+a—a’. 


86. Prove that, if all the letters denote positive quantities, 
x +Yy m+n 
am. yb ( 


T+ T% 


.m™.n", 


and deduce the minimum value of «+ y when 
xy” = a, 


87. Ifa, 6, c be positive, prove that the least value which 
(x + y+ 2)arore 
i. 7 ae 
can take for positive values of , y, % occurs when 
e=a, y=b, z=C. 


88. Shew that, if a, b, ¢, d, a, B, y, 5 be positive quantities 
such that a>a, b>, c>y, d@>54, then 


8abed + 8afBy5 > (a +a) (b+ 8) (c+ y) (2+ 4). 
89. If 


Gy, ny Ugy -+-5 Un 5 Or; Ba, bg) «++» Dns Crs Cay Cay +209 On 
be three sets of positive quantities which in each set are 
arranged in descending order of magnitude ; then will 


AyDyC, + Aghaly + MghsC3 + «+ 2h 3h,  3e 
” Megtintia vill b 


614 MISCELLANEOUS EXAMPLES. 


90. Prove that, if a, b, c be positive quantities, 
atbtec 
ab’c? > {5 (a+b+ o)} ; 


atbte 


and 6 (b+c)*(c+ a)’ (a +b <F(ard+0)} . 


91. Prove that, if @ is any prime number greater than 19, 
then a —1 is a multiple of 9576. 


92. Prove that, if the radix of a scale of notation be the 
product of the different prime numbers m +1, n+1, p+1, the 
(mnp + 1)th power of any integer will end in the same digit as 
the integer itself. 


93. Shew that the number of solutions in positive integers, 
zero included, of the equation 
e+ 2y + 3z=6n 
is 3n? + 3n+1. 


94. Shew that, if n be any positive integer, 
(n+ 1) (w+ 2) (n+3)...(m+) 
will be a multiple of 2”. 


95. Prove that, if g be a prime number and p prime to q, 
then 


p(p+q)(p+2q)..(p+n—lg) > 

fe an 
will, when reduced to its lowest terms, have for its deno- 
minator a power of q. 


96. Shew that, if p be any prime number, the sum of the 
products p—2 together of the numbers 1, 2, 3, ...... »p-l 
will be divisible by p’. 


97. Shew that, if p be any prime number, the sum of the 
rth powers of the numbers 1, 2, 3, ...... , p— 1 will be divisible 
by p, if r be any positive integer } p— 2. 
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98. Shew that, if p be prime, 
ee eile 
is divisible by p®. 
99. If a white balls and 6 black balls be placed in a bag, 
and be withdrawn one at a time, without replacing them ; shew 


that the probability that all the black balls will have been 
drawn in the process of drawing a balls is 


ele 
lab [a—0” 


@ being not less than 6. 


100. A bag contains 10 coins, and it is known that 2 of these 
are sovereigns. Two coins are drawn out and neither is a 
sovereign; shew that the probability there were only two 
sovereigns in the bag is one-third. 


101. <A bag contains any number of balls, which are equally 
likely to be white or black; one is drawn and found to be 
white. Shew that the chance of drawing another white one, 
the first ball not being replaced, is two-thirds. 


102. Prove that, if a, B, y be the roots of the cubic 
a+ 3H2+G=0, 


then the equation whose roots are 


(2—B) (a-y), (B—y) (8-4), (y-2) (y- B); 
is a? + 9H? — 27 (62+ 4H) =0. 


103. If S, denote the sum of the rth powers of the roots of 


the equation 
x” +ac?+b=0, 


shew that, if m> 5, Som_1 = 0. 
104 Two roots of the equation 
at — 6a? + 1827 — 30x + 25=0 
are of the form a+B, Btu. 
Find all the roots of the equation. 
8. A. 41 
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105. In the equation 
ata 4 (2 —a) ott + (b—a+1) a+ (a + 2nb) x 
+a+(2n—1)b=0, 
prove that two of the roots are equal, and that of the rest the 


sum one, two, three, &c. together are in arithmetical pro- 
gression. 


106. If m be an even integer, and p,, Mi, Ps: be all 
positive, and if H be the greatest of the ratios 
Pi Ps Poa 
Punts one Poa, 
and K be the least of the ratios 
Po Ps Pn, 
pa Se oe 
then will all the real roots of the equation 
pre? — pe" + pyr? — ... + Pn =O 
lie between HW and K, and all the roots of the equation will be 
imaginary unless H be greater than K. 
107. Shew that 
1 1 Ae Lega to n rows and columns 
Ll + age ge lope maith 


ewe or eeee sre senearess 


108.. Shew that 


l+a 1 ta ae to » rows and columns 
1 Il+a et Me =a" tna", 


109. Prove that 


1 11 1js(-8)(=d)(@-c)'-@) 
aipnbire 82 - (a-¢) (6d) (a 8) (c'-2) 
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110. Shew that 

a+ 6?+c%, be+ca+ab, be+ca+t+ab 
be+ca+ab, a2+b?+0c?, be+cat+ad 
bc +ca+ab, be+ca+ab, a+? +¢3 


= (a° + 0° + c — 3abc)*. 


111. Solve the equation 
et—a’, 2-5, 27-3 
(x—a)*, (x—6)*, (a—c)? 
(x+a)*, («+b)§, (w+c)$ 


112. Shew that 


i 
= 


67c?, 
c7a?, 
a’b?, 


be, 
ca, 


ab, 


113. Simplify 
| 1, 90, 


1, b+¢e, 
1, c+a, 
1, a+, 


114. Shew that 


(p +8") (p +e 
(p +0) (p+ a?) |" 
(p+at)(p+ 6% 


, 


—B%? = ab (c? +a”) ac (a2+b*) | = (Bc? + c’a? + 07D?) 
ba (b?+ 07) —ca? be (a*+ db?) 
ca(b?+ 0%) ch(c+a*) —arb? 
115. Shew that 
B+e+1, +1, +1, bt+e |=(be+ca+ab)% 
+1, 2+a7+1, a’ +1, c+a 
67+ 1, a+1, @+67+1, a+b 
b+e c+a, a+, 3 


41—2 


i. 


ANSWERS TO THE 


EXAMPLES I. 
An. 2. —2x—-6y—-4ez. 

5 5 = 
gti tm 4. a. 6. —ry—4y%. 
2m? + 2mn + 2n3. 7. 8a?+2b?-+c?+ab-—4ac + be. 

a*b + 10b3. 9. —2a+5b-4e. 

13 8 

aay POR fs 11. x?-2-9. 

—5at+3a% — 3ab3 + 50%. 13. 227—Tary+Ty. 
—be+4ca+4ab. 15. —3a24+2b?-3c?+be+ca+ab. 
oY. 17. —5y—32. 1s. —2r+2y. 
b+d. 20. y- ai. 4a. 22. -—32+3y. 
—4n+4m. 24. 20. 26. -—20. 

EXAMPLES IL. 
82 

a2 —5ax+2a7, 2. ne ra s. «*-1, 

2 +y%, 6. «4-1, 6. y-2. 
at—o+4a—4. 8. 1+a%r?+ ar. 
o8+a44+1. 10. 624 — GaSy + 142%y? — Bay? + 6y*. 


228 — 10a° + ba4 — 2203 — 5a? + 50+]. 


EXAMPLES. 
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12. 42% 10x5y+10rty?— Q1aty3 — Says + Sry> + YS. 

13. 6a8 +11a°b — 16a4b? + 20438 — 29a7b4 + 15ab5 — 308, 

14. 2a%a5 — 3a°a5y? + 8atatys — Llatr sys + 6a227y8 + 20ary? — 10y1%, 
16. 2a—3a?+a?+6a‘— 5a5— 18a8 + 4407 — 420%, 


16. a§+03+c3—3abe. 17. a+y%+23-d32yz. 
18. 8a?+276?—c>+ 18abe. 19. «§-1, 

20. 2§-2d6y%. 21. 28 —2Qxty4+ 8. 

22. «2-32%4324-1. 23. 2942254 825422241, 


24. a8+8a%? + 48a4b4 + 128a7b6 + 25608. 
25. (i) a?+4b?+49c?+ 4ab— 6ac — 12bc, 
(ii) a*—2a3b + 3a7b? — 2ab5 + bf, 
(iii) bc? + c2a? + a?b? + 2a*be + 2ab7c + 2abc. 
(iv) 1—4x%+410x?- 1223+ 924, 
(v) 294225 + 804+ 40343274 207+1, 
26. (i) a3+b8+c%+43 (a%b +ab7+ arc + ac? + bc + be’) + Babe. 
(ii) 8a? —27b3 — 8c3 — 3607) + 54ab? — 240°c + 2hac? — 546% 
— 36bc? + 72abe, 


(iii) 1432+ 60? + 7a3 + 6att 34° +28. 27. 8az. 
30. z*—2a%z —2axz°-— a, 41. 0. 60. Za*—3zZabe. 


EXAMPLES III. 


1. x—3y. 2. x+4y?. 3. 9x? —12ry + 16y?, 
4. —30-2y. 6. 1+ar+a?+a5—424, 
6. x44 a3y +272 +2y3 — Ay? 7. 1422+307+ 403+ 524, 
8. mt+2m3n+3m?n? + 4mns + Bn. 
9. 14+20+327+403+ 524+ 62%, 
10. 142°+24+2%. ; 11. 1-2¢+327, 
12. 2-30+4227, 13. 2a? -3ay+y7, 
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14. 


16. 
16. 


20. 


22. 
24. 
25. 
28. 
29. 


ANSWERS TO THE EXAMPLES, 


w—ay—-2e+y*+y+1. 15. 2+y’. 

2? — Qay — 2y*, 17. a+2b-—3c. 

a+2b+3c. 19. 3a?+4ab+0?. 
w+y2+22-1, 21. a*-2ab+ac+b®-be+c%. 


a?+4b?+c2-2ab+ac+2be. 28. a+2b+3e. 

9a? + 40? + 9c? — 6be + 9ca+ Gab. 

cxu?+dx—C, 26. 2ax-— (3b —4c) y. 27. a*-3ab+b?. 
aay ty, (w+y)?—2(e+y) +e 7 
w+cyty, (wt+y)?+ 22 (c+y) +42 


EXAMPLES IY. 


(a — 2b) (a + 2b) (a? + 407). 2. (2a —8ab) (Qa +8ab) (4a? + 9a). 
(448a— 2b) (4—3a+ 2b). 4, (2y+22-<2) (2y—2z+2). 

Sax (2ax +3y) (2ax ~ 3y). 6. 4a2x? (Bx? + y?) (32? —y?). 
8 (a—b) (a+b) (a?+d°*). 8. 16 (a—b) (a+b) (a7+b?). 


24a (a —1) (+1). 10. 16a (2-327). 

4b3 (2a — b®) (4a? + 2ab? +b’). 12. (a?—4be) (at — 2a%be + 40%”), 
(a —4) (a+2). 14, (4—2)(3+2). 

(1-212) (1+ 32). 16. -—4(a—1)%. 

ab (a —b) (a~- 3b). 18. a*b (a+b) (a+ 40). 
(b+c-—a) (b+c— 5a). 20. (8a+8b-—c-d)*. 


(a —2) (w+2)(e-5)(w+5). 22. (5a —y) (5a+y) (2"-y) (2a+y). 
(22 — Ay2e?)?= (w+ 2yz)* (@ — 2ye)?. 

a? (a+b) (a—b) (3a+b) (8a-d). 

(a —b) (2 +b —2a). 26. (#-a)(e+2y+a). 
(a+b+ce-d) (a+b-c+d)(a-b+ce+d)(-at+b+ce+d), 

(w+ y+a+0) (2t+y-a—b) (e-y+a-—b)(-c+yt+a-—b). 


ela 


a Pe 


il. 
1s. 
16. 
17. 
18. 
19. 
2i. 
22. 
23. 
25. 
27. 
29. 
$i. 
32. 
33. 
35. 
36. 
3s. 
40. 


ANSWERS TO THE EXAMPLES. 
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EXAMPLES V. 
(2+1) (2-1) (e& +4). 2. (a+b) (c-d). 
(a—b) (ec +d) (c—4). 4. (ax+by) (ca+dy). 
(ax +b) (ca?+d). 6. 2(a-d) (a+b+¢+d). 
(a+) (a—b) (a?+ab+b’). &. (a—b)? (a?+ab+0b*). 
(a+1) (a—1) (b+1) (6-1). 10. (x+2z) (7-2) (y+z) (y—2)- 


(az —1) (yz —1). 
(x—y) (z+y+2). 
(22+ 5a +1) (2? -5x+1). 
(22 +241) (22-241) (x4 -2? +1). 


16. 


(a+y) (w +2) (2? -22+2°). 
(x+8) (x — 3) (z7+2). 
(a? + 4ay + y?) (2? — 4ay +y?). 


(x+a+b) (c-a—b) (e+a—-b) (c-a+b). 


(a — 2b + ab) (x —2a— ab). 


(2y — 2 +a) (y- 2"—a). 
(2a -— 11b +1) (a+ 2b - 3). 


(1 — aa) (1- ax - ca’). 


(2? — 2yz?)?. 20. 

(a+b) (2? +a). 

(1-2) {1+y+2(1-y)} {1+y-2(1-9)}- 
(c+y — 32) (c«-y +2). 24. 
(a—3b+c¢) (a+b —3c). 26. 

(1 — az) (1+ aax+be’). 2s. 
—(b—c) (c—a) (4-6). 30. 


(a—b) (a—c) (6+¢). 
(22— ay + y?) {2 (at 1)+y (b+1)}- 


(zy + ab) (ay*+ 0%). 34. 
(x? — yz) (y2— 2a) (2? — 2y)- 

(w+4) (e+2)(e-1) (2-8). 37. 
x (a +5) (2?+50+10). 29. 


(@ +8) (2a +15) (2x? + 352 + 120). 


(b+c) (c+a) (a+). 


(2a — 2) (w-y)*. 


( +4) (a +2) (4? +5e+8). 
(x +2) (w+ 6) (x? + 8x+ 10). 
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14. 22-; 


EXAMPLES VI. 


ap 3(y—z) (2-2) (z-y). 


¢ 2. 5 (y—z) (2-2) (w—y) (2? +y? +2? -y2 — ex — ay). 
3. (b+c)(b—c) (¢+a) (c—a) (a+b) (a—d). 
4. (b-c) (c—a) (a—b) (at+b+e). 
6. (b-c) (c —a) (a—b) (a8 +53 + c8 + b%e + be? + c2a+-ca?+a°b+ab? 
—9abe). 
6. —(b—c) (c—a) (a—b). 
7. —(b-—c) (c—a) (a—b) [b?c? + c?a? + a7b? + abc (a+b+¢)]. 
8. —(b-c) (c—a) (a—b) (a*+ 874+ 0¢?+bc+ca+ab). 
@. -(b-c) (c—a) (a—b) (a8 +08 +.c8 4 b%c + be? + 2a + ca* + ab + ab? 
+ abc). 
10, 24abc. Li. 80abc (a? +6?+ c). 12. 4abe. 
13. 2abe. 14. 4abe. 15. -—4(b-—c) (c—a) (a—b). 
16. 3(y+z) (z+) (@+y). 
297, 5 (ytz) (2+2) (ety) (2? +y27+2+yz+204 ay). 
18. -—(b~—c) (c—a) (a—64). 19. -—2(b-—c)(c—a) (a—b) (a+b+e), 
20. —(b-c) (c—a) (a—b) (3a? + 3034 3c2 + 5be + bea + Sab). 
21. (b+c) (c+ a) (a+b). 22. ~—(b-c) (c—a) (a—b) (a+b+c). 
23. (c+y+2)(yz+20+2y). 24. (b+c)(c+a)(a+b)(a+b+c). 
25. lQxyz(x+y+2). 26. -—3(b-c)(c—a) (a—d). 
27. 16 (b-c) (¢—a) (a—b) (d—a) (d—b) (d—-c). 
82. 27a°b? (a+b). 34. (a?+0?)? (c?+d?)?. 


36. (b-c)(¢—a)(a—b) (a—d) (b-d) (c—d). 
$7. —(b—c) (¢—a) (a—b) (a—d) (b—d) (c—d) (bed +cda+dab+abe). 


1. 


io. 


1. 
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EXAMPLES VII. 


a—b, a. 22-1. 3, a?-y?, 
22—y. 6. x—2y+3z. 6. 4a?—3ab+b% 
a+2b. 8. 227-382+1. 9. 2-4. 
2+2-6, Li. 2?-2+3. 12, 23-32+7. 


EXAMPLES VIII. 


12274 + 2ax8 — 4a2x? — 27a3x — 182%. 

(4a — b) (a —b) (307+ 0%). 8. («2-20 +7) (62342? — 44” 421), 
(x2 +5247} (724 — 402° + 752? — 402 +7). 

az (z+1) (c+ 2) (2 — 2) (x +3). 

az (x —1) (2 +2) (c +6) (x? - 2244). 

2a (2a — b) (2a — 3b) (2a + 3). 8. 6x (x+1) (x—3) (x —-4). 

(3a +2) (823 +27) (828 — 27). 10, 3 (a2—3y)?(“?—4y’). 

(2 -2y) (2 ~ By) (2-49). 


(ac’ —a'c)8= (ba’ — b/a)? (b'c — bc’). 


EXAMPLES IX, 


Bb*C8y 2? A Cl A. a-b j 
“Gata? y a+4b 
gyi a+ayty? PO stat es ee 
AxPy? +1" * gPoay+y?” ) gttey? 
22-1 Py Cee 
e+" * g§-382+1 

— 32-2 
22 +3y 10. 92° — 3a 


gaia" Gat 4302-1" 
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11. 


13. 


15. 


17. 


19. 


21. 


23. 
a7. 
31. 
33. 


35. 


37. 


40. 


43. 


1. 


ANSWERS TO THE EXAMPLES, 


eae ee 12 B+ 2L +L 
(a—b+e){-a+b+0e)" uae y- 
a-c 

—k(y —2) (2-2) (2-4). 14. 3° 
yst20+ay a? +b? 
ale eB 16. —=—3- 

Z+yt+z a? — b? 

i syt+y? 
i 90" 28. ny 
20+ 4a oe 48 
2—2a - * (+2) (+4) (v +6) (+8) ° 

48a3 a9 24a 
(+a) (e +3a) (+-5a) (c+7a) © "g(a? — a) (x? - 407)° 
0. 24. 0. 25. 1. 26. -1. 
d. 2s. 0. 29. 1. 30. 2. 
a+bt+e, sa. a?+b?+c?+be+ca+ab. 
(a+6+c)?. 834. a+b+e. 
at+bt+e 

Sa ee aa ay ee eT 36. 0. 
(-a+b+c) (a—b+e) (a+db—e) 

wt+at\? ata? — b4y/2 
16 oa a) 3 38. wat — bys” 

(-p) (e~4) 
(e+a) (a+b) (e+e) 41. 3. 42. 4. 

Qabe (a+6+c¢) 
EPEC ICES FOICET Ob 47. A(et+y+2). 
EXAMPLES X. 
b+c-—2a 2ab 

—b, a—2b. Q ———_—.. ; ae 
oils sald aa a Maar 
a-2b, b-2a, 6. ==)) 6 =1 
1, -3. Ss 1. 
0, +5,/2. 10, 6, —82. 


11. 


is. 


14. 


15. 


17. 


19. 


20. 


21. 


27. 


36. 


al. 


43. 


46. 


46. 


ANSWERS TO THE EXAMPLES. 


50 
29° 


12. 


a%c + b?a +.c7b — 8abe 


a+ b3+4+c2—be—ca—ab™ 


1 
0, glatbtoty (a+b +c%— be —ca—ad)}. 


[be +ca+ ab +,/{b%c?+ 07a? + a%b? — abe (a+b+c)}]~(at+b+¢). 


5-3. 16. =,/6. 
Jab, +,/—ab. is. 0, ae 


- Je) 


{a+b+c+n/(a?+b*+c2— be — ca—ab)}. 
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a, b+e s 22. 
2 2 
wate 24. 
a+b 
ab—cd 
Ga dcac’: zy 
3 (b—c) (c—a) (a—b) an 
(b—c)?+(c—a}®+(a—b)?” ; 
0, +,/mab. 30. 8, —5. 
ab 33. 0, a?-b%. 
a@e 
5G: 36. 0, 4(a+b). 
4 (a-b). a9. +,/ab. 
28 [3a 30) 42. 
0. 44. 


- fatb+e22n/(a?+b?+c-be—ca—ad)}. 


ab (a+b) _ 8ab (a+b) 
at+ab+b2’ a*+ab+b?" 


47. 


—2(a+b+e). 


cd (a+b) — ab (c+) 


ab—cd 
a?+b? 
0, a+b, rei Wes 
iesk Bas the Pe) 
’ 96 (7 2 ). 
a1. 3, 8. 
34. a,b. 
37. —a, —d. 
40. 0, +2,/ab. 
b4— at 
* \/ aa 
*zakb. 
ry 
b2e2 + 2a? + a2b2 


2abe 


625 


626 ANSWERS TO THE EXAMPLES, 


aed * 5a J) {207b7c? (a? + b? + 6?) — b4c4 — chat — atb4} 


% oi W{(be-+ea+ad) (- be + ca +ab) (be — ca+ab) (bc +ca—ab)}. 


49. Values between 3 and a 


62. Values between 3 and 2 


68. - lies between —2 and 8, and y between —9 and 1, 
64. «x between —2 and 10, and y between —% and 5, 


65. 


69. (i) ax?+(b3-3abc) e+c3=0. 
(ii) a?cx? + xb (b? - 3ac) +-ac?=0, 
(iti) 2?-ba+ac=0. 


-2-—. 65. 


: ce me COLC neces 6 
60. (i) =e (ii) @ 7 5 


EXAMPLES XL 


i, 42, £,/-2, 

2. a, aw, aw*, —2a, —2aw, — 2aw?, 

3. -—a, —aw, — aw’, 2a, 2aw, 2aw?, 

4. 1,5 (12/18). 5 SLk0 1 eee. 

Gob 4,5 (12 yf 10) 9. -1, 6, 5(-743/5). 


1 ns 
8. sie = at 7£4,/2). . © 3, —1, 14£2,/19, 
1 
2 


10. =(-12,/- =8), 5 (aaa) 4). 


Li. 


13. 


15. 


18. 


20. 


21. 


23. 


25. 


27. 


29. 


30. 


31. 


34. 


36. 


37. 


38 
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0, —5, a ee TS 12. a, -9a, —4a+a./—1b. 


, —8a, 5 (- 1+,/—167). 14. —4, -6,3(-15+ J 199). 


—75° 16. +,/(a+0). 17. +a. 
oO 


25, 4 _34/-7) 19. 3 f12,/ =e). 


-s 5 
— 1, bps J54N{+25-10}], 5 [L-/S4/(-2/5-10)} 


2 
+1, Tay PF A ++ -5- Diet Pap 2, 3: 


il 
ah eed, uae 24. +1, 5 (-7+38,/5)- 


a, b, ¢. ae. 9, -8+,/-47. 


=) 


6, aa. 28. a, b, 5(a+). 
a, b S(atd)#7q (a—b)/-7. 


a, b, x(a+b), X(a+0)+5 (a-b) /-3. 


& 


5 te 5 (a+). 32. a, }, slatben (a- b) ./— 63}. 


a, b, 5 {atbs(a-0) J — 3}. 


a, b. 35. a, b, and roots of (a—x)(«~—b)=16 (a— b)3. 


5 ee + /hat+ yb4. 


a—2b, b—2a, —F{a+d+(a-b) AD he 


b\4 
Roots of 2(a—2)=(J/b+ pe 


13. 


is. 
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a? OG? be ca ab 

ae qn a. 40. ia at? Fi. 
a3+b32 2ab 

0, a+b, Geko Gate 


2 va P44}, Pf atalartd}. 48. 5 {aed at 40%)}, 
~(a+b-+0), ~i5 (a+b +6) 5 A/(Za? — 22be). 
a+b+e,  (a+b-+0) #5 a/(Za?— 7200). 46. a,b, ¢. 


meal | Seperera | AA) Peed 


EXAMPLES XI, 


18 8 
v=1, y=-1, 2. 2=7, Y=3e 
2 
c=3,-y=6. 4. 2=3, y=s, 
z=b, y=a. 6. x=ab, y=—-a-b, 
z=a+b, y=a-b. 8. z=y=4. 
s=a, y=6. 10. x=a(a—b), y=b(a—d). 
1 1 t 
x= —3, y=3, g=1. 12. ode ¥=5) Rose 


C=y=e— 1. 
w=b+c-—a, y=c+a-—b, z=a+b-c, 


w=b+e, y=c+a, z=a+b. 


w= -5(2a4b-+0), y=—s(a+2+e), 2 ~5 (a+b +20). 


1 1 
=> (2a+b +e), y=5(a+2b+0), 2=5 (a+b +20), 


19. 


20. 
al. 
22. 
23. 
24. 


27. 


29. 


3o. 
31. 


32. 


34. 
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» t= 


os Oe Sel eee oak 
(a—b) (a—c) (b—c¢) (b-a) (c — a) (c —b) 

z=a, y=b, z=c. 

z= —atbt+c, y=a-—bte, g=at+b-e. 

z=a(b—c), y=b(c—a), s=c(a-b). 

z=1, y=0, z=0. 

z=abe, y=be+ca+ab, g=at+bt+e. 


_m (m—b) (m—c) 


= a (a—) (a—e) , &C, 26. xz=a, y=), z=c. 
a=b+e, y=c+a, s=atb. 238. pe iA Chee &0. 
; (a—0) (a-<)’ 
1 1 1 
r=5 (m+n), Y=5 (n+l), # =z (l+m). 


g=y=2=2 4m? +n? —mn—nl—lm. 
lz =my =nz=1, 


ata) (a+b) (ate 
pattslietDlete, go go. « 
az=abed, y= —(bed+cda+dab+ abe), 
z=be+cat+ab+ad+bd-+cd, 
w= —(at+b+c+d).: 


1 
=; (b+e+d-2a), &o. 


EXAMPLES XII, 


12, 11. 2. 1,1, a5: = 

£3, +1; +4 NES “5 at 

42, £3; aN au 

12,%3 =, —12. 6. a,b; 2a—b, 2b-a. 
ee a. 8 ate, £2 a+b, 
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a b 
9 #3 +b; =a, =a. 
b3 — a3 B3— a 
Se SNS tare? az ,/ Sa. 
LL, £7, <5; +5, =7. 12. 9, 4; 4, 9. 
13. 64, 8; 8, 64. 14. —6+,/30, 6+,/30. 


15. een a0), 5 (ira ii); 2, —13,— 2. 


14 
16. 1,1; 22,/7, 2/7. 17. 2, 4; — Bae 
18. 2,15 172. 19. 2a, 2b; -—a, -0. 
1 
20. 5,2. 21. ba, 
3 3 
22. 6,6; —9 (14/5), —5 (LA/5). 
tab ab 
psec ae ee 
23. he hte oye 
1 
24. ao 1 +a", +,/1l+a’, 25. 8,4; 2, 4, 
a6. 4,2; 2,4; 34,/—-13, 8=./—13, , 
Le Le La | 
27 3” 6? 6 3° 0, 0. 28. 3, — 6; 3: 3° 
1. _ a+b b-a 
29. 1,53 -l, -2. 30. 0,0; aoe? Bae 
a? 0? ob? @? Baik os 
31. b, a; aie 32. b, a; b, at a ® w/a, Java, 
EXAMPLES XIY, 
Dy oo oe ee Ae Sct a 
th a ch eae eo 
Dee Uh eve 1 
a ee 
: Chi he n/(a?-+ b? +c?) 


11. 


12. 


138. 


14. 


15. 


16. 


17. 


20. 
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x (b+c)=y (c+a)=z (a+b)=+ N. pero (c+ a) (a+) 5 


2abe 2Qabe 


2Qabe 


0,0,03 —Geyeatab’? be-catab’ be-+ca—ab- 


2be 2Qac 2Qab 


00.03 b+c—a’ ct+a—b’ a+b-—c 


2=y=2t= +2. 


1 


2 
= =+ e 
b+e-a ec+a-b a+b-c J (2a + 2b + 2c) 


be ca ab 


= = & = SA 
a+ ae b B? c A 
x = y a £ ar ie 
a2 (b? +02) 0? (2+4+a2) (a? +b?) Qabe 


=z = y = ba 
a(-atb+e) b(a—b+c) c(a+d 


—c) 


c=y=2=0 ‘ = y 


z 


cf ; buena cta-b atb-c 


1 
fiers Ee is Lee BN cat 
== 7{(p+e~a) (¢+a—b) (a+d—0)} 


2 (a? +0? + c?) 


Ji(catb+e (a—b+e)(arb-o)} 


z 
b+ce-—a cta—-b at+b-c (bte 
g=y=2=0. 


g=1= JS. &e. 
at+1 


Ae (ae &0. 


a@+a 
: (g2+¢a) (I? +ab) 
z=a+ ee » &0. 
3 8 2 

1, 2, 35 10’ a fie 
1, 2, 3. 1s. 3, 5, 7. 
3, 3, 4 ai, 
S. A. 


Ta)ji+(et+a—b)?+(a+b-cP 
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b sa 
22. —-a; b, c; a, —b, c; a, b, —¢; 7 (L+V/-7), gilt/—), 


pa+V-7). 
Beh See ee ee 
J{(a-—b+¢) (a+b—c)} 
_ bt+c¢4— a? (b? + c*) 
as: o= [i208 + 28 + 2c — Ca?d7e} * 
G06 
25. eae. (+5) > &. 
26 ie ee eee ee 
* (b+c)?—(c+a)(a+b) (c+a)?— (a+b) (b+c) 


z 1 
=(a+b— (+e) (c+) 2,/(Babe—a?—B8—c)* 
J 


CPs. Wap, OR 5 (20+2¢~a), + (2e+2a~0), 5 (20-+2b~¢) 


1 
28. z= * Tape (0 — ca + 2b) (be +ca—ab), &c. 


(ca — b*) (ab —c?) 
3abc — a3 — b3 — c3" 


oD Ch se. 


29. a, 0, 0; 0, b, 0; 0, 0, ¢; 


a, 


38 a 
so. 0, 0, 0; -5% 5 33 


b 3 
2 3° 


1 1 1 
3 (- a+b-+o), 5 {a-—b+e), g (a+b-c). 


arg b®y cz 
32. ear > Gane aN abc), 
ax by ce —abe 
b-c c-a a—be» be -+ca+ab° 
EXAMPLES XV. 
20, 30. 2. A £10, B £15, C £25. 8. 20 years ago. 
4. 2s. 6. 5,15, 30. 6. 5 days. 

1800. e. 58. 9. 30 miles, 


10. 120 lbs, 11. 4 days. 12. 36, 9, 12, 15. 


13. 
17. 
is. 
21. 
23. 
26. 
30. 
32. 
34. 
36. 


19. 
20. 


12. 
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48 miles. 14. 15 miles. 25. 54, 81, 108. 
A £450, B £225, C £237. 10s., D £87. 10s. 
5. 19. 38, 83, 20. 18 miles, 


At 1o’clock, 15 miles from Cambridge. 22. 4 £10, B £5, C £1000. 


25. 24. 9,73 8/2, 2/2. 25. 50 miles, 

576. 28. 3 miles an hour. 29. 3 hours. 

253. 31. 2 gals. from the first, and 12 gals. from the second. 
15 minutes past 10. 33. 9 o'clock, 30 miles from Cambridge. 
45 and 224 miles an hour. 35. £3. 

450 miles. 87. 30 miles. 


EXAMPLES XVI. 


at+b+c+abc=0. 4. (b+c—a) (c+a—b) (a+b-—c)=8. 
= 3 3 3 — qd? 

SS Se . 7. + _ a3, 

@ dp @ i)? 1 7 a@ b +c Babe 


a? + 2c3 — 3ab?=0. 15. 24m?4+n?-lmn-4=0. 
al? + bm? + cn? +lmn=4abe. 17. a?+b?+c?—-abe—4=0, 
a3 +0340? —5abe=0, y323 + 2423 + a8 y3 + 2y72?7=0. 

2b%e3 = 5a7b*c?. 


a3 +b? +8 be (b +c) —ca(c +a) — ab (a+b)=0. 


EXAMPLES XVIL 


ath 2. 1 Bes 4. 1, 
bs 

ea 6. x4+1+4+a-+, us ety +e~8rdy323. 

ae —a2t. 9. ato 4 atvak ate rt pat a8 +25, 10, @+yY, 

4a? + 3242-3274, 13. t+ 208+ 1 +2034 074, 


42-—2 
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14, aba73 af aba + asa +a-Se8, 
15. o°y 8 aby 8428 y4 1 +a by$ — gSyh4q-2y7?, 
20. (i) a?-a%8+a%b3 —abi+aty soe. 
(ii) OP 2 gas yt bf aaty - at aby? +a x8 y? y3. 
(iii) a?+ bet + ct — bea — cart — adad : 
(iv) jad ty$428—yted—shat_atyd} {(e+y+e 
+ Bat yd2s (cty+ z)} + 9a y% za, 


EXAMPLES XVIII. 


a2 3 —/8: 2. 5-,/16. 8. 5/2. 4. 52, 


& 0. 6. 144. 7. Se 8. hac Le 


1 
9. 5 (V21+,/10-,/14-,/15). 10. Fp (V8 + /10 ~ 4/21 — 4/35). 
44428244 
12, SY. a. 83841, 18, 32-1, 
8/12— 8/4 
18 Ss 18. 7-2,/13, 16. 5-,/3, 
29. 14-/5+4/7. 18. ,/3-1, 19. 2-,/3. 20, 1, 
a1. eas a3) N2+n/6-5 1/8. 23. af 


24, 1+,/2+,/3. 25. /3+,/2+,/6. 26. 2+,/2-,/5-,/6. 


EXAMPLES XIX, 


1. 225-373, 3. «4 — 8a°78, S. a-2b~8e, 
4. 5a*—3b2- 2c?, 6 842242741, 6. 27 — Ary? — yA, 
9. 7+822+ 523, 8. a-2+2-4-142-2, 9, at 

y ba 


ANSWERS TO THE EXAMPLES. §35 


x — 22% — xb, 11, 23-223 428, 12. a txb_at— ab, 
2-8. 14. a4-ay+y%. 15. 1-327 + 2a, 

2 (be +ca+ab). 17. x?-a(y+z)-yz. 18. a+b, 

A=20, B=68, C= - 44; or 4=52, B= - 68, C=76, 

af=gh, bg=hf, and ch=fg. 


EXAMPLES XX. 


l=. Gi 1G sb c= 2/23 24, 
Lo va nad By it 

Y ag eee 
(i) 5? TH) 05S (ini) ico 10: 18. su; ia 


EXAMPLES XXI. 


DAeh, Bs 28 <4, 628. (hl 84 8, 
6, +12, 24, &e. 17. 3,9, 15. 


EXAMPLES XXII. 


31. 2. (r—1)(r-1)......, 1000... 4. 11b., 2lb., 1024 1b. 
46. Ss. 6. 13. 502 or 361. 15. 288, 289 or 290. 
2775 or 2525. 172) 135, 1s. a=8, b=0,c=6. 
7. 20. 1089. 23. 142857, 285714, 24. 166, 199. 


EXAMPLES XXIII. 


[20] {|4}°. 2. 146. B. 31; |12/(|4)* 
260. 7. sn (n—1). 8. 5m (n—1) 5m (m—1) +1, 


5 {n(n 1) (n 2) —m (m~1) (m—2)}. 
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1 m+n —2 
11, 8 n(n—1) (n— 2) (n—3). 12. 3m. 13. [m-1 [n-1 . 
|jp+1 | man 


é val 
14. Gn (n—4) (n—-5). Te [w[p—n+1" Be [a(n 


23. 2(mn+m+n-1). 


24. 2Xa+2Zab—2(n-1), where n is the number of given diameters. 


EXAMPLES XXIV. 
1. 2+ 5a04+100%x + 10a%x? + bate +5. 
2. 32a’ — 80atx + 80a5x? — 400723 + 10ax*— 2°. 
3. 1-627+ 1524 — 202% + 1528 — 6a! + 2, 
4. 16a*—96a5 + 216a% — 21607 + 81a8, 
6. 1625 — 96a%+ 21624 — 21623 + 81. 
6. «— 10x5y3 + 40a5y° — 80x4y® + 80x7y1? — 3215, 


7. 405252. Ans B16 4416, 9. “9242, 
[is | 
be 37/39 ee 10 ae 1, 
10. “B90”? i Ler Oa 12, [io jit * LT 6 < 
13. (- 1jr ae Sh maT Me 14, [a Pat ONES 
\r |n—r |r |n—-r 

15. (3x)! — 30 (3x) y + 420 (32) 8y?... — 94527 (2y)"8 + 45a (2y)4 — (2y)®. 
16. 924.2%, 17. 643547, 643528. 
a2. (-1)" |2n/|n|n 23. 7 or 14, 24. %, 


EXAMPLES XXYVI. 


1. Convergent. 2. Convergent, 8. Convergent. 
4. Convergent. 5. Convergent. 6. Divergent. 

7. Divergent. &. Convergent if*«>1; Divergent if «+1. 
9. Divergent if =1; Convergent if +1. 


10. Convergent if >1; Divergent if «+1, 
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11. Convergent ifa+1; Divergent ifx>1. 

12. Convergent if*+1; Divergent if z> 1. 13. Divergent. 
14. Divergent. 15. Convergent ifm<1; Divergent ifm +1. 
16. Convergent ifm<1; Divergent if m< 1. 17. Divergent. 


1s. Divergent. 19. Divergent. 20. Divergent. 


21. Divergent. 22. Convergent if «<1, Divergent if «>1. 


If z=1, then Convergent if k > 1 and Divergent ifk+1. 
28. Convergent if r<1; Divergent if x +1. 
24. Convergent if +1; Divergent ifz>1. 


26. Convergent if 2 <1, Divergent if z>1. If«=1, then Convergent 


if m < 4 and Divergent if m + 4. 


27. Convergent if Es <1, Divergent if c>1. If z=1, then Convergent 


if k <4 and Divergent if k +4. 


EXAMPLES XXVIL. 


1 a 
tay CANAD feo 
2.1.4...(8r- 5) 

3.6.9...3r 


- () (r4+1) 2%. (i) $(r+- 1) (7 +2)2". 


a’, (vy) (-1)"> 


7...(3r-8) , 2. 3-8.18...(5r-2) 
-9...8r 2a) VE) arene pa 


2.3,8.13...(67—7) (ix) 4 q (+P) (q+2p)...(g+7-1. P) ae 
er eae: PT |r 


-22. -12...(5r -—3 


5.8.1.1.3.5...(2r—7) 


ar. 


(xi) - 2 ata, r>3. 
pee 5-12 Gr—9) 8 
eer ae Oe aaa 


2. (i) The ninth term, (ii) the eighth term. 


3. The 39th term. 4. The first and second terms, 
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6. After the 12th term. 8. (i) bi a ASE = 3) aa" gor 


Pay 

6.9...3r 
2s ws: wee -, 1.3.5...(n—1) 
(li) 2a-Ta", (ii) 4ra—"a*. (iv) aot 6 a 


1.3.5...(mn—2) | 
even, ce a ae es a-*z" when n is odd. 


(v) (2r2+2r+1) a2", (vi) (-1)"16 (r-1) a?r2", 


a~*z™ when n is 


EXAMPLES XXVIII. 
Sasa! (ii) 5 (iii) 4.9/4. (iv) 27-2. 
(y) 1. (vi) 8/4. (vii) a/ = (viii) >. 
(ix) i p @yogvil. Gi). (aii) 2, 


(n- aes 3)...(n— r) 


i (— 2) =T 


81. —245/8. 32. 246,792. 33. 462. 34. 35. 


35. Coefficient of x?" ig 337 Q-3r-2g—3r—-2, of gSrt jg — 33r+1 Q—3r—3 g—3r-2 
and of art? is 0. 


3s. a (n+1) (n+ 2) (n+ 3) (n+4) (n +5). 


39, 2"tr/3n+r—1/|r |8n—1. 


EXAMPLES XXIX. 


1 a ee ee 2 4 8 
5(z+6) 5(a+l)° - “aa as 
ge SP Aland a ee aE 
" 4(@+8) 8(@+5) B(a+1)° 
OE 2 1 1 
4. --—-——, We ee 
z” @+ip oa) age oa ee 
ks 1 7 13 1 4 — 8 


T2(e+1)” 3(2-2)*4(e-8)" 7 Fea) TB e241) 


. (n?+7n +8) 2°-3; 
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a 1 i 1 1 


1-i0e *3(1+3z) 8+ecs° & FG) F@-p 
Bigs, el 21 7 
2 (i—s2)5 * 8A —sap + 321-32) * 82 (+2)" 
1 1 1 2 4 o+2 
aeitez—-a 248° ** Gat i @-2) tees)’ 
2, lt __ip-4 
B(@—1)2 + 25(@—1) 25 (a2 +4)" 
al Guise (ate Lael Slate AE haw 
5B (@—2)  2(@—1)?  2(@-1) 10(@*+1)° 
ip als see Benet LOR tS gee PU 
822 I6e ti 16(¢+2)* @+29 Ferd” 
OM Reape Slt ee Ori a 
A(z+2)>' 6(c$2)2 144(¢+2)° 9(m@-1) 8x? 162° 
4 iq ntl ak 
(- 1)"*{2- ath a is. 9 ( 7a) — 9 (8n+7). 


~ 


3 (n3 + 9n?+14n) 2-4, 


EXAMPLES XXXII. 


1°262. 2. 1-48169. gs. £1146-74. 
£742. 198, 6d. 7. £785. 10s. 
£1979. 5s, 6d, 9, £1735 nearly. 10. £122°58. 


EXAMPLES XXXIII. 


F{(8n-+1)(3n+4)(8n+7)(Bn+10)-1.4.7. 10}, 


1ji _ arama Pig hee 
8 (3.7 (4n+8)(4n47)[’ * 168° 


4 
gr (+)) (8n? + 23n + 46). 4. 3% (n+1) (nm +2) -3n. 


639 


h 5 1 
IS g 8"-D-st(- 1)*-1}, 21, Fy leh a Sole JY i i otf 


640 


5. 5m (n-+1)? (n-+2). 6. a5 (+1) (m+2) (Bn-+5). 
7. 34 (2n-1) 2n+1) (2n+3) (6n+7) +4. 
Ae: bagi ee, ok 
* 180 12 (2n+41) (2n+3) (2n+5)’ “2 180° 
5 5 3n+5 a = 9 
* 36 6 (n+1) (n+2) (n+3)’ ~° 36° 
5 Qn+5 ; Le 
10 4-3 ese ee 
1 dnt Bi) il Syme ok 
“sat 8 8 (2n+41) (2n+8)’ Sea = 3° 
aA 29 6n?4+27n+29  _ g _29 
- 36 6 (n+1) (n +2) (n+3)’ "° 36° 
Qn 1 1 
13. S,= 7) 8 =2 14. 55 (n+1) (n+2) (4n+8)-— 
1 2 
15. 730 n (n+1) (n+2) (8n?+11n+1). 
16. na?-+-n (n—1)ab-+5 (m~1)n (2n—1) d4 
3 il 1 - 
AE. nak +n (nm —1) a%+5 (n—1)m (2n— 1) ab? +7 0? (n —1)708, 
1 1 
18. 3% (4n?—1). 19. 3% (16n*— 12n — 1), 
1 L 
23, gm +3) (n +2), 24. gr (n+ 1) (dn —1). 
1 1 
25. nab—5n(n—1) (a+b) +e (n—I) (2n—1). 
me eh! Re 1 
27. (i) aco (ii) 1- aD 
eat 2 one Sak 5 
aoe = 5, nd ae eee nee 
(iii) wei (a) OY 7 Teche | 
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(v) 3 aha (3). (a ea Pests ()- 


1. 


10. 


a2. 


4.7.10... 


@) ocs78.. 


(ail) 1 sig 
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EXAMPLES XXXIV. 


(8n+ 4) 

.(3n+2) — 

.(2n+3) | 1. 
.(2n+6)’ 


wy 2.5.8... (30+2) 

@ Dyt0s (n+1)~ 
: 13.15..,(2n--11)) 
Gy) 11 fi 14.16. EEE 


@) 24+3(n-1) (n-2); 2n+n(n—1) (n— 2). 


(ii) Ta—-(n-1) (n-2); Tn (nt1)-3n(n-1) (n—2). 


(iii) 2" n-2; 


gnta_1—5 (n+ 2) (n+3). 


1 1 
(iv) 2™t1-n(n+1)-n; anva—d—an (n +1) (n+ 2) —5n(n+1). 


(¥) ayn(n+1) (n +2) (n+3); pnt 1) (n+ 2) (n +3) (n+4). 


“a (n— 2) (n-1) n(n+1)+(n—- mae n+2; 
5 (a 2) (n-1)n n(n +1) (n+2) +5 (n—1)n n (n4+1)-5n (n+1)+2n. 


2—42 


(i) 1—42+22° 
154+2-192? 


(fi) [5e4 4a" 


(iv) [5 ide — 3507 — 


(i) getl-2; 2mt?-2n- : 


(ii) 7 ian + 1d (- 4)" 4; at 


4223" 


1-22 


you 
14 


1-—6z 
(ii) [7794 39a"" 


1 
(7) (i or 


ul 
pe 


(iii) Z 1 san _(- 1)" }; 7 1 ¢ant1— 3} when n is even, and : {antl — 1} 


when n is odd. 


J {(L+a/5)"+ (1 5)"}- 


2-32-23 


(1-2)? (1 - 22)" 


(x+a) (a+). 
abe.. 


mn 
4(n+2)° 


iat) 


(atl ) 


23. 


8 


2 


a=1, b=4, c=1, d=0. 


il 


——<——<___—_———_—_—_ 


(1-2)? (1-2) 


1 Coe 
(=+5) log (+2) +3~5- 
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1 6 +362 +62? . 
24. 1- (a -=) log (1 —2x). 25. ~-2)_ . so. x=<1. 


32. (i) Divergent. (ii) Divergent, (iii) Convergent. (iv) Convergent. 
(v) Convergent if y>a+f, Divergent if y<a+f. 


EXAMPLES XXXVL 


n+1 
n+2° 
10. bap ae ai (On%n te b* Dn) Pas Fa GPa (0,2 na oF a,) Prana 
+ gb 071 Png = 0. 


EXAMPLES XXXVI. 


P 1 4 the ve 
1. (i) are. coove e (ii) am Ree ee oseves 
bh rahe agst 
GH) P+ T5474 io4 om 
igmeue. ooo 2. fees liad 
1414+3414541434+14+14124°°" 
5 amet wel USE 
3. (i) Je (i) 54+0/32). (ii) J 28-30), 
16. 5 (n?+Bn). ae. «4, 
EXAMPLES XXXVIIL 
6. 266. 10. 8, 7, 9, 11, 13, 19. ' 18. 504n-6. 
EXAMPLES XL, 
1. (i) 2=2, y=3. (ii) z=1, y=10; w=14, y=2, 


(ili) a=4, y=8; 2=13, Mealy 
(iv) 696, 3; 625, 18; 554, 33; ......5 57, 138, 
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3. 22, 30. 
8. (i) s=44+13m, y=1+7m. (ii) c=9+11m, y=74+9m. 
(iii) z=15m-—7, y=17m—-10. (iv) ©=644+69m, y=44+49m. 


Me tey 8p 930 by Ap 2a: 
(iz) 1, 21, 1; 5, 14, 1; 9,7, 1; 3,18, 2; 7, 602; 5,5, 8; 8,4, 43 
1, 98-33/1; 675. . 
(iii) 2, 8, 3. (iv) 8, 38, 50; 19, 44, 35; 30, 50, 20; 41, 56, 5. 


5. (i) 1825, 2; 441, 3; 101, 8; 77, 10; 83, 21; 25, 27; 5, 112; 1, 333. 
(ii) 5, 3. (iii) 8, 5. (iv) 6,1; 13, 14. 


7. 195, 121; 52, 264. 
s. 3. 9. 20. 10. 3. U2. £3. 14s. 6d., £4. 5s. 6d. 


12. 28. 7d., 28. 10d., 28. 11d., 3s. 1d., 3s. 2d., 38. 3d., 3s. 4d., 3s. 5d., 
88. 6d., 3s. 8d., 3s. 9d. and 4s. 


18. 11, 12, 15, 24, 36. 14. 15,55; 25, 65; 35, 75. 15, 21. 


EXAMPLES XLI. 


86 31 11664 11124 10609 z 

ae oi" 677 * 33397’ 33397’ 33397° d 
i 1 i 

2 a J . ~ 2 

8. 3n?+5n+2 pence. 15, re 16. 3° 21 9 


EXAMPLES XLIII. 


1. (i) gq. (ii) 27¢. (iii) -—2p. (iv) -— 3g. (¥) 2%. (vi) 3¢. 
(vii) —2p?. (viii) 3p?. (ix) —p*. (x) p/q- (xi) p/2q. 
(xii) —p?/(8q?+p")- 2. (i) 0. (ii) —8p. (iii) -4q. 

3. (i) 3p?-16pq+64r. (ii) (q3 — Apr + 8r*)/r3. (iti) (q3 — p*r)/74. 

4. (i) 28, -24. (ii) 44, -252. 

5. (i) p2—2py. (i) 3p. P2—P12— 3Ps- _ (Hii) (Pa — 2Pn-a Pn) [Pr 
(iv) Py +Pqa (2P2—P22)/Pa>  (¥) (Pr8 + 3Ps— 3Pr Ps) Pn-al Pat 2Pa— Pr” 
(vi) (8p,7_—Py* — 3pg) (Pu—1? — 2Pn—aPn)/Pu + Pr- 
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6. x —102?+31x2—31=0. bie ie, 8. (i) 2 ~qa?+pra—1r?=0. 
(ii) 2? + 2pa?+ (p?+q)y-r+pq=0. 
(iii) 2? (r —_pq) + 2? (3r — 2pg + p*) +2 (3r—pg)+r=0. 
(iv) 2 — 2qa7+ (q°+pr) e+1 - pqr=0. 


(v) Eliminate x between given equation and y=(p+2)? +a ; 


(vi) y° — (8¢ —p?) y9 + (3g? — gp”) y + rp§ — g3=0. 
®. (i) Substitute -(y+p) for x. 


(ii) Substitute — ; (y+p) for x. 
(iii) Substitute : (p?- 2q—y) for a3. 
/ 
10. (y+r)? + gy +p*y? — 8pqy (yt7)=0. 


EXAMPLES XLIV. 


1. 24,/8, -34,/2. 2. 2, 84 /—6. 

4 eS 
3. 5, tJ24A/6. @. +/24,/-1, (0+/-7). 
& 2z4-1627+4=0. 6. a44+227+4+25=0. 
G5 t,/1, te 2/—1, 9. 2g3- 9pgr +271? =0. 
10. p*—4pq+8r=0 and (p?+4¢) (36g — 11p) — 1600s. =0. 
ede 5,1, ~ 3; ta ci4 ohn 

; Neen td : 1 
13. (i) 3. (i) +4, —4. (ii) 5° 14. 8, +5: 
15. +,/2, —2+,/7. 16. r?—pqr+p%s=0. 
£7. 2, 7; —10. 1s. 3, 9, ae 


20. (i) r?-p’s=0. (ii) p’s+r?=4gs. 


EXAMPLES XLV. 


: y ee (Tet ee 8 
1. (i) 4. (Gy 3) 8) 28/4 = 1) atin) 5g) Be 
(iv) 4, 4, 4, _ 2. (be — ad)?=4 (}? — ac) (c?- bd). 


9. (i) y®—6qy?+4 (4pr —s) y — 8 (2p2s — 3qs + 2r’). 
(ii) (y - 69)? + 6g (y — 6g)? + 4 (4pr — 8) (y — 6g) +8 (2p’s — 3gs + 272) =0. 
10. (y —16p?+ 24q)8 — 24q (y — 16p? + 24¢)? 
+ 64 (4pr — 8) (y — 16p? + 24q) — 512 (2p°s — 3gs + 272) =0, 


ah 
Pop 2” 
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EXAMPLES XLVI. 


1. (i) -5, —w—40?, -w?—4u, i.e. —5, ae Pa 
(ii) -—4, —w-30?, —w?-3u, (iii) 10, 2w-+ 8w?, 2w?+ 8w. 


(iv) 8, o+ Tw", w+ Tw. 
(v) —2°094..., —1°703...0—°391...0°, — 1:703...w? — *391...0, 
(vi) 30913, 2°1699w+ 9214’, 2°1699w? + 9214. 
ag 1 8, 122i. (ii) 14,/2, -14 2,/-1. 
(ii) 84,/—5, -84/-1. (iv) - 2, Ee i (-1#,/=15). 
3. (i) One real root between —3 and —2. = 
(ii) One between —7 and —6, one between 1 and 2, and one 
between 5 and 6. 
(iii) One between 0 and 1, and one between 1 and 2. 
(iv) Two between 2 and 3, one between 0 and —1, and one between 
-4dand —5. 
(v) One between 2 and 8, and one between — Zand —4. 
B. (i) 1:3569, 1-6920. (ii) 41891. (iii) -4679, 16527, 3-8793. 
(iv) 22317. (v) 2°1622, 2-4142. (vi) 11487. 
9. (i) 3, 3, -4, —4. (ii) 3, 3, —3+,/8. 


1 a 
11. 1,3, -5, a ,/—2. 


MISCELLANEOUS EXAMPLES, 


1. (i) -(b-¢) (c- 4) (4-2) (Za)? (ii) (ab —cd) (ac — db) (ad — be). 
~ (iii) Za (2Za? - Zhe). (iv) (b+¢) (c+) (a+) Za, 

6. {(b—c)? + (c — a)? +(a — b)?}3. 7. 3(b-c)(c—a)(a—5). 

21. (b+ce—a) (ct+a—b) (a+b-c)=0, (y+2—2) (2+a-y) (ct+y—2)=0. 


: 1 aS 1 
28. (i) -2, g (- 3/5). (ii) a, 6, g {atb+(a-b)d/ - 3}. 
(iii) 0, +./be+,/ca*,/ab (all signs being positive or only one 
positive). 
- Bey BU me er ye 1 2 
(iv) bepeeta a@-b. date: 0707 0..05,8 salsila ts 
(vi) 2abe x= + (c?a? + a7b? — 62c?), &e. 
(vii) 0,0,0; +4, 24, £4; +1, +1, 1. [Signs in ambiguities 
must be taken so that xyz may be positive.] 
ee atb+e a+b+ce atbte 
(viii) 1,1, Tio pe’ b-c-a’ c-a—b 
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(ix) 1, -1, 1,2; 1,-1,2,1. (x) a(6-¢), b(c—a), c(a—5); 
x y z b-c c-a, a-—b Loele~ dL 

we geste (Sa5t ice t sa) Gt +8): 

(xi) 0, 0, 0; 0, a. 2), <F; &e, 

(xii) 0, 0, 0; a®—be, b?-ca, c#—ab, 

Bl. p?+q?+r2-gqr—rp—pq=0. 

32. 13, 156; 14, 84; 15, 60; 16, 48; 18, 36; 20, 30; 21, 28; 24, 24. 

36. 49, 225, 1225. 87. Digits 1,0, r-1. 


1 Ae | 
38. q, 13, 17, 23; —9? 3” 79” 3° 
39. 1+ |24+2 |3+ |4+2 [5+ |6. 42. (2"-2)/n! 46. n(n+1)! 
8 
61. 8/44 Jz 62. 1+5¢. 63. 3*1-3n+4. 


64. {(/5+1)"*14 (-1)"(/5- 1)s*2}/ 2°11. /5. 
55 . log, 2- ee ; 
Mino 12 
63. (i) D. (ii) C. (iii) If a>1, D. If a+1, G. (iv) D. (v) C. 


64. m<n<m(/2+1). 70. sary 74. 63 and 65 
q 14+ S7=(r!)?" ‘ ¢ 
Bl. (a?+b?+02)$/256abe. 104. 2+,/-i, 1+,/-2. 


A113. 2p (b—c)(c—a) (a—b) (be +ca+abd). 
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